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Thestaticdeformationproblemof a transverselyisotropic and layeredhalf-spaceby generaldislocation sourcesis
solved.Thesolution is givenin theCartesiansystemand thecylindrical systemof vectorfunctionsusingmultiplica-
tionsof matrices.Thesourcefunctionsof generaldislocationsin a transverselyisotropic mediumareobtainedin these
two systemsusinga new approach.Explicit expressionsfor the surfacedisplacementsdue to three-and two-dimen-
sional dislocation sourcesare alsoobtained in termsof the cylindrical system and the Cartesiansystemof vector
functions,respectively.It is shownthat thepresentsolution containsthesolutionsto thethree-and two-dimensional
sourceproblems for the correspondingisotropic media, and thereforeprovides a unified solution for these two
problems,which havelong beenstudied separately.The formulationdevelopedcanbe evaluatednumericallyto study
theeffectsof amsotropy,aswell asof Earthlayering,on thestaticfields.

I. Introduction

The elasticity theory of dislocationswas developed and applied by Steketee(1958), Rongved and
Frasier (1958) and by Maruyama(1964, 1966). Since then, greatprogresshas beenachievedusing this
theoryandits geophysicalapplication(seeOkada (1985)andRybicki (1986)for reviews).

Singh (1970) studiedthe static responseof an isotropic multilayeredhalf-spaceto three-dimensional
sourcesby using the propagatormatrix method in the cylindrical systemof vector functions. Satoand
Matsu’ura(1973)calculatedthe static displacementfields of a fault that spreadsoverseverallayersin an
isotropiclayeredhalf-space,but thereappearto benumericalinstabilities in their computations.Using the
theoretical results of Singh (1970), Jovanovichet al. (1974a,b) developeda more general numerical
methodto computethe displacementandstrain fields dueto an arbitrarysheardislocationin an isotropic
andlayeredhalf-space.

The static deformationproblem using two-dimensional sourceshas also been studied by many
investigators.Rybicki (1971)studiedtheeffect of asinglesurfacelayeron theelasticresidualfield dueto a
long strike-slip fault using the image method.Freund and Barnett (1976) obtaineda two-dimensional
solution of surfacedeformationdue to dip-slip faulting in a uniform half-space,using the theory of
analytic functionsof a complexvariable.Recently,Singh (1985) and Singhand Garg (1985) studiedthe
two-dimensionalproblem of a long displacementdislocationin an isotropic multilayered half-spacein
termsof thepropagatormatrices,andobtainedthe surfacedisplacementscausedby a line sourceof either
dip-slip or strike-slip type of arbitrarydip.
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However,it is useful to studythe effect of anisotropyon the static field resulting from surfaceloadsor
internal sourcesbecausethe upperpart of the Earth is anisotropic (Dziewonski and Anderson,1981).
Small and Booker (1984, 1986) studiedthe two- and three-dimensionaldeformationsof a transversely
isotropicandlayeredmaterialby surfaceloads,usingdouble Fourier transforms,Hankeltransformsand
the finite layer approach.Singh (1986) solved the problem of a transverselyisotropic multilayered
half-spacedeformedby surfaceloadsunder the assumptionof axially symmetric deformation,and the
propagatormatrix method was introducedto avoid the cumbersomenatureof the problem. Garg and
Singh (1987) solvedthe correspondingtwo-dimensionalproblemusingthe sameapproach.More recently,
by introducing two systemsof vector functions and using the propagatormatrix method, Pan (1989,
referred to as Paper I hereafter) solved the correspondingthree-dimensionaldeformation problem,
providinga completeandunified solution of the transverselyisotropic and layeredelastichalf-spaceby
generalsurfaceloads.

In the presentpaper,we formulatethe static deformationproblem of generaldislocationsourcesin a
transverselyisotropic andlayeredhalf-space.The solution is given in terms of the generalsolutionsand
layer matricesof PaperI, andin the Cartesiansystemand cylindrical systemof vector functions.The
sourcefunctionsof generalpointdislocationsin a transverselyisotropicmediumare obtainedin thesetwo
systemsusinga unified approach.Whereasthe solution for the three-dimensionalsourceproblemcanbe
expressedin termsof eitherthe Cartesiansystemor the cylindrical systemof vectorfunctions,the solution
for the two-dimensionalsourceproblemis obtainedin theCartesiansystemof vector functions.Solutions
for both the three- and two-dimensionalsource problems in the transverselyisotropic media can be
directly reducedto the solutionsof the correspondingisotropic case.

2. Generalsolution

The model consideredis shown schematicallyin Fig. 1. The layeredelastic systemconsistsof p — 1
homogeneousandtransverselyisotropic layersoverlying a homogeneoustransverselyisotropichalf-space.
We place the origins of the Cartesiancoordinates(x1 = x, x2 y, x3 = z) and cylindrical coordinates
(r, 0, z) at the surface.The z-axisis chosenas the axisof symmetryof the transverselyisotropic elastic

Surface 0

Layer 1 lbi ~ x or r

Layer s Layer sl — — (z=h)

Source Layer s2 lb2

z ________________________________________________________

Layer p—i _________________________ (z=H)

Half—space Fig. 1. Geometryof a multilayeredhalf-space.The sourceis

locatedat z = h in thelayer s. Thehalf-spaceis at a depthH
from the surface.
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mediumandis drawninto it. A sourceis locatedon the z-axisat a depth, h, below thesurface.The layer
interfacesareassumedto be in weldedcontact.

Wewill solve the presentproblemusingthe approachproposedby Singli (1970) in which thesourceis
removedfrom the equationsof equilibriumso that they becomehomogeneous,and,instead,is represented
in terms of the jumps in the displacementand stresscomponentsat the sourcelevel. However, the
body-forceequivalentapproach(Burridgeand Knopoff, 1964) is also usedto obtain the sourcefunctions
in termsof the Cartesiansystemandcylindrical systemof vectorfunctions.

When body force (or body-forceequivalent) is present, eqns. (22) and (23) in Paper I become
inhomogeneous.Assumingthat the body forceperunit volume,F(x, y, z) = F(r, 0, z), can beexpressed
in termsof the Cartesiansystemandcylindrical systemof vectorfunctionsin the form

F(x, y, z)=ff~[FL(z)L(x~ y)+FM(z)M(x, y)+FN(z)N(x, y)] dad$ (2.la)

and

F(r, 0, z)=~f~[FL(z)L(r, 0)+FM(z)M(r,0)+FN(z)N(r, 0)]XdX (2.lb)

the equations(22)and(23) in PaperI thenbecome

dUL/dz = X
2UMA

13/A33+ TL/A33

dUM/dz = — UL + TM/AR
(2.2a)

dTL/dz= X
2TM — FL

dTM/dz= X2UM(AI
1A33 — A~)/A33— AI3TL/A33 — FM

f dU~,/dz= TN/AM 2 2b

~ dTN/dz=X
2UNA

66—FN

In eqns.(2.2a)and(2.2b), the expansioncoefficientsof the body force FL, FM and FN are determinedby
eqns.(2.la) or (2.lb) accordingto the systemof vectorfunctions chosen.It shouldbe noted that these
coefficientsare not necessarilythe samein thesetwo systemsfor a given body force. We use the same
symbolsfor convenienceonly.

The homogeneoussolutionsof eqns.(2.2a)and (2.2b) for any layer, k, are

[E(z)] = [Z(z)][K] (2.3a)

[E’~(z)] = [Z’-(z)][K’-] (2.3b)

wherethe column matricesaredefinedby

[E(z)] = [UL(z), XUM(z), TL(z)/X, TM(z)]
T (2.4)

[E’~(z)] = [UN(z), TN(z)/X]T (2.5)

[K] = [A, B, C, DIT (2.6)

[KL] = [A’-, BLIT (2.7)

with [~_]T denoting the transposeof the matrix [— —]. The solution matrix [Z’(z)] is given by (25) in
PaperI with the A before i in the secondrow being replacedby 1. The elementsof solution matrix [Z(z)]
for different casesof characteristicroots are givenin AppendixA of PaperI. From (2.3a,b) weobtain the
propagatingrelations

[E(zkl)] = [ak][E(zk)] (2.8a)

[E’(zkl)] = [afl[E’~(za)] (2.8b)
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wherethe propagatormatrix [at-] is given by equation(28) in PaperI, andthe elementsof the propagator
matrix [ak] for different casesof characteristicroots are given in Appendix B of PaperI.

Let a sourcebe situatedat depth z= h in the layer s (Fig. 1). We divide the sourcelayer into two
sub-layers,sl ands2, with identicalproperties.Becauseof the presenceof the source,the functions[E( z)]
and [E’-(z)] may be discontinuousacrossz = h. We put

[E~2(h)j — [E~1(h)] = [tIE] (2.9a)

[E~(h)J — [E~yh)] = [txE’-] (2.91,)

wherethe subscriptsi (s2) is attachedto [E) and [E’j to indicatethat theybelongto the layersi (layer
s2). For a given source,we assumethat [z~E] and [L~ELI are known. Using the sameapproachas Singh
(1970),we find

[E(0)] = [G][K~] — [Q] (2.lOa)

[EL(o)] = [G’j[K~-] — [QL] (2.lob)

where

[G] = [al][a2]— —[a~1][Z~(H)] (2.11)

[G’] = [afl [afl__[a~iI [z~(H)J (2.12)

[Q] = [a1][a2]——[a5_1][a51][z~E] (2.13)

[QLI = [afl[afl__[a][a~jJ[z~E’~] (2.14)

[K,,] and [K,,’] are the constantcolumn matricescorrespondingto the half-space.
Applying thestress-freeboundaryconditionsat z= 0 andthe finitenessconditionof the solutionin the

half-space,we finally find the expansioncoefficientsof the surfacedisplacementvector

UL(0) = (G I 24
14Q

3 + G I 42
13Q

4)/G124 — Q1 (2.15)

AUM(0) = (G I 24
24Q

3 + G I 42
23Q

4)/G 24 — (2.16)

rr — ç’L ~L jç’L — rIL 2 17
IJN~~VJ— ‘-‘i2’~2/ ‘~22 ~1

where

G I k1~= G,kGJ, — GjGJk

If the discontinuities[i~E] and [L~EL] are known, we can thus find the expansioncoefficientsof the
surfacedisplacementvector from eqns.(2.15)—(2.17),and canobtainthe surfacedisplacementsfrom eqn.
(14) or (16) of PaperI as the systemof vector functionsmay be.The displacementsand stressesat any
point of the mediumcanalsobe obtainedfrom suitableequationsof PaperI. To obtain the discontinuities
[iXEl and [i~ EL] or the sourcefunctionsfor the dislocationsourcein a transverselyisotropic mediumis
complicated;we thereforedevotethe following sectionto the derivationof the sourcefunctions.

3. Sourcefunction

Singh et a!. (1973)studiedtwo approaches,in the isotropic case,to the sourcerepresentationandgave
the sourcefunctionsfor varioussourcescommonlyused in seismology.In the transverselyisotropic case,
however,Takeuchiand Saito(1972) listed only the sourcefunctionsfor the dislocationsourcein termsof
the cylindrical systemof vectorfunctions,and gaveno derivation as theyregardedthis problemas quite
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complicated.In this sectionwe use the two approaches(Singhet a!., 1973) simultaneouslyin the two
systemsof vector functions (see PaperI) to give a simple derivation of the source functions for a
dislocationsourcein a transverselyisotropicmedium.Wefirst usethebody-forceequivalentof dislocation
source (Burridge and Knopoff, 1964; Aki and Richards, 1980) to get the body-force representations
(2.la, b) i.e., to find the expansioncoefficientsFL(z), FM(z) and FN(z) in the Cartesiansystemandthe
cylindrical system.Forthesecoefficients,we canfind the particularsolutionsof eqns.(2.2a)and(2.2b) by
using the propagatormatrix (Gilbert andBackus,1966). From the particularsolutionswe can then find
the discontinuitiesof the expansioncoefficientsof displacementand ‘surface’ stressvectors,which are
equivalentto the sourcefunctions.It is notedthat this methodis quite simpleandis easyto extendto the
generalanisotropiccase.

3.1. Three-dimensionalsourcefunction

It is easyto show that (Aid and Richards, 1980), in elastostatics,the body-forceequivalentof an
arbitrarydiscontinuityof a displacementvectoracrossa fault surface~ is

f,,(q) _fJ[uj(~)1cjjpqvj-~—8(ti_~)dE(~) (3.1)

wherethe summationconventionhasbeenused.In eqn.(3.1), v~is the normal to the surface~ at point ~
(Fig. 2), C,jpq is the elasticconstantin the generalizedHooke’slaw and [u,(a)] representsthe displacement
discontinuityacrossthe surface~ at point ~.

If we assumethat the dislocationis of a point sourcetype locatedat (x0, y0, h) in the Cartesian
coordinatesystemor (r0, 00, h) in the cylindrical coordinatesystem, and that the discontinuity in the i
direction is given by [u1]= sun,,eqn.(3.1) thenbecomes

f~(x,y, z) = —z~ud~njvjcjjpq~—[8(x—x0)~(y—y0)~(z—h)] (3.2a)

in the Cartesiancoordinatesystemand

f~(r,0, z) = —~ud~njvjc,jpq~—~[6(r — ‘b)
8(O — 0

0)6(z— h)/rl (3.2b)

in the cylindricalcoordinatesystem.In (3.2b), i~ = r, ~2 = 0 and sj, = z.

0

~~

Fig. 2. Geometryof anarbitrarysheardislocationsourcewhich
is usedto representa fault. Therakeis 4 and thedip is &. ~ is
the fault normal and n is the unit slip vector. The strike is

z takenalong thex-axis.
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Expandingthe body-forceequivalents(3.2a,b) in terms of the Cartesiansystemand the cylindrical
systemrespectively,as in (2.la, b), the coefficientsare thengivenby

FL=JJf.L*(x, y~Jxdy

FM=A_2fff.M*(x, y)dxdy (3.3a)

FN=?C2fff.N*(x, y)dxdy

in the Cartesiansystemandby
2,r +00

FL=J J f.L*(r,0)rdrdg
0 0

FM=1C2f°ff.M*(r, 0)rdrd0 (3.3b)
2,r 0

FN=A2f27f.N*(r, 0)rdrdO

in the cylindricalsystem.In eqns.(3.3a)and(3.3b), the asteriskindicatesthe complexconjugate.Usingthe
propertiesof the Dirac delta function, we can divide the right-handsidesof equations(3.3a) and (3.3b)
into the form

FL=FL68(z—h)+FL”f~’(z—h)

FM=FM8Ô(z—h)+FM”6’(z—h) (3.4)

FN=FN6.~(z—h)+F~8’(z—h)

wherethe prime indicatesthe derivativewith respectto z. The expressionsof coefficientsF~,FM8, FN8,
FL”, FM” and FN” in the Cartesiansystemand the cylindrical systemare given in Appendices1 and 2
respectively.It canbe shownthat (Kennett, 1981) the discontinuitiescausedby the first part of (3.4) are

~T~=—F~6 L~ULO

L~TM=—F,j tIUM=O (3.5)

I~TN=—FN8 &JN=O

and the discontinuitiescausedby the secondpart are

= —A2FM” = — FL”/A,
3

/.~TM=FL”Al,/A,, WM=—Ffrj/A~ (3.6)

=0 = — FN”/A44

The total discontinuitiesof the sourcefunctions are the sumof eqns.(3.5) and (3.6). Expressingin the
componentsof [i~tE] andEL~EL],they are

MIL = — FL”/A33

AMJM= -AF~j/A~

L~TL/A= —Ff
8/A— AFM”

~TM= -F,+FL”Al,/A
33

= — FN”/A~

i~TN/A= — FN
8/A
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Substitutingthe elasticconstantscjjpq of a transverselyisotropic mediuminto Appendices1 and 2, and
calculatingthesecoefficientsFL8, FM8, FN8, FL”, FM” and FN” at the point x

0 = y~= r~= 0~= 0, we can
finally obtain the discontinuitiesat the depth z= h, which in the Cartesiansystemare (omitting factor
L~ud~/(2ir))

= (n~v~+ n~v~)A~,/A3,+

A~UM=iA [a(n~v~ + n~v~)+ $(n~v~+ n2v~)j

= —(n~v~+

+A2[nxvx(a2Aii + /3
2A

12)+ n,,i.’~(a
2A

12+ f~
2A

11)+ 2(n~~~+ nyv~)a$AooI (3.8)

= iA
2 [$(n~v~+ n

2v~)— a(n,,v~+ n~vy)I

= X’[(n~v, + n~v~)($
2— a2)A

66+ ~ — n,,v~)a/3(A~1— AI2)1

andin the cylindrical systemare (omitting factor ~u d~/(2~ )i/2)

L~UL= (n~v~+ n~v~)A~,/A33+ nv~ m = 0

m=±1

i~TM= [(A11+Ai2)/2—A~3/A,,I(n~p~+n~v,,) m=0

= [(n~vy — n~v~)±i(n~v~+ ~ A66/2 m = ±2 ( - )
L~UN=A1[_i(nxvz+nzvx)R(nyvz+nzvy)I/2 m= ±1

~TN/A = A
1[(n~v~+ ~ ±i(n~v~— n,,v~)IA

66/2 m = ±2

In eqns.(3.8) and(3.9), (ny, n,,, n~)and(vt, p~,“i) are the(x, y, z) componentsof the unit vectorsn and
v respectively;componentswhich are not listed in equations(3.8) and(3.9) are zero. In addition, in the
derivationof eqns.(3.8) and(3.9),we havechosenthe Cartesiancoordinates(x, y, z) to expressthesetwo
unit vectors,andtaken0 = 0 along the x-directionand 0 = ir/2 along the y-direction.

Equations(3.8) and(3.9) are the expressionsof the sourcefunctionsfor the generalthree-dimensional
point dislocation.Whereaseqn.(3.9) includesthe axially symmetric sourcefunctions (correspondingto
m = 0), eqn. (3.8) can be reducedto the correspondingtwo-dimensionalsourcefunctions. Noticing the
differencebetweenthe definitions of the cylindrical systemof vector functions given by Singh (1970),
TakeuchiandSaito(1972)andthe author(seePaperI), it canbeshownthat eqn.(3.9) is the sameasthose
listed by TakeuchiandSaito(1972), andwheneqn.(3.9) is reducedto the isotropic case,the expressions
for m > 0 are half thevalueof thecorrespondingresultsof Singh(1970).This is dueto thefact that Singh
usesonly the m~ 0 part of the cylindrical Systemof vectorfunctions.Nevertheless,in the isotropic case,
the final expressionsfor displacementsusing the presentcylindrical systemof vectorfunctions and the
source functions in eqn. (3.9) are coincident with the correspondingisotropic results (Singh, 1970;
Jovanovichet al., 1974a).

3.2. Two-dimensionalsource

We assumethat the two-dimensionaldeformationis in the (y, z) plane; that is, the long-line sourceis
parallelto thex-axis. As we havepointedout, by replacing

21T by (2,r)1~2and a by 0 (so A = I /~1,as A
mustbe positive) in the scalarfunction (9) of PaperI, we thenreducethe three-dimensionaldeformation
directly to the two-dimensionaldeformationin the (y, z) plane. In addition,as the sourcetypen~i’~does
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notoccur in the(y, z) planeproblem,it shouldbe omitted from eqn.(3.8). The sourcefunctionsfor the
two-dimensionalcaseare therefore(omitting factor ~u ds/(21T)

1”2, whereds is the line element)

1~IUL= n~v~A
13/A3,+ n~v~

Ai~UM=i(n,,vZ+nZv~,)sign($)

t~TM=n~v~(A11—A~3/A,,) (3.10)

~UN=iA
1(nXvZ+nZv~) sign($)

~TN/A = A’(n~v~+ n,,v~)A
6t

wheresign(/l) is the sign function which hasthe valueof —1 for /1 < 0 and +1 for fi> 0. Equation(3.10)
is the expressionof the sourcefunctionsfor the two-dimensionalpoint dislocation.It canbe divided into
two types,i.e. a planestrainproblem(correspondingto typeI of PaperI) andan antiplanestrainproblem
(correspondingto typeII of PaperI).

3.2.1. Plane strain
In this case,we havethreeelementarysources.Their sourcefunctionsare

Source(2,2):WL=A13/A,,, AWM=O, ~TL/A=0, z~TM=(Ail—A~3/A,,)

Source(2,3):z~UL=O,A~UM=isign($), L~TL,/A=O,L~TM=O (3.lla)

Source(3,3):z~U~=1,A~UM=0,z~TL/A=0,L~TM=O

3.2.2.Antiplanestrain

In this case,we have two elementarysources.Their sourcefunctionsare

Source(1,2):WN=O, L~TN/A=AS6/A 3 lib

Source(1,3):WN = i sign($)/A, i~TN/A= 0 -

It canbe shownthat, for the isotropiccase,the expressionsof sourcefunctionswill bereducedto those
given by Singh and Garg (1985). Thereforewe have not only provided the expressionsof the source
functionsfor three-and two-dimensionalpoint dislocationin the transverselyisotropic medium, but also
provided a unified approachto the three-and two-dimensionalsourceproblems,which have long been
studiedseparately.

4. Surfacedisplacement

Having obtainedthe aboveelementarysourcefunctions,we can find the surfacedisplacementsof a
transverselyisotropic and layered half-space resulting from these elementary sources using eqns.
(2.15)—(2.17) of this paperand using eqns. (14) or (16) of PaperI accordingto the systemof vector
functions chosen.By suitable linear combinationsof thesefundamentalsolutions,we can then get the
surfacedisplacementsdueto an arbitrarysheardislocationsource.

4.1. Three-dimensionaldislocation source

Figure 2 is a schemeof an arbitrarysheardislocationsourcewith the strike along the x-axis. v is the
fault normal,n is the unit slip vectorandis perpendicularto the normal,4 is the rakeand 8 is the dip of
the fault. It is easyto show that for this sheardislocationsource,we havethe dyadic

nv = cos4[i~i,, sin 8— I~12cos 6] + sin l[i~i~cos 26— 2
1(i,,i,, — i~i~)sin 261 (4.1)
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0 ______________
y ~~_~__

n7\

Fig. 3. Geometryof a long sheardislocation sourcewhich is
usedto representa long fault parallel to the x-axis. 6 is the
dip, v is thenormaland n is theunit slipvector.

Using the definition of the elementarydislocationsource(Steketee,1958),we find that the displacements
dueto an arbitrarysheardislocationsourcecanbeexpressedasthe linearcombinationof the fundamental
displacementsdue to the elementarydislocationsources,i.e.

= cos ~[u~sin 6— u,4 cosô] + sin ~[u~2 cos 26—u~3sin 26] i = r, 0, z (4.2)

We havechosenthe cylindrical systemof vector functions for the three-dimensionalproblem,as many
previousresearchershavedone.However, the fundamentaldisplacementscan also be expressedin the
Cartesiansystemof vector functions and it is perhapsmore convenient to use this system than the
cylindrical systemfor the commonlystudiedrectangularfault whenthe integrationover the fault areais
required.In eqn. (4.2), u,1 representsthe displacementdueto the source(1,2), or the vertical strike-slip
source(4 = 00, 6 = 900); u,2 representsthe displacementdueto the source(2,3), or the verticaldip-slip
source(*~= 900, 6 = 900); u,3 representsthe displacementdueto thecombinedsourceE(2,2)—(3,3)l/2,or
the 450 dip-slip source(4 = 900, 6 = 450); ~ representsthe displacementdueto the source(1,3),which
canbe obtainedfrom u•2 by replacing0 by 0 — ir/2. To obtain the displacementfield dueto an arbitrary
sheardislocationsource,we are thereforerequiredto calculateonly two fundamentaldisplacementfields
due to the elementarysources(1,2) and (2,3), and one displacementfield due to the combined source
[(2,2)—(3,3)l/2.

4.2. Two-dimensionaldislocationsource

Figure3 is a schemeof anarbitrary two-dimensionalsheardislocationsource.v is thefault normal; n is
the unit slip vector and is perpendicularto the normal; 6 is the dip of the fault. The two-dimensional
dislocationsourcein fact representsa long line sourceparallel to the x-axis. We will discussthe plane
strain and the antiplanestrain problemsseparately.

4.2.1. Plane strain
This correspondsto the problemof a long dip-slip fault (Singh andGarg, 1985) andits solution is of

the type I of PaperI. In this case

n = (0, cos6, sin6)

v= (0, —Sin 6, cos6)

andtherefore,we havethe dyadic

nv = i~i~cos 26— 21[i~i~— i~i~]sin 26 (4.3)

Similarly, thedisplacementsdueto a longdip-slip sourcecanbe expressedasthe linearcombinationof the
displacementsdueto the elementarysource(2,3) andthe combinedsource[(2,2)—(3,3)]/2,i.e.

u, = u,2 cos 26— U,3 sin 26 i =y, z (4.4)
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in which u,2 andu,3 havethesamephysicalmeaningsas thosein eqn.(4.2), exceptthat the formeris in the
two-dimensionalsense.To obtain the displacementfield dueto a long dip-slip source,weare thusrequired
to calculate only one fundamentaldisplacementfield due to the elementary source (2,3) and one
displacementfield dueto the combinedsource[(2,2)—(3,3)]/2.

4.2.2. Antiplanestrain
Thiscorrespondsto the problemof a long strike-slip fault (SinghandGarg, 1985) andits solution is of

the type II of PaperI. In this case

n = (1, 0, 0)

v=(0, —sin 6, cos 6)

andtherefore,we havethedyadic

nv = i~i~cos 6 — i~i,,sin 6 (4.5)

The displacementdueto a long strike-slip sourcecanthusbe expressedby

= u~4cos 6 — U~1sin 6 (4.6)

Again, U~4 and u~1havethe samephysical meaningsas those in (4.2), except that the former is in the
two-dimensionalsense.Consequently,to obtain the displacementdueto a long strike-slip source,we are
requiredto calculateonly two fundamentaldisplacementfields dueto the elementarysources(1,3) and
(1,2).

Sofar wehaveobtainedthe expressionsof the static displacementsdueto anarbitrarysheardislocation
sourcein three- and two-dimensionalcases.They are expressedby the linear combinationsof some
fundamentaldisplacementsdue to someelementarysources,or of someGreen’sfunctions.The remaining
work thereforeis to obtain the Green’sfunctionsappearingin eqns.(4.3), (4.4) and(4.6).

4.3. Three-dimensionalGreen’sfunction

As we havementionedabove,to get the static displacementfield dueto an arbitrarysheardislocation
sourcein a transverselyisotropic andlayeredhalf-space,we are actuallyrequiredto calculateonly three
Green’s functionscorrespondingto the sources(1,2), (2,3) and [(2,2)—(3,3)]/2.Using eqns.(2.15)—(2.17)
and(3.9) of this paperand eqn.(16) of PaperI, they are found to be (omitting factor ~u d~/(2ir))

(1) For source(1,2)

+oor 8
Ur’ = —f [(UM(0)/i)-~—J

2(Ar) + 2UN(0)J2(Ar)/r AdA sin 20
0 r

+001 a
U9

1 = —f [2(UM(0)/i)J
2(Ar)/r+ UN(0)-~—J2(Ar) AdA cos 20 (4.7)

0 ur

= _fO+00(UL(0)/i)J2(Ar)A dA sin 20

In eqn. (4.7), Jm(Ar) is the Bessel function of order m. The expansioncoefficients of the surface
displacementvectorUL (0), UM (0) and UN(0) in the cylindrical systemof vectorfunctionsarerespectively

UL(0)/i = A66[(G I 24~”34 + G I 42
13v~)/GI 24 — v

14]

L~\,(o)—A66(G12V22/G22—v~/A I 24 — V241 (4.8)
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where and V’~~are the elementsof the matrices[V] and [V’] respectively, which are given by

[v] = [at] [a2]——[ aS_lI[a~]

Fr,L1....F L1F Li F L ii L

~v j — ~a111a21——~a5_111a51
(2) For source(2,3)

+00 0
Ur

2 = —f (UM(0)/i)~Jl(Ar) + UN(0)Jl(Ar)/r AdA sin 0

Uo2=_f±00F(UM(0)/i)Jl(Ar)/r+UN(0)~Jl(Xr)IAdAcos0 (4.9)

u~2=—f (UL(0)/i)Jl(Xr)AdA sin0

In eqn. (4.9)

UL(0)/i = — [(G I 24 v
32 + G I 42

13v
42)/G 24 — v12]

AUM(0)/i = — [(G I 2424V32 + G I 42
23v

42)/G I 24 — v22] (4.10)

UN(0)= _(G,I~~VL21/G~_v1~)/A

(3) For source[(2,2)—(3.3)]/2

Ur3=f+00{UM0(0)~JO(Ar)+[(UM2(0)~J2(Ar)_2(UN2(0)/i)J2(Xr)/r1cos20}AdA

Ue3=f~°°[_2UM2(0)J2(Ar)/r+(UN2(0)/i)~~J2(Ar)]AdXsin 20 (4.11)

u~=f [UL0(0)Jo(Xr)+ UL
2(0)J

2(Ar) cos20]AdA

In eqn.(4.11), UL
2(0), UM2(0) andUN2(0) are the expansioncoefficientsof the surfacedisplacementvector

correspondingto m = 2 andthey are givenby

UL2(0) = A
66[(G I 24~”34+ G I 42

13v,~)/GI 24 — V
141/2

AUM
2(0) = A

66[(G I 2424V34 + G I 42
23v~)/GI 24 — V

24]/2 (4.12)

UN
2 (0)/i= —A

66(G~V~/G~—v1~)/(2A)

U~°(0)and UM°(0)are the expansioncoefficientsof the surfacedisplacementvector correspondingto
m = 0 andthey aregivenby

UL°(0)= (G I 24
14Q

3+ G I 42
13Q

4)/GI 24 — (4 13)

AUM°(0)= (G I 24
24Q

3+ G I 42
23Q

4)/GI 24 —

where

Q~=((AI3/A33 — 1)J’~~+ [(A1, +A12)/2 —A~3/A33]J14}/2 j— 1,2, 3,4

4.4. Two-dimensionalGreen’sfunction

We have shown that it is convenientto use the Cartesian system of vector functions to study the
problemof two-dimensionaldeformation.The two-dimensionalsolution canbe obtaineddirectly from the
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correspondingthree-dimensionalsolution by replacing2ir by (21T)1~’2and a by 0 in the scalar function
(2.9) of PaperI. The two-dimensionalGreen’sfunctionsappearingin eqns.(4.4) and(4.6) arederivedby
this approachandare given in the following.

4.4.1.Plane strain
In this case, the Green’sfunctions correspondingto the elementarysource (2,3) and the combined

source[(2,2)—(3,3)]/2are requiredto obtain the surfacedisplacementfield (4,4).
(1) For source(2,3),the expansioncoefficientsUL (0) and UM (0) of the surfacedisplacementvectordue

to this elementarysourceare (omitting factor i~uds/(2i~-)’/2this factor is also omitted in the following
expressionsof expansioncoefficients)

UL(0)/i = sign($)[(G I 24 V
32 + G I 42 V42)/G I 24 — 1’~I2] (4 14)

AUM(0)/i = sign(fl)[(G I 24
24V

32+ G I 42
23V

42)/GI 24 — 1”22]

Using equation (14) of Paper I, we find that the surface displacement componentsare (omitting factor
L~uds/~r;this factor is also omittedin the following expressionsof surfacedisplacementcomponents)

24 + G142
23V

42)/GI 24 — V221 cos $ydfl

+00 (4.15)
= j [(~ I 24~”32 + G I 42

13v
42)/G124 — V~2]sin fly dfl

(2) For source[(2,2)—(3,3)l/2,the expansioncoefficientsUL(O) and UM(O) in this caseare

UL(0) = (G I 24
14Q

3+ G I 42
13Q

4)/G 24 — (4 16)

AUM (0) = (G I + G I 4223~4)/G I 24 — Q2

where

Q1= [(AI3~A3~— 1)~,+ (A1,_A~3/A33)J~~4]/21=1,2,3,4

Thesurfacedisplacementcomponentsare found to be

= — f~°°[(GI 24
24Q

3+ G I 42
23Q

4)/G124 — Q21 sinfly d/3

(4.17)
u

3 = f [(G I
24

14Q
3+ G I 42

13Q
4)/GI 24 — Q11 cos fly d/3

4.4.2.Antiplanestrain
In this case,the Green’sfunctionscorrespondingto the elementarysources(1,2) and(1,3) are required

to obtain the surfacedisplacementfield (4.6).
(1) Forsource(1,2), the expansioncoefficient UN(0) is found to be

UN(0) =A66(G~V2~/G~— v,’2)/A (4.18)

andthereforethe surfacedisplacementcomponentis

~ = -A66j (G~V~/G~- V~)sin fly dfl (4.19)

(2) For source(1,3), the expansioncoefficient UN(O) is given by

UN(0)/i= sign(fl)(G~V~’j/G~ — V,’~)/A (4.20)
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and the surfacedisplacementcomponentis found to be

~ V~’j)cos fly dfl (4.21)

5. Discussionand conclusion

The resultsof Paper I have beenusedto solve the correspondingdeformationproblem by internal
sourcesin a transverselyisotropic andlayeredhalf-space.The sourcefunctions of generalpoint disloca-
tions in a transverselyisotropic mediumare derivedin the Cartesiansystemand the cylindrical systemof
vectorfunctionsby a unified and simpleapproach.Explicit expressionsfor the surfacedisplacementsdue
to three-andtwo-dimensionaldislocationsourcesare obtainedin thesetwo systemsof vectorfunctionsin
terms of propagatormatrices.Whereasthe sameprocedurecan be applied to get the displacementand
stressfields at anypoint in the medium, the resultsfor a finite fault canbe obtainedby integrationover
the fault area. It is shown that the presentsolution contains the solutions to the three- and two-dimen-
sionalsourceproblemsfor the correspondingisotropicmedia,andthereforeprovidesa unified solution for
thesetwo problems,whichhavelong beenstudiedseparately.The formulationdevelopedcanbe calculated
using the numericalprocedureof Jovanovichet al. (1974a,b) to studythe effectsof anisotropy,as well as
of Earthlayering, on the static fields.
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Appendix 1

In the Cartesiansystemof vectorfunctions, the coefficientsFf8, FM8, FN8, FL”, FM” and FN” in eqn.
(3.4) aregivenrespectivelyby (omitting factor~u d~)

_(2iT)ni,~i{(c~_± ~ exp[i(ax + fly)])M — n
1v1 ~ Ox

2 c
11~~Ox Oy ~ 0y2) }~

FN
8 = _A_2nivj{[ci f~Y( ~2 — ~2) + ~ — c

11~~)Ox8y]S }~
FL”= —(2ir)~

1n
1v~c11~~(exp[i(ax+fly)])0

F,j= _A_2n,vj.{(cjjxz.~~ + cijyz.)~*}

FN(1=A_2njvj{(cijyz~_ _cijxz.~_-)S*}
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where {— —)~implies x = x0, y =y0 S” is the complexconjugateof the scalarfunction definedby eqn.
(9) of Paper I, that is

S” = exp[i(ax + fly)]/(2ir)

Appendix 2

In the cylindrical systemof vectorfunctions, the coefficientsFL
8, FM6, FN6, FL”, F,~jand FN” in eqn.

(3.4) are given respectivelyby (omitting factor ~u d~)

FL6 = (2ir)_1/2{n,1Jjc,jzr_~~~[Jm(Ar)r]exp(—im0)+ cijzgJm(Ar)—~-~[n,v~.exp(_im0)}}

6 —21 0 / OS*\ 0 1 OS*\ 02S” 0 1 OS*\’~FM = A (~nivicijrr—~--~r__ä-—)+ cijro—~-ë~nivj---~__)+ n~PJc~J
9,.Or 00 + ~ r

2 00

8 -21 0 / OS”\ a / OS’fl 02S” a I

FN = —A ~niv,.ciior—~--~r--~——)+ c~
199—5-~n1v1—5—--)— njPjcijrrr Oi- 00 — CijrO 2

FL”= —(2’JT)’{n,vjcijzzJm(Ar) exp(—im0)}0

F,j= _A_2{nivj(cjJrz~I_~+ cijoz_—~-ë)S*}

FN~~=A_2{njvj(cijoz_ — Cijrz~~•)S*}

where (— —)~implies r = r0, 0 = ~ Jm(~tr)denotesthe Bessel function of order m; S* is the complex
conjugateof the scalarfunction definedby eqn.(12) of PaperI, that is

S*=Jm(Ar)exp(_im0)/(2•1T)l/
2 m=0, ±1,±2,
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