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SUMMARY

In this paper, the complete Green’s functions in a multilayered, isotropic, and poroelastic half-space are
presented. It is the first time that all the common point sources, i.e. the total force, fluid force, fluid dilatation,
and dislocation, are considered for a layered system. The Laplace transform is applied first to suppress the
time variable. The cylindrical and Cartesian systems of vector functions and the propagator matrix method
are then employed to derive the Green’s functions. In the treatment of a point dislocation, an equivalent
body-source concept is introduced, and the difference of a dislocation in a purely elastic and a poroelastic
medium is discussed. While the spatial integrals involved in the Green’s functions can be evaluated
accurately by an adaptive Gauss quadrature with continued fraction expansions, the inverse Laplace
transform can be carried out by applying a common numerical inversion technique. These complete Green’s
functions can be implemented into a suitable boundary element formulation to study the deformation and
fracture problems in a layered poroelastic half-space. Copyright © 1999 John Wiley & Sons, Ltd.

KEY WORDS: Green’s function; dislocation; equivalent body force; layered poroelastic half-space; vector
function; propagator matrix

1. INTRODUCTION

Since Biot’s pioneer work (References 1 and 2) on fluid-saturated porous solid, the theory
of poroelasticity has been greatly developed and applied to various branches of science and
engineering. While Cheng and Detournay? discussed the fundamentals of poroelasticity in details,
the applications of poroelasticity were recorded in a recent book edited by Selvadurai* and
a recent special issue in the International Journal of Solids and Structures edited by Cheng et al.’
It is also worth mentioning the extension work by Maier and Comi® to poroplasticity, and
Elsworth and Bai’ to a double-porosity medium.

When analysing problems in a homogeneous, linear, and poroelastic solid, the boundary
integral equation method or the boundary element method (BEM) offers significant computa-
tional advantages over the domain discretization method. When a BEM formulation is applied
directly to a layered poroelastic structure, however, its merit may be lost because all the interfaces
in the structure need to be discretized. An efficient way to handle this problem is to implement the
Green’s functions in the layered system to the BEM formulation.
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Previously, various layered Green’s functions and their BEM formulations were proposed (see
Reference 8 for a review). Notable studies related to poroelasticity are those by Senjuntichai and
Rajapakse® and Yue and Selvadurai.!® So far, however, no Green’s function is available when
a dislocation source is acting in a layered and poroelastic system.

This paper presents the complete Green’s functions in a multilayered, isotropic, and poroelastic
half-space. The common point sources, i.e. the total force, fluid force, fluid dilatation, and
dislocation are all considered. While the Laplace transform is applied to suppress the time
variable, the cylindrical and Cartesian systems of vector functions and the propagator matrix
method are introduced to derive the Green’s functions in the Laplace-transformed domain. The
approach proposed here is a systematic and uniform one that can be applied to any point
body-source or dislocation source (with the axially symmetric and 2-D plane sources being the
special cases). In particular, when treating a dislocation, an equivalent body-force concept is
introduced so that the dislocation source can be treated in the same way as for a point body-force.
These Green’s functions are required in the BEM modeling of deformation and fracture problems
in a layered, isotropic, and poroelastic medium.

2. BASIC EQUATIONS OF POROELASTICITY

Biot! first introduced the theory of linear and isotropic poroelasticity for modelling the response
of a fluid-saturated porous solid. The governing equations of this medium consist of the
equilibrium equation and Darcy’s law:

O-ij,j+Fi:0 (1)

qi = —x(pi —f) (2)

where F; is the body force per unit volume acting on the mixture (fluid and solid), f; the fluid body
force, « is the permeability coefficient, p the pore pressure, g; the specific discharge, and o;; the
total stress.

According to Rice and Cleary,!! the coupled constitutive laws for the solid and fluid phases can
be expressed as

2Gv
Oij + bpéij = 2Geij + 1——2\) eéij (3)
2GB(1 +v,)  2GB*(1 — 2v)(1 + v,)?
p=- e+ 2581 L )
3(1 —2vy) I(vy — v)(1 — 2vy)

where e = ¢; denotes the solid volumetric strain, ¢ is the variation of fluid volume per unit
reference volume, and §;; is the Kronecker delta, G is the shear modulus and B the Skempton’s
pore pressure coefficient, v and v, are the drained and undrained Poisson’s ratios, respectively. G,
B, v, vy, and x form a consistent set of five material parameters for the linear, isotropic, and
poroelastic theory (Reference 11). The constant b in equation (3) is the Biot coefficient of effective
stress (Reference 12) defined by

b 3(vg — V)
~ B(1 —2v)(1 + )

()
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For the solid skeleton, the geometric compatibility of the strain e;; with respect to the
displacement u; is assumed to be linear:

€ = %(ui,j + u;;) (6)

Finally, we need the continuity equation to complete the poroelasticity theory, which is of the
form

= td4ii=7 (7)
ot
where y is the rate of the injected fluid volume from a fluid source.

An alternative form of equation (4) is

k(1 —w)(1 —2v,)

Sl i —am P tPe @®

with

_ 2kB2G(1 — v)(1 + v,)? ©)
9 =) (v — )

being the generalized consolidation coefficient (Reference 11). Substituting equations (2) and (8)

into (7) leads to a diffusion equation for the pore pressure p, coupled by the solid dilatation e,

k(1 —v)(1 —2v,) 0p

ol —v)(d —2v o KPith

Oe
&=y (0 (10

3. SOLUTION AND PROPAGATOR MATRICES

Although the variable decomposition technique proposed by Biot? can be employed to solve the
coupled poroelastic equations (References 13 and 14), that technique is suitable only for problems
in homogeneous media. Therefore, a different approach has been developed in this paper to
derive the Green’s functions in a layered poroelastic medium.

We first employ the Laplace transform

flxis) = J e di (11)

0

to suppress the time variable t for any function depending upon time, and adopt the same symbol
for the function before and after the Laplace transform. These functions are distinguished by
using the Laplace variable s, in the transformed domain in the place of time ¢, before the
transform. For instance, in the transformed domain, equation (10) becomes (we also assume that
the initial value for all field quantities are zero)

k(1 —v)(1 —2v,)

(L= v)(1 = 2v) P~ WP+ bse =y = (f). (12)
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The next step is to expand formally all field quantities in terms of the cylindrical and Cartesian
systems of vector functions (Reference 15).
The cylindrical system of vector functions is defined as (Reference 15)

L(r, 0; 4, m) = e.S(r, 0; 4, m)

, 0 0 .
M(r, 0; 2, m) = <e, o + € W)S(r, 0; 2, m) (13)
N(r, 0; A, m) = i— 2S( 0; 2, m)
r,0; 2, m)= e'r@@ egar r,0; 2, m
with
S, 0; 2, m) = L Ju(Ar)e™ (14)

NE:

where J,,(4r) is the Bessel function of order m with m = 0 corresponding to the axially symmetric
deformation.

Equations (13) form an orthogonal system, and therefore any function (vector or scalar) may be
expressed in terms of it. In particular, for the displacement and traction vectors, pore pressure,
and specific discharge in the z-direction, we can formally write

ur, 0,z s) = Z Jﬂc [UL(z)L(r, 0) + Up(2)M(r, 6) + Uy(z)N(r, 0)]AdA (15)

m JO

T(}”, 05 Z, S) = 0426, + 09-€9 + 0.:€;

> Jﬂo [TL(2)L(r, 0) + Trp(z)M(r, 0) + Tn(z)N(r, 0)]AdA

m JO

(16)
0,z =Y r " P@)S(r. 0)).dJ (17)
m JO
q.(r,0,z;8) = —kp. =) JHCQ(Z)S(V, 0)AdA (18)
m JO

Notice that the dependence of the above unknown expansion coefficients on the Laplace variable
s and on the parameters 4 and m has been dropped for brevity.

Similarly, we can also expand the source functions (in the transformed domain) in equations (1)
and (12) in terms of this system

F(r, 0,z s) = er [Fr(z)L(r, 0) + Fry(z2)M(r, 0) + Fy(z)N(r, 0)]1d4A (19)

m J 0

v(r, 0, z; 5) — (kf).:(r, 0, z; 5) = Z f+ : I'(z)S(r,0)AdA (20)

where the expansion coefficients are known for the given sources.
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The definition of the Cartesian system of vector functions is given in Appendix I for the sake of
completeness. It is noted, however, the following expressions of the expansion coefficients hold in
these two systems. It is also emphasized that the cylindrical system of vector functions is an
extension of the Hankel transform and it can be directly applied to a vector function (Reference
15).

We now substitute equations (15)—(20) into the transformed basic equations. After performing
some straightforward but tedious algebra, we then obtain two independent sets of simultaneous,
linear, and differential equations for the unknown coefficients involved in equations (15)-(18)

d[E'(z
COL_ aneen + vien
i @1
B A + v
z
where
[EI(Z)] = {UL(Z)) )“UM(Z)J TL(Z)/;LB TM(Z)7 P(Z)’ Q(Z)}l
E"(2)] = {Uy(z2), Tx(2)/A}!
[E"()] = (UG, Ta(2)2) o

[Vi(2)] = {0,0, —Fy(z)/2, —Fu(z),0, T(2)}'
[Vi(2)] = {0, —F.(z)/2}"

and [A"] and [A"] are the coefficient matrices with their elements being given in Appendix IL

When deriving equation (21), we have assumed that the poroelastic parameters involved are
independent of the horizontal variables r and 0, but can be any function of the vertical variable z.
Although the two sets of equations can be used to obtain the transient and coupled poroelastic
Green’s functions in a vertically inhomogeneous half-space using the numerical integral methods
(e.g. Reference 16), we assume in the following that the medium is vertically piece-wise homogene-
ous. This simplified model is suitable to the ground structure, and further the resulting equations
can be easily solved by the propagator matrix method (Reference 17).

It is interesting that the deformation of type II (related to N) is free of the porous effect, and
thus is exactly the same as the deformation of a purely elastic solid. The author (e.g. References 15
and 18) has derived solutions associated with type-II, caused by either surface loads or point
sources in a layered medium. We therefore will neglect the derivation of these solutions in the
following, and give only the final results in the appropriate place for the sake of completeness.

If [A"] is a constant matrix, the homogeneous solution to equation (21) can be derived easily.
Here, we employ the Laplace transform method to solve it. The advantage of using this transform
is that the propagator matrix can be obtained directly from the solution matrix.

Applying the Laplace transform

fip) = f T fedz 23)

0

to the type-I equation of (21) with [V'] = [0] and inverting the result, we arrive at

—1 o+ioo
[E'(z)] = Er J ~ {(TAT = p[1])~ e dp} [E'(0)] (24)
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where [I] is the identity matrix. The inversion of the integrand matrix and the inverse Laplace
integral can be derived directly, and the final result can be written simply as (also included is the
type-1I result)

[E'(2)] = [a'(—2)][E'(0)]
[E"(z)] = [a"(—2)][E"(0)]

where [a'(—z)] and [a"(—z)] are the propagator matrices. By utilizing the characteristics of the
propagator matrix (Reference 17), we can present equation (25) in an alternative form

[E'(0)] = [a'()][E'(z)]
[E"(0)] = [a"(z)][E"(2)]

with the elements of [a'(z)] and [a"(z)] being given in Appendix III. It is noteworthy from
Appendix III that while the type-II propagator matrix [a"(z)] is the same as that in a purely
elastic solid, the type-I propagator matrix [a'(z)] can be reduced to the uncoupled purely elastic
case (for indexes (i, j) < 4) and purely water flow case (for indexes (i, j) = 5) by setting b = 0 in the
matrix [a'(z)].

(25)

(26)

4. BODY-SOURCE EQUIVALENCE

When obtaining the solution and propagator matrices in the foregoing sections we have neglected
the contribution from the source. If a source exists, it then causes a discontinuity on the expansion
coefficients [E'(z)] and [E"(z)] at the source level. While the discontinuity caused by the body
source (e.g., F; and y — (kf;) ; can be derived easily, that caused by a dislocation, however, requires
special approach. Here we will first express a dislocation source by an equivalent body force
(Reference 19), and then derive the discontinuities of [E'(z)] and [E"(z)] using the method
described by Kennett.!”
We start with the generalized reciprocal theorem of Betti type in poroelasticity

oPed) + pc = ofPelh) + pIcy @)
where superscripts (1) and (2) denote two independent systems of the field quantities. This relation
is a direct consequence of the constitutive equations (3) and (4). Applying an instantaneous point

force to the second system in equation (27) and integrating the result, we obtain the following
representation relation (Reference 14):

u(y, ) = fjds(x)dt{[ffik(x’ Duf/(x, —ty, —1) — wi(x, Do (X, —1y, —1)]m(x)
+ [oi(x, Op"(x, =1y, —1) — p(x, o/ (x, —t;y, —0)]ni(x)} (28)
+ deV(x)dt{[Fi(x, Hufix, —t;y, —1) + filx, oli(x, —t;y, —1)

- R(X7 t)ij(Xa -1 Y. _T):l
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where ny, is the outward normal at the boundary point x,

t
by = J Gidi (29)

0

is the relative fluid displacement, and

R= f ydt (30)

0

the volume of the injected fluid (i.e., the fluid dilatation). The superscript ‘Fj’ in equation (28)
denotes the source type and its direction. For example, ul/(x, —t;y, —1) represents the solid
displacement in the ith direction at (x, —t) due to an instantaneous point force F of unit impulse
in the jth direction at (y, — 7).

Let us now assume that there is an internal surface £ imbedded in a homogeneous poroelastic
domain V bounded externally by a surface S (Figure 1), and that n is the unit normal to X. Across
the surface X, the solid and fluid displacements may be discontinuous. Let Au;(x, t) and Av;(x, t)
be the discontinuities in u and v across X in the i-direction at (x, t). These discontinuities may have
any form, provided that the following relations hold:

+ o+ ——
O',-jnj +O’,~jnj =0

(1)

* =
where —n; =n; =n;.

Assuming v;, u;, p and oy satisfy the same homogeneous boundary conditions on S, and
applying equation (28) to the region bounded internally by £ and externally by S, we arrive at

ui(y, 1) = ”di(n)dt{Aui(n, o (n, —ty, —1m(n) — Avi(n, )p"™(n, —t;y, —o)ni(n)}

+ JJdV(x)dt{Fi(x, Hufi(x, —t;y, —1) +fi(x, Hoil(x, —t;y, —1)

—R(x, 9p"(x, —11y, —1)} (32)

Figure 1. An internal surface £ imbedded in a poroelastic domain V' bounded externally by the surface S. n is the unit
normal vector on X

Copyright © 1999 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech., 23, 1631-1653 (1999)
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Making change of the variables in the point force solution (Reference 20), equation (32) then
becomes

u;(y, 1) = ”dz(n)dt{ —Auy(n, 1)t (y, T n, )m(n) + Avy(n, ) p"(y, T n, Ony(n)}

+ j JdV(x)dt{Fi(x, uf(y, X, 1) + fi(x, )vi(y, © y, 1) + R(X, 0)p"(y, 13 X, 1)}
(33)

We now derive the body-force equivalence of the solid and fluid dislocations. Using the
following identity:

Py, s, 1) = jd V(x)d(x, n)p"(y, 7 X, 1) (34)

the second surface integral in equation (33) can be expressed alternatively as

”dE(H)dI{Avi(n, Oy, T, Oni(n)}

+ “dV(X)dt{[ JdZ(n)Avi(m Hn(n)d(x, n)}p” (¥, T X, t)} (35)

Comparison of this expression to the last volume integral in equation (33), we conclude that the
effect of a fluid dislocation Av;n; (the second surface integral in equation (33)) is equivalent to that
of a fluid dilatation I'. Furthermore, the body-source equivalence of a fluid dislocation Avn; is
equal to

R (x, 1) = jdz(n)Avi(n, t)ni()d(x, 1) (36)

The derivation of the body-source equivalence of the first surface integral in equation (33) is
somewhat difficult. We start with the stresses caused by a point force, which can be expressed as

o (Y, T 1, 1) = Coramttl m(Y, T 1, 1) — DOy p"(y, T, 1) (37)
where
2Gv
Ciklm = - Ok Oim + G(6110km + im0 (38)

Substituting equation (37) into (33), the first surface integral of equation (33) then becomes

”dz(n)dt{ —Aui(n, e (y, T 0, ()}

= deZ(n)dt{ — Aui(1, ) Ciramit (Y, T5 1, )1 (17)

+ bAu;(n, )ni(n)p"(y. 7 n, 1)} (39)

Copyright © 1999 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech., 23, 1631-1653 (1999)
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It is obvious from this expression that a solid dislocation is equivalent to a summation of two
body sources, with the second one being a fluid dilatation. The equivalence of the second part is

RY(x,1)=b jdz(ﬂ)Aui(n, £)n;(1m)o (X, 1) (40)

In order to find the equivalence of the first part on the right-hand side of equation (39), we use the
relation

. 0 ; 0 .
ulF:Jm(ya ", t) = (E)u{ﬁ(y: n, [) = - (67’[ )ufj(y: n, t)

_ JdV(x) a(sa(x, 1) iy, 7 x. 1) (41)

m

Therefore, the first part can be expressed as

J‘sz(n)dt{ _A“i(ﬂa t)ciklmulf,‘}r.n(ya T 179 t) nk(n)}

_ f JdV(X)dt{ —sz(m[ciumAu,-(n, o) 2O ’7)} uFi(y, % x t)} “2)

0X

Comparison of this expression to the first volume integral in equation (33), we find that this part
of the solid dislocation is equivalent to a body force, with its equivalence being

d0(x, 1)
0Xy

Fi'(x, 1) = —sz(n)cimmAui(m 6y (17) (43)

We conclude that while a fluid dislocation is equivalent to a fluid dilatation, which is given by
equation (36), the body-source equivalence of a solid dislocation is the sum of a fluid dilatation
and a body force, i.e. equations (40) and (43). This result makes the ‘equivalence’ concept in
poroelasticity different to that in the pure elasticity. For an isotropic and purely elastic medium, it
has been shown that the response caused by a dislocation can be generated by certain combina-
tion of double forces (References 19 and 21). In a poroelastic medium, however, a fluid dilatation
as well as the double forces must be used to generate the response caused by a solid dislocation.
Furthermore, we need an equivalent fluid dilatation to generate the response due to a fluid
dislocation.

5. SOURCE FUNCTIONS

In Section 3, we derived the homogeneous solutions and the associated propagator matrices in
a poroelastic and layered half-space. When a point source exists, however, the problem becomes
quite complicated. In order to derive the response of a layered half-space to a point source, i.e. the
Green’s function, we need first to obtain the source function, or the discontinuity of the expansion
coefficients of the field quantities caused by the point source. This can be achieved by expanding

Copyright © 1999 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech., 23, 1631-1653 (1999)
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the point source in terms of the cylindrical and Cartesian systems of vector functions (References
15 and 18), substituting the expansion coefficients into equation (21), and deriving the solution to
this equation. While in this section, we address all the source functions, the Green’s functions
corresponding to these source functions will be derived in the next section.

5.1. Solid point force

Without loss of generality, we assume that there is a solid point force located along the z-axis at
the depth z = h (also for other point sources), and that in the Laplace transformed domain it can
be expressed as

E@Qzﬂ=F®ﬁQ%¥E:@m,j=n&z (44)

where F(s) is the Laplace transform of the time amplitude factor, (n,, ng, n,) are the direction
cosines of the unit force vector in the cylindrical coordinates (r, 6, z). It can be shown that this
point force will cause the following discontinuity on the expansion coefficients of the traction
vector:

AT, =Tyh+0)— Tp(h—0)=F(s)—, m=0
L L L /7271
ATy = Togh +0) — Tyg(h — 0) = F(s) == 4y (45)
20./2n
in, +
ATy = Ty(h +0) — Ty(h—0) = F(s) 2= = 41
20./2n

where i = \/ —1, (ny, ny, n.) are the (x, y, z) direction cosines of the unit force vector in the space
fixed Cartesian coordinates, with x- and y-directions being taken, respectively, along 6 = 0 and
0 = n/2 of the cylindrical coordinates.

A parallel result in the Cartesian system of vector functions was found to be (Reference 22)

Mgznm+m—nm—m=—ng%
Y
Myznm+m—nﬂ—m=—m@ﬁ?§£ (46)
A
) nyf — nya
ATy =Ty(h 4+ 0) — Ty(h — 0) = —iF(s) ——5—
21l
5.2. Fluid point source
We assume that a fluid point source in its Laplace transform can be expressed as
0(r)0(0)o(z — h
0, 0.2 — ) (1,0, 2 5) = Dl “L2OE D @)

r
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LAYERED POROELASTIC HALF-SPACES 1641

with D(s) being the Laplace transformed amplitude of the fluid source. Similar to the above
procedure, we find that the corresponding source functions in the cylindrical and Cartesian
systems of vector functions are, respectively,

D(s)
N

001 +0) — 0 —0) = 2 )

Oh+0)—-0Q(h—-0)= m=0 (48)

5.3. Fluid point dislocation action on dX

For a fluid point dislocation, we obtain, from equation (36), the equivalence of its fluid
dilatation in the Laplace transformed domain

RmaggzmmMmﬁﬂ%¥EZ@ (50)

where v; and n; are the dislocation direction and the normal to the dislocation surface, respective-
ly, and Av(s) is the Laplace transform of the dislocation amplitude Av(t) (Av; = Avv;).

Utilizing relation (30) and the results in Section 5.2, we find that the source functions due to
a fluid point dislocation in the cylindrical and Cartesian systems of vector functions are,
respectively,

NV + Ny, + nyv,
2
/27

Ny + nyvy, + nov,
2n

Q(h +0)— Q(h —0) = Av(s)s m=0 (51)

O(h+0)—Q(h—0)=Aov(s)s

(52)

5.4. Solid point dislocation acting on dX

We have shown in Section 4 that a solid dislocation produces two components of the
body-source equivalence: one equivalent to a fluid dilatation and another to a solid force. This
equivalence has just been derived, as given by equations (40) and (43). Therefore, in order to
obtain the response from an arbitrary solid dislocation, we need only to sum up the responses
from its body-source equivalence (40) and (43).

The first equivalence is similar to a fluid point dislocation, and thus its source functions are
similar to equations (51) and (52). That is, in the cylindrical and Cartesian systems of vector
functions, they are respectively,

nywy +nyvy, + ny,
b
N

Ny + nyv, + n,v,
2n

O(h + 0) — Q(h — 0) = Au(s)sh m=0 (53)

O(h +0) — Q(h — 0) = Au(s)sb (54)

Copyright © 1999 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech., 23, 1631-1653 (1999)



1642 E. PAN
where Au(s) is the Laplace transform of the solid dislocation amplitude Au(t) related to its
component as

Au(t) = Au(t)v; (55)

The source functions from the second equivalence (43), however, are somewhat complicated to
derive. Fortunately, for a transversely isotropic and purely elastic solid, the author (Reference 18)
has obtained the results. Therefore, we can directly reduce them to the isotropic case. In the
cylindrical system of vector functions, they are (omitting the factor Au(s)/\/ 27)

Up(h + 0) — Up(h — 0) = %_V (Ve + nyv) + nv., m=0

Unm(h +0) = Uy(h — 0) = [ £+ (nov; + novy) —i(nyy, + novy)1/27), m= £1
Un(h +0) — Uy(h — 0) = [ — i(nyv. + mv) T (nyy. + nvy))/24), m—= £1
G(1+v)

— (v +1yvy), m=0 (56)

Tyh+0)— Ty(h—0) =

+ 0.5G[(n,v, — nyv,) ti(ney, + nyv)], m=+2
Ty(h 4+ 0) — Ty(h — 0) = 0.5G[(n,v, + nyvy) £ i(nv, —nyv))], m= £2

v
1—v

Qh+0)—Qh—0) = —bs|: (nyvy + nyvy) + nzvz:|, m=0

In the Cartesian system of vector functions, they are (again, omitting the factor Au(s)/(2n)).

Uph+0)—U,(h—0) =

v
— (nevy + nyvy) + 0y,

Up(h + 0) — Up(h — 0) = i[o(n,v. + novy) + B(nyyv, + nov,)]/A2

Uy(h + 0) — Uy(h — 0) = i[f(n,v, + n.vy) — a(nyy, + nzvy)]/l2

2Gv?
Ty(h +0) = Ty(h —0) = (I—T)\()l—v) (v 4 nyvy) (57)
2G [ (1 — vy + vp?

% nyvy + of(ney, + nyvx):|
TN(h + O) - TN(h - 0) = G[(nxvy + nyvx)(ﬁz - ‘xz) + 2aﬂ(nxvx - nyvy):l/;L2

v

Qh+0)—0QMh—-0)= —bs|:1 — (nyvy +nyvy) + nzvz]
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Comparison of these source functions to those in a purely elastic medium (Reference 18), we find
that in poroelasticity, a term associate with a fluid dilatation need to be added to the source
functions in order to obtain an exact equivalence between a solid dislocation and a body source.
By summing up the two source functions for Q, we have the total discontinuity of Q in the
cylindrical and Cartesian systems of vector functions, respectively (again, the factors Au(s)/\/ 2n
and Au(s)/(2n) are omitted, respectively),

= VV (nevs +my,), m=0 (58)

O(h +0) — Q(h — 0) = bs 11_2v

O(h +0) — Q(h — 0) = bs

1
1

— (v + nyyy) (59)

The source functions in two-dimensional (y, z) plane can be obtained directly from the above
expressions in the Cartesian system by replacing 2w and « with \/ 27 and 0, respectively (Reference
18). In addition, the dislocation type n,v, should be omitted since it does not occur in a (y, z) plane
problem.

6. POROELASTIC SOLUTIONS FOR LAYERED HALF-SPACES

The propagator matrices and various source functions obtained above are now used to derive the
Green’s functions in a poroelastic and layered half-space. Figure 2 is a schematic layered system,
which consists of p — 1 poroelastic and homogeneous layers lying over a homogeneous and
poroelastic half-space. We number the layer serially, with the layer at the top being layer 1 and the
half-space layer p. The origins of the cylindrical and Cartesian coordinates are placed at the
surface, and the z-axis is drawn into the medium. The kth layer has the thickness of A, and is
bounded by the interfaces z = z;_;, z,. It is obvious that zo = 0 and z,_; = H. Furthermore, we
assume that appropriate boundary conditions (in particular, traction-free and fluid flux-free) are
applied to the top surface z = 0, and that a point source is located on the z-axis at a depth h below
the surface. Let the source layer be designated as layer s with boundaries z = z,_ 4, z,. We divide
this layer into two sub-layers, s1 and s2, of identical properties. The first sub-layer is bounded by
the planes z = z;_ ¢, h, and the second by z = h, z,. Finally, displacement and traction vectors,

z=0 $» I OrXx
Layer 1
Z
:
Zs|
h o---e- o ¢ Source Layers
s2
Z
'
i
Zyo
Layer p-1
zp1=H
Layerp
Yz

Figure 2. A layered poroelastic half-space with a point source acting along the z-axis at a depth z =h
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pore pressure and the specific discharge in the z-direction are assumed to be continuous across
any interfaces of layers except at z = h (Reference 23). It can be shown that the continuity of these
quantities is equivalent to the continuity of the column matrices [E'(z)] and [E"(z)]. Across the
source level z = h, however, [E'(z)] and [E"(z)] will experience a jump or discontinuity. These
discontinuities have been just discussed in the previous section for various sources, and in general,
they can be expressed as

[AET] = [E ()] — [Esq(h)]

(60)
[AE"] = [Eg ()] — [Ed) ()]
We now apply the propagating relation (26) to the kth layer
[E'(zx— )] = [ak(z — ze— )] [E'(z)]
(61)

[Ell(zk* )] = [a}cl(zk — Zk-1)] [EH(Zk)]

This relation makes a connection of the quantities at the upper and lower interfaces of layer k.
Propagating this relation from the top of the source z = h — 0 to the surface z = 0, we have

[E'(0)] = [ai1[a%] — — [as][Es ()]
[E"(0)] = [ai][a2] — — [afi1[ES: ()]

Similarly, propagating from the half-space z = H to the bottom of the source z = h + 0, we arrive
at

(62)

[E(W)] = [as:][a5+1] — — [, 1[Z, (H)][K']
[ES ()] = [a][ass 1] — — [, 1 [Z,(E)][K"]

where [Z},(H)] and [Z}(H)] are the homogeneous solution matrices evaluated at z = H, with
their elements being given in Appendix IV. Also in equation (63), [K'] and [K"] are constant
column matrices with components

(63)

[KI] = {0’ Ca, Oa Cy, Oa (36}l

(64)
[K"] = {0, ¢s}'
From equations (62) and (63), we find
[E'(0)] = [D'][K'] — [W'] 9
[E"(0)] = [D"][K"] — [W"]
where
[D'] = [a\][a%] — —[a,-11[Z,(H)]
[D"] = [ai][a3] — —[a,-1[Z;(H)]
(66)

[W = [ai][a%] — —[a,][AET]
[W'] = [ai][a3] — —[a][AE"]
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Using the free boundary conditions at z = 0, i.e.

T1(0) = Tu(0) = Tx(0) = Q(0) =0 (67)
the constants in [K'] and [K"] can be determined as

1/ I
cg = W3/D3,

. W3 D3 Die X Dy, Wi Die . D5, Dy, Wi
co=%| Wi Di Dic|, ca=| Diy Wi Dig|, cg=7| Dir Dia Wi,
Wi Des Dl D> Wi Diss D> Dia Wi

(68)

where

Dy, Di. Die
A=| Dy, Dis Dis |, (69)
Ds; Des Dés
Once the constants ¢; in equation (64) are determined, the Green’s functions in any vertical level

can be obtained. For any point below the source level, i.e. z > h + 0 (suppose that z is in layer k,
ie. z—1 < z < z;), we have

[E'(2)] = [ak(z — 2)][ak+1] — —[a,-1[Z,(H)][K]

(70)
[E"(2)] = [a¢(zx — 2)][a+1] — —[a,- 1 1[Z,(H)][K"]

Similarly, for any point above the source, ie. z <h — 0 (suppose that z is in layer j, ie.
zj_1 <z < z;), we arrive at

[E'(2)] = [aj(z; — 2)1[aj+1] — —[a,-1[Z,(H)][K'] — [aj(z; — 2)][aj+1] — — [au][AET]

(71)
[E"(z)] = [a}(z; — 212} 1] — —[a,-J[Z,(ED][K"] — [aj(z; — 2)][a}+1] — — [a ][AE"]

Now, we can substitute these expansion coefficients [E'] and [E"] into equations (15)-(18) to
find the corresponding field quantities in the Laplace transformed domain. The remaining stress
and specific discharge components are shown to be a linear combination of the known coeffi-
cients [E'] and [E"], and their expressions in the Laplace transformed domain are given in
Appendix V in terms of both the cylindrical and Cartesian systems of vector functions. The
time-domain solution can be obtained by a numerical inverse Laplace transform.

7. CONCLUSIONS

The complete Green’s solutions have been derived in this paper for a multilayered, isotropic, and
poroelastic half-space. These Green’s functions are expressed in terms of the inverse Laplace
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transform (for time t) and of the cylindrical and Cartesian systems of vector functions (for the
horizontal variables r, 0 or x, y). The advantage of using these systems of vector functions is that
the solution and propagator matrices have the same structures in these two systems, and that the
axially symmetric and 2-D plane deformations are the special cases of the current complete
solutions.

The propagator matrix method has also been introduced to avoid solving a large system of
equations with order proportional to the layer number. It is also the first time that a dislocation in
a layered poroelastic system has been considered in details by an equivalent body-source concept.
While the Green’s functions due to the body source can be incorporated into a BEM formulation
for the deformation and stress analysis, those due to the fluid and solid dislocations are required
in the BEM modelling of hydrofracture problems in a layered poroelastic half-space. Numerical
implementation of those Green’s functions into a suitable BEM formulation (Reference 24) is
currently under investigation by the author and progress will be reported in the future.
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NOTATION
G shear modulus
B Skempton’s pore pressure coefficient
v drained Poisson’s ratio
Vy undrained Poisson’s ratio
K permeability coefficient
b Biot’s coefficient of effective stress
c generalized consolidation coefficient
0y total stress tensor
F; bulk body force (on fluid and solid)
f; fluid body force
P pore pressure
Y rate of injected fluid volume
R = [{ydt fluid dilatation (volume of injected fluid)
u; solid displacement
Au; discontinuity of solid displacement (or solid dislocation)
€;; strain tensor
e =c¢; volumetric strain (or solid dilatation)
o variation of fluid volume
qi specific discharge
v; = j{)qi dt relative fluid displacement
Av; discontinuity of relative fluid displacement (or fluid dislocation)
t, T time variable
s Laplace variable; also used to denote the source layer number
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S scalar function; also used to denote the external boundary
L M, N vector functions

UL, Uy, Uy expansion coefficients of solid displacement u;

T., Ty, Ty expansion coefficients of traction t; = oy,

P expansion coefficient of pore pressure

0 expansion coefficient of specific discharge g,

F,, Fy, Fy expansion coefficients of body force F;

r expansion coefficient of the fluid source y — (xf;) ;

D Laplace transformed amplitude of the fluid source y — (xf;).;
n; normal cosines to a surface

Vv direction cosines of a dislocation or displacement discontinuity
b) discontinuous surface

n variable vector on X

APPENDIX I

Cartesian system of vector functions

The Cartesian system of vector functions is defined as (Reference 15)

L(x, y; o, B) = e.S(x, y; &, )

0 0
M(X, Vs o, ﬁ) = <ex + ey '\>S(x’ Vo, B)
ox Jy

0 0
N(x, y; o, f) = <exay —e, (,)X>S(x, y; o, f)
with
1
S(x, yy 0, ) = e T
2

where i = \/(—1).

1647

(72)

(73)

Equation (72) forms an orthogonal system and any function (vector or scalar) may be expressed
in terms of it. In particular, for the displacement and traction vectors, pore pressure, and specific

discharge in the z-direction, we have formally

u(x, y,z; s) = jj ’ UL(2)L(x, y) + Uy (2)M(x, y) + Un(2)N(x, y)] deedfs

— 0

T(X, Vs z; S) = 04,€x + O-yzey + 0,,€;

= Jf Ti(2)L(x, y) + Tu(2)M(x, y) + Tx(z)N(x, y)] dodf

— o0

P,y 8) = f fm P(2)S(x. y)dxdp

— o0

+

qz(xr Y, Z; S) = _Kp,z = Jf Q(Z)S(X, )/) dOC dﬁ

— o0

(74)

(75)

(76)

(77)
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As in the text, the dependence of the above unknown expansion coefficients on the Laplace
variable s and on the parameters « and f has been dropped for brevity.

Similarly, we can also expand the source functions in equations (1) and (12) in terms of this
system

F(x,y,2z5) = Jr : FLL(x, y) + Fu(2)M(x, y) + Fy(z)N(x, y)]docdfs (78)

— o0

+

P(X, ¥, 238) — (ki) i(x, ¥, 23 8) = J j I['(z)S(x, y)dadp (79)

— 0

where the expansion coefficients are known for the given sources. It is noteworthy that the
coefficient, solution, and propagator matrices given in the text for the cylindrical system hold also
for the Cartesian system of vector functions with A being recognized as \/ (o + B*).

APPENDIX II

Coefficient matrices [A"] and [A™]

The coefficient matrix [A"] in equation (21) is equal to

, Jv M=) (=2 7
1—v 26 —v) . 2G(1—v)
Vs
—2 0 0 z 0 0
G
0 0 0 A 0 0
267 v b(1 — 2v) (30)
0 0o — =2 0
1—v 1—v 1—v 1
0 0 0 0 0 —
K
Abs(1 —2v)  — Abs(1 — 2v) 0
i 1—v 26(1 —v) ¢ §
where
a=x(?+ s/c) (81)

The coefficient matrix [A"] in equation (21) is equal to

e
e V] &)
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APPENDIX III
Propagator matrices [a'] and [a"]
The elements of propagator matrix [a'(z)] in equation (26) are
(I, 1)=(3,3) = (1 — py)ch(Lz) + pyAzsh(iz) + pich(Lpz)
(2,2) =(4,4) =1 + py)ch(Az) — pyAzsh(Az) — pich(ipz)

(5,5) = (6, 6) = ch(ipz)
s 1 1—2v
(1,2) = —(4,3) = przch(z) — 3 (Pa - 1_v>sh(iz) + pp1sh(ipz)

(1,3) = i |:—p2/lzch(iz) + % <p3 - 31__4‘Iv>sh()vz) — pplsh(ipz):|

2G

(1,4 =-@23) = % [p1ch(iz) — pich(2pz) — pazsh(iz)]

@45 (62 —(63) pafps—1 -
(1,5 = G TG s |: ; sh(Apz) pssh(/lz):|
(1,6) = 26 sk k. 2Gix

- (5: 3) — (57 2) — (6) 1) — P40l
AS 2Gis  2GA*ks A

[ch(ipz) — ch(}2)]

1 1-2
(2.1) = —(3.4) = —pahzch(iz) + 5 <p6 =

>sh(ﬂyz) — P h(ap2)
1—v o

1 1 34
2, 4) = — | parzch(Gz) — = [ pe + 2 \sh(iz) + L2 sh(2pz)
2G 2 1—v 0

_(376)_(574)_ _(5: 1)_94052
(2.6) = 26 Js  2Gis

|:sh(/lz) — % sh(ipz):|

(3, 1) = 2G| —palzch(iz) + (p1 + p2)sh(iz) — % Sh(/lpz)}

(3,2) = —(4, 1) = 2G[ — padzsh(2z) + pich(Az) — pich(Lpz)]

2 1—v

4,2)=2G _pz/lzch(iz) — 1 <p3 + >Sh()bz) + plpsh(),pz):|

(5.6) = (6,5) _ sh(Apz) (83)
ak APK
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where

ch(x) = cosh(x), sh(x) = sinh(x)

lp = Jalk = /I* + s/c

1 ( 2v)%b%s
OC2:/12—61/1<’ aszm
1 1 (84)
P = a3054%, P2 = ) K03 — 11— v]
pr =B R p= g
ps = 047, ps = 0303(34% — a/x)

The propagator matrix [a"(z)] is equal to

cosh(/z) — sinh(Az2)/G %5
— Gsinh(/Az) cosh(/Az) ®5)
APPENDIX IV
Solution matrices [Z"] and [Z™]
The elements of the solution matrix [Z'(z)] in equation (63) are
| I
(1,1) = |:6 - /Lg(/u):|e’1
1) = dyg()e™*
(3,1) = ye*
86
o (86)
5, 1)=0
6,1)=0
(1,3) = y[ ot gw] " [é - zg(i)]z}e”z
( '\ Ayz
(2 3 |:d /L :|e
(3,3) = < — yz)
(87)

4,3) = 2P
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_df (D) .
(5, 3) = T €
6,3) = — Ky% e

1
(1,5) = [5 — 4pyg (ip)}“’”

2,5
(3,5) = ye*™/p

) = Zyg(Ap)e*’**
)=
(4, 5) = ™0
,5) =
)=

(88)

yf(2p)e
(6,5) = —Axpf (Ap)e™ =
where y = 1, and

g(x) = b(x)/d(x),  f(x)=c(x)/d(x)
2y > 22Ps(1 - 2v)2]

1 2 2
b(x)=;|:(;cx —a)<x +1—v 261 —v)?

22bs(1 — 20)(A2 — x?) (89)
x(1—v)
26720cx* —a)  27b%s(1 — 2v)°
1—y (1 —v)?

c(x) =

d(x) =

The elements (i, 2), (i, 4) and (i, 6) of [Z'(z)] are obtained, respectively, from (i, 1), (i, 3) and (i, 5) by
replacing y with —1 (i = 1-6).
The solution matrix [Z"(z)] in equation (63) is equal to

elz e~ Az
[Ge“ — Ge~ “} 0
APPENDIX V

Other quantities in terms of the cylindrical and Cartesian systems of vector functions

In terms of the Cartesian system of vector functions, the horizontal discharges are expressed as

qx(x, y, z;.5) = iK jj . [aP — (afy + BW)]S(x, y; o, f)docdfp

— 00

ay(x, y, z;8) = i jj . LBP — (Bfu + ofw)]S(x, y; o, f)dodp ©n
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where f3; and fy are the known expansion coefficients for a given fluid body-force f;(x, y, z; s), i.e.

f(x,y,z:5) = JJ ’ [/L@L(x, y) + fu(2)M(x, y) + fy(2)N(x, y)]dadf 92)

The horizontal stress components are given by

+ o
O, 1, 75 9) = f f [1 T, — 262Uy

— o0

26 < G (1 — e — vﬁ2> Uy — bP]S(x, Vi o, fdadp
1 —2v\1l—v
ny(xa Y,z S) =G JJ+O€ [(‘xz - ﬁz) UN - 2OCﬁUM]S(X, Vo, ﬁ) do dﬁ (93)
Oyy(X, ¥, 2;8) = JJW [i T + 2GafUy
2G 222
< — (1 —v)p*— voc2> Uy — bP:|S(x, y; o, f)dadp
1 —2v\1l—v

Similarly, in terms of the cylindrical system of vector functions, the horizontal discharges can
be expressed as

tol g 0 0 ,
qr(r> 09 Z, S) = _K%JO |:par - (fM 5 +fN r69>:|s(r> 05 A, m)ld)*

; (94)

+ o0 a a X
qo(r, 0, z; 5) = _K%L |:pr6_9 - <fM% — v a—rﬂS(r, 0; 2, m)Ada

where f); and fy are the expansion coefficients for the given fluid body-force f;(x, y, z; s), i.e.

f(r, 0, z; s) = ZJ ) [fr(2) L, 0) + faur(z)M(r, 0) + fy(z)N(r, )] 2dA 95)

m JOo

The horizontal stress components are derived as

+ oo
O-rr(r: 0) Z, S) = ZJ |:1v TL + ZGUNAl

m JO -V

—2G(2 + Ay) Uy — bP]S(r, 0; 2, m)idJ
+
0

a1, 0,z;5) = GZJ [(2% + 2A,) Uy + 2A,Up1S(r, 6; 2, m) 2 dA (96)

+ o
606(r> 97 Z; S) = ZJ\ |:1 i v TL - ZGUNAl

m Jo
262 — AUy — bP]S(r, 0; 2, m)J.d
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where A; and A, are two surface operators defined as

10.
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12.
13.

14.
. E. Pan, ‘Static response of a transversely isotropic and layered half-space to general surface loads’, Phys. Earth. Planet.

16.
17.

18.
19.
20.
21.
22.
23.

24.

A 1 0 10 A 1 0 N 10 ©7)
Yrara0 1?00 27 r200* T ror
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