
International Journal of Solids and Structures 42 (2005) 3207–3233

www.elsevier.com/locate/ijsolstr
Green�s functions for transversely isotropic piezoelectric
functionally graded multilayered half spaces

E. Pan *, F. Han

Department of Civil Engineering, University of Akron, Akron, OH 44325-3905, USA

Received 31 August 2004; received in revised form 31 October 2004
Available online 15 December 2004
Abstract

By virtue of two systems of vector functions and the propagator matrix method, Green�s functions for transversely
isotropic, piezoelectric functionally graded (exponentially graded in the vertical direction), and multilayered half spaces
are derived. It is observed that the homogeneous solution and propagator matrices for each functionally graded layer in
the transformed domain are independent of the choice of the two systems of vector functions. For a point force and
point charge density applied at any location of the functionally graded half space, Green�s functions are expressed
in terms of one-dimensional infinite integrals. To carry out the numerical integral involving Bessel functions, an adap-
tive Gauss quadrature approach is introduced and modified. The piezoelectric functionally graded Green�s functions
include those in the corresponding elastic functionally graded media as special results with the latter being also unavail-
able in the literature. Two piezoelectric functionally graded half-space models are analyzed numerically: one is a func-
tionally graded PZT-4 half space, and the other a coated functionally graded PZT-4 layer over a homogeneous BaTiO3
half space. The effects of different exponential factors on Green�s function components are clearly demonstrated, which
could be useful in the design and manufacturing of piezoelectric functionally graded structures.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

With spatial variation in their compositions, functionally graded materials (FGMs) can be utilized to
provide the desirable thermo-mechanical, piezoelectric, and magnetic properties. As such, applications of
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FGMs can be in very diverse disciplines such as tribology, electronics, and biomechanics (Hirai, 1995;
Markworth et al., 1995; Suresh and Mortensen, 1998; Miyamoto et al., 1999; Rodel, 2003). While the
thermomechanical application of FGM is well known in thermal barrier coatings (e.g., Jarvis and Carter,
2002), that related to piezoelectricity is currently being explored (Xu et al., 1999; Almajid and Taya, 2001;
Almajid et al., 2001). Recent preliminary results on fabrication of piezoelectric FGM (PFGM) mono-
morph, biomorph, and related piezodevices (Almajid and Taya, 2001; Almajid et al., 2001; Chen and
Ma, 2002; Rodel, 2003) have shown clearly the benefit of using PFGMs. Furthermore, couplings among
different phases (electric, mechanical, and even magnetic) are the key factors for future smart, adaptive,
and functional materials and structures (e.g., Dunn and Taya, 1993; Yang and Tiersten, 1997; Newnham
and Amin, 1999).
The special feature of graded spatial compositions associated with FGMs provides freedom in the design

and manufacturing of novel structures; on the other hand, it poses great challenges in numerical modeling
and simulation of the FGM structure. For example, to apply the domain-discretization method (e.g., the
finite element), one may need to develop special elements (Kim and Paulino, 2002a,b, 2003; Santare
et al., 2003; Liew et al., 2003). This could be difficult for the three-dimensional (3D) problem involving
FGMs, but can be extremely useful to complex FGM analysis.
Alternatively, one can employ the boundary element method (BEM) to attack the problems associated

with FGMs. The BEM has the advantage of boundary discretization only; however, it requires that
Green�s functions for the corresponding FGMs be available. For isotropic elastic FGMs, Giannakopoulos
and Suresh (1997, 1999) derived the surface Green�s functions due to a vertical point force applied on the
surface of the half space. Recently, Martin et al. (2002) and Chan et al. (2004) obtained the analytical
expressions for Green�s functions in both 3D and 2D anisotropic elastic FGMs where the material prop-
erties vary exponentially in a fixed direction, whilst Wang et al. (2003) solved the symmetric problem of a
vertical point force in a transversely isotropic FGM half space. Certain thermal and heat conduction
problems in FGM media have been also solved using the BEM method (Sutradhar et al., 2002; Gray
et al., 2003; Berger et al., in press). To the best of the authors� knowledge, however, no Green�s function
has been derived so far for a layered elastic FGM, not to mention Green�s function for the corresponding
PFGM.
This paper is therefore to derive the 3D Green�s functions for multilayered and transversely isotropic

PFGM half spaces. First, by virtue of the Cartesian and cylindrical systems of vector functions and the
propagator matrix method (Gilbert and Backus, 1966; Pan, 1989a,b; Pan, 1997), we obtain the layer solu-
tion and propagator matrices in the transformed domain, which are independent of the systems of vector
functions. Then, we propose a propagating approach so that the propagator matrices can be multiplied di-
rectly and efficiently. Finally, we calculate the physical-domain Green�s functions by introducing and mod-
ifying an adaptive Gauss quadrature (Chave, 1983; Lucas, 1995). Green�s functions presented in this paper
include those for the corresponding elastic FGM media as special results. This paper is organized as fol-
lows: In Section 2, we state the problem and the governing equations. In Section 3, the general layer solu-
tion and propagator matrices are derived in the transformed domain. While the source functions are given
in Section 4, Section 5 presents Green�s functions in the transformed domain. In Section 6, integration issue
is discussed on obtaining the physical-domain Green�s functions. Numerical examples are provided in
Section 7 and conclusions are drawn in Section 8.
2. Problem statement and governing equations

Let us consider a structure made up of p parallel, transversely isotropic PFGM layers lying over a trans-
versely isotropic PFGM half space. The layers are numbered serially with the layer at the top being layer 1
and the last layer p, which is just above the half space (Fig. 1). We assume that in each layer the PFGM has
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Fig. 1. Geometry of a PFGMmultilayered half space. Both vertical global (z) and local (f) coordinates are attached to the layered half
space.
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a locally varied microstructure and follows an exponential variation in the vertical direction, i.e., egf, where
f is the local vertical coordinate (Fig. 1). While the exponential factor g = 0 reduces to the homogeneous
material case, different variations in the vertical direction can be approximated using different exponential
functions (i.e., with different g). Furthermore, for convenience of derivation, we employ two sets of coor-
dinates in the paper. We place the global Cartesian and/or cylindrical coordinates on the surface with the z-
axis pointing into the layered half space. The kth layer is bounded by the interfaces z = zk�1, zk. As such,
zk�1 is the coordinate of the upper interface of the kth layer, and zk that of the lower interface. It is obvious
that z0 = 0 and zp = H, where H is the depth of the last layer interface. In each layer, we also place a local
vertical coordinate f (Fig. 1 for the kth layer), with the starting point at the upper interface of the layer.
Thus, the local coordinate f can be treated as the distance from the upper interface of the layer. Obviously,
for the kth layer with a thickness hk, the relation between the local and global coordinates is f = z � zk�1
(0 6 f 6 hk).
For transversely isotropic PFGMs, we have in each layer, the following governing equations: 1

(1) Equilibrium equations
1 W
given i
rij;j þ fi ¼ 0; ð2:1Þ
Di;i � q ¼ 0; ð2:2Þ
where rij and Di are the stress and electric displacement, respectively; fi and q are the body force and electric
charge density, which will be replaced later on by a concentrated force and point charge density. In this
paper, summation over repeated subscripts is implied, with a subscript comma denoting partial differenti-
ation with respect to the coordinates (i.e., x1 = x, x2 = y, x3 = z).
e choose the Cartesian system of vector functions; the results in the corresponding cylindrical system of vector functions are
n Appendix A.
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(2) Constitutive relations
rxx ¼ C11cxx þ C12cyy þ C13czz � e31Ez;

ryy ¼ C12cxx þ C11cyy þ C13czz � e31Ez;

rzz ¼ C13cxx þ C13cyy þ C33czz � e33Ez;

ryz ¼ 2C44cyz � e15Ey ;

rxz ¼ 2C44cxz � e15Ex;

rxy ¼ 2C66cxy ;

ð2:3Þ

Dx ¼ 2e15cxz þ e11Ex;

Dy ¼ 2e15cyz þ e11Ey ;

Dz ¼ e31ðcxx þ cyyÞ þ e33czz þ e33Ez;

ð2:4Þ
where cij is the elastic strain and Ei the electric field; Cij, eij and eij are the elastic moduli, piezoelectric coef-
ficients, and dielectric coefficients, respectively. We remark that the solutions derived in this paper include
those for the corresponding elastic FGM media as a special case (by setting the piezoelectric coefficients eij
to zero).
(3) Elastic displacement–strain and electric potential–electric field relations
cij ¼ 0:5ðui;j þ uj;iÞ; ð2:5Þ

Ei ¼ �/;i; ð2:6Þ
where ui and / are the elastic displacement and electric potential, respectively.
For each PFGM layer with an exponential variation in the z- (or f-) direction, the material coefficients in

Eq. (2.3) can be described by
CikðfÞ ¼ C0ike
gf; eikðfÞ ¼ e0ike

gf; eikðfÞ ¼ e0ike
gf; ð2:7Þ
where g is the exponential factor characterizing the degree of material gradient in the z- (or f-) direction,
and the superscript 0 is attached to indicate the z-independent factor in the material coefficient. Again,
g = 0 corresponds to the homogeneous material case.
For transversely isotropic PFGM with the material symmetry axis along the z-axis, the case considered

in this paper, the PFGM coefficients in constitutive relations (2.3) and (2.4) can be expressed as
½C � ¼

C011 C012 C013 0 0 0

C022 C023 0 0 0

C033 0 0 0

C044 0 0

Sym C044 0

ðC011 � C012Þ=2

2
666666664

3
777777775
egf; ð2:8Þ

½e� ¼
0 0 0 0 e015 0

0 0 0 e015 0 0

e031 e031 e033 0 0 0

2
64

3
75egf; ½e� ¼

e011 0 0

0 e011 0

0 0 e033

2
64

3
75egf: ð2:9a;bÞ
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The derivation of Green�s functions will be given in terms of the Cartesian system of vector functions
(Pan, 1989a,b):
Lðx; y; a; bÞ ¼ ezSðx; y; a; bÞ;
Mðx; y; a; bÞ ¼ ðexox þ eyoyÞSðx; y; a; bÞ;
Nðx; y; a; bÞ ¼ ðexoy � eyoxÞSðx; y; a; bÞ

ð2:10Þ
with
Sðx; y; a; bÞ ¼ e�iðaxþbyÞ=ð2pÞ; ð2:11Þ

where ex, ey, and ez are the unit vectors along the x-, y-, and z- (or f-) axes, respectively; a and b are the
transformation variables corresponding to the two horizontal physical variables x and y. There are two
important features associated with this system of vector functions: (a) To find the plane strain deformation
in the (x, z)-plane, one needs only to replace 2p with

ffiffiffiffiffiffi
2p

p
and b with 0, respectively. (b) While the solution

in terms of the L andM vectors is contributed to the dilatational deformation, that of the N vector is to the
rotational part. Corresponding to the dynamic counterparts, the L and M part is related to the Rayleigh
wave while the N part to the Love wave. In this paper we name the solution associated with the L and
M vectors as the LM-type solution and that associated with the N vector as N-type solution.
We further add that the scalar function S satisfies the following Helmholtz equation:
o2S
ox2

þ o2S
oy2

þ k2S ¼ 0 ð2:12Þ
with
k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 þ b2Þ

q
: ð2:13Þ
3. General solution and propagator matrix of each layer

In order to derive the general solution for each layer, say layer k, we use the local vertical coordinate f
instead of the global vertical coordinate z. We first express the elastic displacement, electric potential, trac-
tion, electric displacements, body force, and electric charge density in terms of the Cartesian system of vec-
tor functions (2.10):
uðx; y; fÞ ¼
Z Z þ1

�1
½ULðfÞLðx; yÞ þ UMðfÞMðx; yÞ þ UN ðfÞNðx; yÞ�dadb; ð3:1Þ

/ðx; y; fÞ ¼
Z Z þ1

�1
UðfÞSðx; yÞdadb; ð3:2Þ

tðx; y; fÞ 
 rxzex þ ryzey þ rzzez ¼
Z Z þ1

�1
½T LðfÞLðx; yÞ þ TMðfÞMðx; yÞ þ T N ðfÞNðx; yÞ�dadb; ð3:3Þ

Dðx; y; fÞ ¼
Z Z þ1

�1
½DLðfÞLðx; yÞ þ DMðfÞMðx; yÞ þ DNðfÞNðx; yÞ�dadb; ð3:4Þ

f ðx; y; fÞ ¼
Z Z þ1

�1
½F LðfÞLðx; yÞ þ F MðfÞMðx; yÞ þ F N ðfÞNðx; yÞ�dadb; ð3:5Þ
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�qðx; y; fÞ ¼
Z Z þ1

�1
QðfÞSðx; yÞdadb: ð3:6Þ
We now take the derivatives of the elastic displacement (3.1) and electric potential (3.2), and substitute the
results into the constitutive relations (2.3) and (2.4). The elastic stress and electric displacement can thus be
expressed in terms of the Cartesian system of vector functions, as (omitting the integral sign):
rxx ¼ C011 UM
o2

ox2
þ UN

o2

oxoy


 �
þ C012 UM

o2

oy2
� UN

o2

oxoy


 �
þ C013

dUL

df
þ e031

dU
df

� 

egfS;

ryy ¼ C012 UM
o2

ox2
þ UN

o2

oxoy


 �
þ C011 UM

o2

oy2
� UN

o2

oxoy


 �
þ C013

dUL

df
þ e031

dU
df

� 

egfS;

rzz ¼ C013UM
o2

ox2
þ o2

oy2


 �
þ C033

dUL

df
þ e033

dU
df

� 

egfS;

ryz ¼ C044 UL
o

oy
þ dUM

df
o

oy
� dUN

df
o

ox


 �
þ e015U

o

oy

� 

egfS;

rxz ¼ C044 UL
o

ox
þ dUM

df
o

ox
þ dUN

df
o

oy


 �
þ e015U

o

ox

� 

egfS;

rxy ¼ C066 2UM
o2

oxoy
þ UN

o2

oy2
� o2

ox2


 �� 

egfS;

ð3:7a–fÞ

Dx ¼ e015
dUM

df
o

ox
þ dUN

df
o

oy
þ UL

o

ox


 �
� e011U

o

ox

� 

egfS;

Dy ¼ e015
dUM

df
o

oy
� dUN

df
o

ox
þ UL

o

oy


 �
� e011U

o

oy

� 

egfS;

Dz ¼ e031UM
o
2

ox2
þ o

2

oy2


 �
þ e033

dUL

df
� e033

dU
df

� 

egfS:

ð3:8a–cÞ
Comparing (3.7c,d,e) to (3.3), we obtained
T L ¼ �k2C013UM þ C033
dUL

df
þ e033

dU
df


 �
egf;

TM ¼ C044 UL þ
dUM

df


 �
þ e015U

� 

egf;

T N ¼ C044
dUN

df
egf:

ð3:9a–cÞ
We now compare the f-component of the electric displacement in (3.4) to (3.8c). This gives us
DL ¼ �k2e031UM þ e033
dUL

df
� e033

dU
df


 �
egf: ð3:10Þ
Substituting Eq. (3.7) into Eq. (2.1), with the body force f being replaced by (3.5), we further found
dT L
df

� k2TM þ F L ¼ 0;

�k2C011UM þ C013
dUL

df
þ e031

dU
df


 �
egf þ dTM

df
þ F M ¼ 0;

dT N
df

� k2C066UNegf þ F N ¼ 0:

ð3:11a–cÞ
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Similarly, substitution of (3.4) into (2.2), also making use of (3.6), yields
dDL
df

� k2e015
dUM

df
þ UL


 �
egf þ k2e011Ue

gf þ Q ¼ 0: ð3:12Þ
In (3.11) and (3.12), the expansion coefficients FL, FM, FN, and Q are associated with the body force and
electric charge density in the kth layer.

3.1. N-type solution

It is observed from (3.9) to (3.12) that the N-type solution is independent of the rest. This is one of the
advantages of using the system of vector functions. Furthermore, the N-type is independent of the electric
quantities, i.e., it is purely elastic, with the coefficient equation being
½EN ðfÞ�;f ¼
0 ke�gf=C044

kegfC066 0

" #
½EN ðfÞ� �

0

F N=k

� 

; ð3:13Þ
where
½EN ðfÞ� ¼ ½UNðfÞ; T N ðfÞ=k�t: ð3:14Þ

An easy and concise way to solve (3.13) is to introduce temporarily the following vector:
½EN�ðfÞ� ¼ ½UN ðfÞ; T NðfÞe�gf=k�t; ð3:15Þ

in terms of which, Eq. (3.13) becomes
½EN��;f ¼ k
0 1=C0

44

C0
66 �g=k

" #
½EN�� �

0

FNe
�gf=k

� 

: ð3:16Þ
The homogeneous solution of (3.16) can be easily found as (Pan, 1989a)
½EN�� ¼ ½ZNðfÞ�½KN �; ð3:17Þ
where [KN] is a column coefficient matrix of 2 · 1 with its elements to be determined by the continuity and/
or boundary conditions, and [Z(f)N] is the solution matrix with elements as
½ZN ðfÞ� ¼ eks1f eks2f

�s1eks1f �s2eks2f

� 

; ð3:18Þ
where
s1;2 ¼
�g=k �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g=kð Þ2 þ 4C066=C044

q
2

; �s1;2 ¼ s1;2C
0
44: ð3:19a;bÞ
We remark that the two eigenvalues s1 and s2 in (3.18) and (3.19) are arranged in such a way so that the real
part of s2 is less than zero.
With the general solution (3.18) for the kth layer, one can derive the corresponding propagating relation,

which relates the expansion coefficients UN and TN at the upper interface to those at the lower interface of
layer k. Using the global vertical coordinates zk�1 (f = 0) and zk (f = hk) in (3.17), and evaluating it at the
upper and lower interfaces gives
½EN ðzk�1Þ� ¼ ½aN ðzÞ�½EN ðzkÞ�; ð3:20Þ
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where zk�1 and zk are the depths of the upper and lower interfaces of layer k. In (3.20), the propagator ma-
trix [a], also called layer matrix or transfer matrix, is expressed as
½a� ¼ ½B�he�ks�khk i½B��1
1 0

0 e�gkhk

� 

ð3:21Þ
with
he�ks�khk i ¼ diag e�ksk1hk ; e�ksk2hk
� �

; ð3:22Þ

½B� ¼
1 1

�s1 �s2

� 

: ð3:23Þ
We point out that subscript k is also added to the eigenvalue s, thickness h, and exponential factor g of the
layer to indicate that these quantities are associated with layer k.
We further remark that the solution and propagator matrices in terms of the cylindrical system of vector

function are exactly the same as (3.18) and (3.21), respectively. Therefore, finding them for one system gives
those in the other system. This feature also gives certain numerical advantages when programming these
equations.

3.2. LM-type solution

For this type of deformation, the elastic and piezoelectric fields are coupled together, and from equations
(3.9) to (3.12), a compact form of the equation can be recast into
½UL;UM ; T L; TM ;U;DL�t;f ¼ ½A�½UL;UM ; T L; TM ;U;DL�t þ ½0; 0;�F L;�F M ; 0;�Q�t; ð3:24Þ
where the nonzero elements of the 6 · 6 matrix [A] is given in Appendix B. It is remarked that all the diag-
onal elements of [A] are zero, a feature that will be used soon.
We now temporarily introduce the following vector:
½E�� ¼ ½UL; kUM ; T Le�gf=k; TMe�gf;U;DLe�gf=k�t: ð3:25Þ

Then (3.24) becomes
½E��;f ¼ k½W �½E�� þ ½F�; ð3:26Þ
where the force expansion column vector is
½F� ¼ ½0; 0;�F Le�gf=k;�F Me�gf; 0;�Qe�gf=k�t: ð3:27Þ

The nonzero elements of the 6 · 6 matrix [W] in (3.26) is given in Appendix C. It is noticed that matrix [W]
is independent of the vertical coordinate z or f, but is a function of parameters g and k.
In order to find the homogeneous solution of (3.26), we assume that
½E�ðfÞ� ¼ ½b�ekmf: ð3:28Þ

Substituting (3.28) into (3.26) and noticing that all the diagonal elements of [W] are zero gives the following
6-dimension eigenequations for the corresponding homogeneous part of (3.26)
f½W � � m½I �g½b� ¼ 0; ð3:29Þ

where [I] is the 6 · 6 identity matrix.
We point out again that the eigenvalues and their corresponding eigenvectors of (3.28) depend on the

integral variable k and the FGM exponential factor g. Therefore, these eigenequations need to be solved
for different g and for each integration point k.
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Assuming that the 6 eigenvalues mi are distinct, the general solution corresponding to the homogeneous
part of (3.26) is found to be
½E�ðfÞ� ¼ ½ZðfÞ�½K �; ð3:30Þ

where [K] is a 6 · 1 coefficient matrix with its elements to be determined by the interface and/or boundary
conditions, and
½ZðfÞ� ¼ ½B�hekm�fi ð3:31Þ

with
ekv�f
� �

¼ diag ekm1f; ekm2f; ekm3f; ekm4f; ekm5f; ekm6f
� �

; ð3:32Þ

½B� ¼ b1; b2; b3; b4; b5; b6½ �: ð3:33Þ

It is noted that the real parts of the first three eigenvalues are positive and those of the remaining three are
negative.
In order to use the propagating relation for the multilayered structure, we introduce the following set of

coefficients:
½E� ¼ UL; kUM ; T L=k; TM ;U;DL=k½ �t; ð3:34Þ

which is related to [E*] as
½E� ¼ hPi½E��; ð3:35Þ

where hPi is a 6 · 6 diagonal matrix defined as
Ph i ¼ diag 1; 1; egf; egf; 1; egf
� �

: ð3:36Þ
The propagating relation in terms of the coefficient vector [E] of kth layer, which connects the values at the
global coordinate zk�1 (f = 0) to those at zk (f = hk), is found to be
½Eðzk�1Þ� ¼ ½a�½EðzkÞ�; ð3:37Þ

where
½a� ¼ ½B�he�km�hk i½B��1hQi ð3:38Þ

is the propagator matrix for the LM-type deformation, and
he�km�hk i ¼ diag½e�km1hk ; e�km2hk ; e�km3hk ; e�km4hk ; e�km5hk ; e�km6hk �; ð3:39Þ

Qh i ¼ diag 1; 1; e�gkhk ; e�gkhk ; 1; e�gkhk
� �

: ð3:40Þ
Similar to the N-type solution, the solution and propagator matrices in terms of the cylindrical system of
vector functions are exactly the same as those given by (3.31) and (3.38). We emphasize again that this fea-
ture possesses certain numerical advantages when programming these equations. It is further noted that in
solving the eigenequation (3.29), we have assumed that all the eigenvalues are distinct. Should repeated
eigenvalues occur, a slight perturbation on the material properties can be used to make all the eigenvalues
distinct with neglected errors so that the solution developed in this paper can still be directly used.
4. Source function in transformed domain

In order to derive Green�s functions in the layered system, we also need to specify the point source. We
assume, without loss of generality, that in the kth layer, there is a point-force/point-charge density located
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along the z-axis at the depth z = d or locally at f = hk1 (Fig. 1). Therefore, in terms of the local vertical
coordinate f, along with the two horizontal coordinates, the point force and point charge density can be
expressed as
fiðx; y; fÞ ¼ dðxÞdðyÞdðf � hk1Þni; ð4:1Þ

�qðx; y; fÞ ¼ dðxÞdðyÞdðf � hk1Þ; ð4:2Þ
where ni is the direction cosines of the point force. Expanding these expressions using (3.5) and (3.6), we
found the expansion coefficients as (Pan, 1999)
F L ¼
nz
2p

dðf � hk1Þ;

F M ¼ nxa þ nyb
2pk2

dðf � hk1Þ;

F N ¼ nxb � nya
2pk2

dðf � hk1Þ;

ð4:3Þ

Q ¼ �1
2p

dðf � hk1Þ: ð4:4Þ
The expansion coefficients for the corresponding 2D plane strain deformation can be obtained from (4.3)
and (4.4) by replacing 2p with

ffiffiffiffiffiffi
2p

p
and b with 0, respectively.

The concentrated force and electric charge density will induce discontinuities in the expansion coeffi-
cients of the traction and normal electric displacement component, which are found to be
DT L 
 T Lðhk1 þ 0Þ � T Lðhk1 � 0Þ ¼
�nz
2p

;

DTM 
 TMðhk1 þ 0Þ � TMðhk1 � 0Þ ¼ � nxa þ nyb
2pk2

; ð4:5Þ

DT N 
 T Nðhk1 þ 0Þ � T N ðhk1 � 0Þ ¼ � nxb � nya
2pk2

;

DDL 
 DLðhk1 þ 0Þ � DLðhk1 � 0Þ ¼
1

2p
: ð4:6Þ
5. Green�s functions in transformed domain

For a source situated at depth z = d in layer k, we divide the source layer into two sub-layers, k1 and k2,
with identical properties. Because of the source, some of the components in functions [E(z)] and [EN(z)] are
discontinuous across z = d, as we have obtained in the previous section. In general, the discontinuities can
be defined as
½DE� 
 ½Ek2ðdÞ� � ½Ek1ðdÞ�;
½DEN � 
 ½EN

k2ðdÞ� � ½EN
k1ðdÞ�;

ð5:1a;bÞ
with their discontinuity components being given by (4.5) and (4.6).
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Propagating the solutions from z = d � 0, which is just above the source, to the surface z = 0, we obtain

½Eð0Þ� ¼ ½a1�½a2� � � � ½ak1�½Ek1ðdÞ�;
½EN ð0Þ� ¼ ½aN1 �½aN2 � � � � ½aNk1�½E

N
k1ðdÞ�:

ð5:2a;bÞ
Similarly, propagating the solutions from the half space z = H to z = d + 0, which is just below the source,
we have
½Ek2ðhÞ� ¼ ½ak2�½akþ1� � � � ½ap�½ZpðHÞ�½K p�;
½EN

k2ðhÞ� ¼ ½aNk2�½aNkþ1� � � � ½aNp �½Z
N
p ðHÞ�½KN

p �
ð5:3a;bÞ
with the undetermined coefficients having the structure as
½Kp� ¼ 0; 0; 0; �; �; �½ �t;
½KN

p � ¼ ½0; ��t;
ð5:4a;bÞ
where the symbol �*� represents coefficient to be determined. The structure of (5.4) is chosen to satisfy the
requirement that the solution vanishes when z approaches +1. From (5.1), (5.2) and (5.3), we find
½Eð0Þ� ¼ ½G �½Kp� � ½R�;
½EN ð0Þ� ¼ ½GN �½KN

p � � ½RN �;
ð5:5a;bÞ
where
½G � ¼ ½a1�½a2� � � � ½ap�½ZpðHÞ�;
½GN � ¼ ½aN1 �½aN2 � � � � ½aNp �½ZN

p ðHÞ�;
½R� ¼ ½a1�½a2� � � � ½ak�1�½ak1�½DE�;
½RN � ¼ ½aN1 �½aN2 � � � � ½aNk�1�½aNk1�½DE

N �:

ð5:6a–dÞ
Using the boundary conditions at z = 0, the unknown coefficients in [Kp] and ½KN
p � can be determined. As

an example, we assume that the boundary condition at the surface of the layered half space is traction-free
insulating or traction-free conducting. Then the corresponding constraints for the expansion coefficients
are, respectively,
T Lð0Þ ¼ TMð0Þ ¼ T N ð0Þ ¼ DLð0Þ ¼ 0;
T Lð0Þ ¼ TMð0Þ ¼ T N ð0Þ ¼ Uð0Þ ¼ 0:

ð5:7a;bÞ
In either case, we have four conditions to determine the four unknowns in [Kp] and ½KN
p �. After the un-

known coefficients in [Kp] and ½KN
p � are determined, the expansion coefficients at any depth (e.g., for

z P d in layer k, i.e., zk�1 6 z 6 zk) can be obtained exactly as
½EðzÞ� ¼ ½ak2ðz� zk�1Þ�½akþ1� � � � ½ap�½ZpðHÞ�½Kp�;
½EN ðzÞ� ¼ ½aNk2ðz� zk�1Þ�½aNkþ1� � � � ½aNp �½ZN

p ðHÞ�½KN
p �:

ð5:8a;bÞ
As discussed in Pan (1997) and Yue and Yin (1998), overflow may occur from multiplication of matrices in
Eqs. (5.6) and (5.8). This can be overcome by factoring out the exponentially growing factor in the elements
of the propagator matrix and propagating the matrix either forward or backward, depending on the relative
location of the source and field points. Since in the modified propagator matrices, no element is exponen-
tially growing, there will be no overflow problem for a multilayered half space having any number of layers
with any thickness for each layer.
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6. Physical-domain solutions

Green�s functions obtained above in the transformed domain need to be integrated numerically to find
the physical-domain solutions. Since in terms of the cylindrical system of vector functions, the individual
components of Green�s functions will be in the cylindrical coordinates. We found that, in order to find
all the elastic and electric quantities (elastic displacements, strains, and stresses; electric potential, electric
fields, and electric displacements) due to three point forces and a negative point charge density, only 38 inte-
grals need to be evaluated.
It is further noted that the integrands in the infinite integrals for Green�s functions involve Bessel func-

tions that are oscillatory and go to zero slowly when their variable approaches infinity. Thus, the common
numerical integral methods, such as the trapezoidal rule or Simpson�s rule, are not suitable for such inte-
grations. On the other hand, numerical integration of this type of functions via the adaptive Gauss quad-
rature (Chave, 1983; Lucas, 1995) has been found to be very accurate and efficient. We therefore have
adopted and modified this algorithm to the evaluation of Green�s functions in the PFGM multilayered half
space.
Let us express the infinite integral for each Green�s function as a summation of partial integration terms:
Z þ1

0

f ðk; zÞJmðkrÞdk ¼
XN
n¼1

Z knþ1

kn

f ðk; zÞJmðkrÞdk: ð6:1Þ
In each subinterval, a starting 3-point Gauss rule is applied to approximate the integral. A combined rel-
ative-absolute error criterion is used to check the results. If the error criterion is not satisfied, new Gauss
points are added optimally so that only the new integrand values need to be calculated. This procedure con-
tinues until the selected error criterion is satisfied (Chave, 1983; Lucas, 1995). In the numerical analysis pre-
sented below, we have set the relative and absolute errors, respectively, at 10�3 and 10�4.
Another important issue on the PFGMGreen�s functions we should remark is their singularity behavior,

and this is required in future implementation of these Green�s functions into any BEM program for
PFGMs. Although the expression for the total PFGM Green�s function near the singular (source) point
could be very complicated even for a single PFGM space, the singular part near the source point turns
out to be exactly the same as that in the corresponding no-PFGM space. In other words, Green�s function
for a single PFGM space can be always expressed as a summation of two parties near the singular point,
just as for the corresponding 3D and 2D elastic FGM space (Martin et al., 2002; Chan et al., 2004):
Gðx; x0Þ ¼ e�g�ðxþx0Þ½G0ðx; x0Þ þ Ggðx; x0Þ�; ð6:2Þ

where g = gez, x and x 0 are, respectively, the field and source point, G0 Green�s function corresponding to
the no FGM space, and Gg the additional grading term, which is a bounded and well-behaved function of
the distance between the field and source points. Since the grading term Gg is bounded as jx � x 0j ! 0, the
singularity is only contained within G0. Therefore, in the numerical calculation of the PFGM Green�s func-
tions, the subtraction-addition approach that we proposed for the layered system (Pan et al., 2001) can be
utilized to handle the singularity issue easily, no matter if the system is layered, FGM, or layered PFGM.
The original program was written for one Hankel transform only. In our case, evaluation of 38 infinite

integrals is required in order to obtain all the elastic and electric components. Thus, direct application of the
original adaptive Gauss quadrature would result in intensive computation because of the multiplication of
the propagator matrices involved. However, we noticed that the integrand f(k, z) in (6.1), which represents
one of the expansion coefficients in (5.8), is actually the result of the multiplication of the propagator matri-
ces. Since for a given layered half space, the propagator matrix depends only upon the integral variable k,
the original program can therefore be modified in such a way that for all the elastic and electric compo-
nents, the multiplication of the propagator matrices needs to be evaluated only once for a given Gauss
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quadrature point k. Such a modification to the original adaptive Gauss quadrature saves substantial com-
putation time when calculating all Green�s components (Pan, 1997).
7. Numerical results and discussion

Before applying our Green�s functions to the multilayered PFGM system, we first checked the reduced
purely elastic and piezoelectric layered cases (i.e., the exponential factor g = 0). We found that the results
from the present multilayered PFGM Green�s functions are exactly the same as those from previous solu-
tions (Pan, 1997, 2002; Pan and Han, 2004).
In our numerical studies, the layered PFGM half space is made of two transversely isotropic piezoelec-

tric materials: One is the poled lead–zirconate–titanate (PZT-4) ceramic, the other is BaTiO3, with their
properties given in Appendix D. Two different models are studied in this paper. The first model is a PFGM
half space made of PZT-4 (Fig. 2). The PFGM half space is under a point force (1 N) on the surface, and
the response is calculated in the vertical plane (y = 0) for x and z varying from 0 to 0.3 m. The second model
is a homogeneous half space made of BaTiO3, coated with a PFGM layer of thickness 0.1 m and made of
PZT-4. The point source is at (0, 0, 0.15 m), and the response is calculated along a surface line from (0, 0, 0)
to (0.3 m, 0, 0) and a vertical line from (0.1 m, 0, 0) to (0.1 m, 0, 0.3 m). For both models, the traction-free
insulating boundary condition is assumed at the surface of the layered half space.
We also point out that all the numerical results presented below are dimensionless. Thus, by multiplying

L (=1 m), we change the coordinate into the dimensional one. In order to obtain the dimensional elastic
displacement, electric potential, stress, and electric displacement (e.g. for stress in N/m2 and electric dis-
placement in C/m2), one needs to carry out the following simple multiplication or division (with
C0max ¼ 1:66� 10

11 N/m2 and e0max ¼ 18:6 C/m
2):

(i) for the elastic displacement due to a point force, divide the result by C0maxL;
(ii) for the elastic displacement due to a negative point charge density or the electric potential due to a

point force, divide the result by e0maxL;
(iii) for the electric potential due to a negative point charge density, multiply the result by

C0max=ðe0maxe0maxLÞ;
(iv) for the stress due to a point force or the electric displacement due to a negative point charge density,

divide the result by L2;
(v) for the stress due to a negative point charge density, multiply the result by C0max=ðe0maxL2Þ;
(vi) for the electric displacement due to a point force, multiply the result by e0max=ðC0maxL2Þ.
η =- 10
η =- 5
η =0
η =5
η =1 0

FGM PZT-4 
Half-Space 

z( ζ )

x or r 
0

Source Point

Fig. 2. Geometry of the PFGM PZT-4 half space. The variation of the proportional factor egz in the PFGM half space is shown for
g = �10, �5, 0, 5, 10.
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0

FGM PZT-4 
Coated Layer 

BaTiO3

Half-Space

z0=0 

z1=0.1 
Source  
Point 

Fig. 3. Geometry of a coated PFGM layer of PZT-4 over a homogeneous half space of BaTiO3. The variation of the proportional
factor egz in the coated PFGM layer of PZT-4 is shown for g = �10, �5, 0, 5, 10.
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7.1. Response in the PFGM half space

This corresponds to the first model, which is a PFGM half space made of PZT-4 (Fig. 2). Figs. 4–8 show,
respectively, contours of the horizontal elastic displacement ux, electric potential / horizontal and vertical
stress components rxx and rzz, and vertical electric displacement Dz in the y = 0 plane due to a vertical
point force of magnitude 1 N applied at the origin. For each physical quantity, five figures are presented
(e.g., Figs. 4a–e) which correspond to the five exponential factors g = �10, �5, 0, 5, and 10. While a neg-
ative exponential factor corresponds to a stiff surface, a positive factor to a soft surface. It can be clearly
observed from these figures that for different exponential factors g, the contour shapes and the magnitudes
of the physical quantity are completely different. Furthermore, either a stiff (Figs. 4a,b, 5a,b for g = �10,
�5) or a soft (Figs. 4d,e, 5d,e for g = 5, 10) surface of the PFGM half space will, in general, correspond to a
relatively large magnitude in the horizontal elastic displacement ux and electric potential /, as compared to
the corresponding homogeneous half space (g = 0). On the other hand, the magnitude of the stresses and
electric displacements increases with increasing exponential factor g. In other words, the magnitudes of
these Green�s components are smaller in a PFGM half space with a stiff surface (Figs. 6a,b, 7a,b, 8a,b
for g = �10, �5) than those in the corresponding PFGM half space with a soft surface (Figs. 6d,e, 7d,e,
8d,e for g = 5, 10).

7.2. Response in the PFGM coated half space

This corresponds to the second model in which the homogeneous half space is made of BaTiO3, coated
on its top is a PFGM layer of thickness 0.1 m made of PZT-4 (Fig. 3). In the numerical examples studied in
this section, the source point is located along the z-axis in the homogeneous half space with coordinates
(0.0, 0.0, 0.15 m) (Fig. 3). The point force has a magnitude of 1 N and negative point charge density has
a magnitude of 1 C.

7.2.1. Surface response in the PFGM coated half space

Figs. 9a–c show, respectively, the horizontal elastic displacement ux, electric potential /, and horizontal
electric displacement Dx along a surface line (from (0, 0, 0) to (0.3 m, 0, 0)) of the PFGM half space caused
by the vertical point force of 1 N at (0.0, 0.0, 0.15 m). It is observed from Figs. 9b and c that the magnitude
of the electric components (i.e., the electric potential / and horizontal electric displacement Dx) decreases
with increasing exponential factor g. For the horizontal elastic displacement ux, however, the same trend
follows only for the exponential factor g less or equal to zero (Fig. 9a). For g > 0, the magnitude of ux in-
creases with increasing exponential factor g (Fig. 9a).
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7.2.2. Internal response in the PFGM coated half space

Figs. 10a–d show, respectively, the vertical elastic displacement uz, horizontal stress component rxx,
electric potential /, and horizontal electric displacement Dx along the vertical line (from (0.1 m, 0, 0)
to (0.1 m, 0, 0.3 m)) due to the horizontal point force of 1 N at (0.0, 0.0, 0.15 m). First of all, different
exponential factors g can have a pronounced influence on the responses in the PFGM layer. Second, it
is noted that even though the half space is a homogeneous material made of BaTiO3, the exponential fac-
tor g within the PFGM coated layer can still effect the responses within the homogeneous half space, in
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particular in the region close to the interface between the PFGM layer and the homogeneous half space
(Figs. 10a–d). More specifically, compared the horizontal electric displacement Dx (Fig. 10d) with the hor-
izontal stress component rxx (Fig. 10b), we observe that the electric displacement is more sensitive to the
exponential factor g than the stress does. Finally, it is further noticed that across the source level at
z = 0.15 m, while the slopes of the vertical elastic displacement uz and horizontal electric displacement
Dx are discontinuous (Figs. 10a and d), those of the horizontal stress component rxx and electric potential
/ are continuous (Figs. 10b and c).
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Figs. 11a–d show, respectively, the vertical elastic displacement uz, horizontal stress component rxx, elec-
tric potential /, and horizontal electric displacement Dx along the vertical line (from (0.1 m, 0, 0) to
(0.1 m, 0, 0.3 m)) due to the negative point charge density of 1 C at (0.0, 0.0, 0.15 m). Similar to the
responses due to the horizontal point force (Figs. 10a–d), the responses in the PFGM layer are substantially
different for different exponential factors g. Furthermore, the responses in the underlying homogeneous half
space can be also affected by the exponential factor in the PFGM layer (i.e., Figs. 11a and d). In contrast to
the responses due to the point force, however, the slopes of the elastic and electric quantities are all con-
tinuous across the source point at z = 0.15 m.
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8. Conclusions

In this paper, Green�s functions for transversely isotropic PFGM and multilayered half spaces are de-
rived, which include those for the corresponding elastic FGM media as the reduced case. By virtue of two
systems of vector functions and the propagator matrix method, the Green�s functions in the transformed do-
main are obtained in concise and unified forms. In order to find Green�s functions in the physical-domain,
which are expressed in one-dimensional infinite integrals with Bessel functions as integrands, we introduced
and modified an adaptive Gauss quadrature. Green�s function solutions are then applied to two PFGM
models. One is the PFGM half space made of PZT-4 and the other is a PFGM coated half space where
the coated PFGM layer is again PZT-4 and the underlying homogeneous half space is made of BaTiO3.
The influence of the exponential factor g of the PFGM is clearly demonstrated, and could be helpful to
the future design and manufacturing of the PFGM structures. Although we discussed only the sources asso-
ciated with the point force and point charge, the methodology presented in this paper could be extended to
other concentrated sources such as dislocation, eigenstrain, etc. Implementation of the PFGMGreen�s func-
tions to the boundary element program should also result in various interesting applications.
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Appendix A. Cylindrical system of vector functions and associated source functions

The cylindrical system of vector functions is defined as (Pan, 1989a, 1997)
Lðr; h; k;mÞ ¼ ezSðr; h; k;mÞ;

Mðr; h; k;mÞ ¼ er
o

or
þ eh

o

roh


 �
Sðr; h; k;mÞ;

Nðr; h; k;mÞ ¼ er
o

roh
� eh

o

or


 �
Sðr; h; k;mÞ

ðA:1Þ
with
Sðr; h; k;mÞ ¼ 1ffiffiffiffiffiffi
2p

p JmðkrÞeimh; ðA:2Þ
where Jm(kr) is the Bessel function of order m with m = 0 corresponding to the axial symmetric
deformation.
The cylindrical system of vector functions is an extension of the Hankel transform and can be directly

applied to a vector function. Since the cylindrical system (A.1) forms an orthogonal and complete space,
any integrable vector and/scalar function can be expressed in terms of it. In particular, the elastic displace-
ment vector, electric potential, traction vector, electric displacement vector, body force vector, and the neg-
ative charge density can be expressed as
uðr; h; fÞ ¼
X
m

Z þ1

0

½ULðfÞLðr; hÞ þ UMðfÞMðr; hÞ þ UN ðfÞNðr; hÞ�kdk; ðA:3Þ

/ðr; h; fÞ ¼
X
m

Z þ1

0

UðfÞSðr; hÞkdk; ðA:4Þ
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tðr; h; fÞ 
 rrzer þ rhzeh þ rzzez ¼
X
m

Z þ1

0

½T LðfÞLðr; hÞ þ TMðfÞMðr; hÞ þ T N ðfÞNðr; hÞ�kdk; ðA:5Þ

Dðr; h; fÞ ¼
X
m

Z þ1

0

½DLðfÞLðr; hÞ þ DMðfÞMðr; hÞ þ DN ðfÞNðr; hÞ�kdk; ðA:6Þ

f ðr; h; fÞ ¼
X
m

Z þ1

0

½F LðfÞLðr; hÞ þ F MðfÞMðr; hÞ þ F N ðfÞNðr; hÞ�kdk; ðA:7Þ

�qðr; h; fÞ ¼
X
m

Z þ1

0

QðfÞSðr; hÞkdk: ðA:8Þ
Assume that there is a point force and a negative point charge density applied along the vertical axis in layer
k at z = d (or f = hk1), we then have, in the cylindrical coordinates,
fjðr; h; fÞ ¼
dðrÞdðhÞdðf � hk1Þ

r
nj; ðA:9Þ

�qðr; h; fÞ ¼ dðrÞdðhÞdðf � hk1Þ
r

; ðA:10Þ
where (nx, ny, nz) are the (x, y, z)-direction cosines of the unite force vector in the space-fixed Cartesian
coordinates, with x- and y-directions being taken, respectively, along h = 0 and h = p/2 of the cylindrical
coordinates.
Substituting (A.9) and (A.10) into (A.7) and (A.8) respectively, one can show that the expansion coef-

ficients of the point force and negative point charge density are, respectively
F L ¼
nzffiffiffiffiffiffi
2p

p dðf � hk1Þ; m ¼ 0;

F M ¼ ��nx þ iny
2k

ffiffiffiffiffiffi
2p

p dðf � hk1Þ; m ¼ �1;

F N ¼ � inx � ny
2k

ffiffiffiffiffiffi
2p

p dðf � hk1Þ; m ¼ �1;

ðA:11Þ

Q ¼ �1ffiffiffiffiffiffi
2p

p dðf � hk1Þ; m ¼ 0: ðA:12Þ
These point force and negative point charge density will cause the following discontinuities in the expansion
coefficients of the traction vector and normal electric displacement component:
DT L 
 T Lðhk1 þ 0Þ � T Lðhk1 � 0Þ ¼
�nzffiffiffiffiffiffi
2p

p ; m ¼ 0;

DTM 
 TMðhk1 þ 0Þ � TMðhk1 � 0Þ ¼
�nx þ iny
2k

ffiffiffiffiffiffi
2p

p ; m ¼ �1;

DT N 
 T N ðhk1 þ 0Þ � T N ðhk1 � 0Þ ¼
inx � ny
2k

ffiffiffiffiffiffi
2p

p ; m ¼ �1;

ðA:13Þ

DDL 
 DLðhk1 þ 0Þ � DLðhk1 � 0Þ ¼
1ffiffiffiffiffiffi
2p

p ; m ¼ 0: ðA:14Þ
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Appendix B. Nonzero elements of coefficient matrix [A] in Eq. (3.24)

2 0 0 0 0 0 �gf 0 �gf
A12 ¼ k ðe33C13 þ e33e31Þ=D; A13 ¼ e33e =D; A16 ¼ e33e =D;

A21 ¼ �1; A24 ¼ e�gf=C044; A25 ¼ �e015=C044; A34 ¼ k2;

A42 ¼ k2fC011 � ½C013ðe033C013 þ e033e031Þ þ e031ðe033C013 � C033e031Þ�=Dgegf;

A43 ¼ �ðe033C013 þ e033e031Þ=D; A46 ¼ ðe031C033 � e033C013Þ=D;

A52 ¼ k2ðe033C013 � C033e031Þ=D; A53 ¼ e033e
�gf=D; A56 ¼ �C033e�gf=D;

A64 ¼ k2e015=C
0
44; A65 ¼ �k2ðe011 þ ðe015Þ

2
=C044Þe�gf;

ðB:1Þ
where
D ¼ ðe033Þ
2 þ C033e033: ðB:2Þ
Appendix C. Nonzero elements of coefficients matrix [W] in Eq. (3.26)

0 0 0 0 0 0
W 12 ¼ ðe33C13 þ e33e31Þ=D; W 13 ¼ e33=D; W 16 ¼ e33=D;

W 21 ¼ �1; W 24 ¼ 1=C044; W 25 ¼ �e015=C044; W 33 ¼ �g=k; W 34 ¼ 1;

W 42 ¼ C011 � ½C013ðe033C013 þ e033e031Þ þ e031ðe033C013 � C033e031Þ�=D;

W 43 ¼ �ðe033C013 þ e033e031Þ=D; W 44 ¼ �g=k; W 46 ¼ ðe031C033 � e033C013Þ=D;

W 52 ¼ ðe033C013 � C033e031Þ=D; W 53 ¼ e033=D; W 56 ¼ �C033=D;

W 64 ¼ e015=C
0
44; W 65 ¼ �ðe011 þ ðe015Þ

2
=C044Þ; W 66 ¼ �g=k;

ðC:1Þ
where
D ¼ ðe033Þ
2 þ C033e033: ðC:2Þ
Appendix D. Material properties of PZT-4 and BaTiO3

For the PZT-4, the elastic, piezoelectric, and dielectric coefficient matrices are respectively (Pan et al.,
2001)
C0
� �

¼

1:39 0:778 0:743 0 0 0

0:778 1:39 0:743 0 0 0

0:743 0:743 1:15 0 0 0

0 0 0 0:256 0 0

0 0 0 0 0:256 0

0 0 0 0 0 0:306

2
666666666664

3
777777777775

ð1011 N=m2Þ; ðD:1Þ
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e0
� �

¼
0 0 0 0 12:7 0

0 0 0 12:7 0 0

�5:2 �5:2 15:1 0 0 0

2
64

3
75 ðC=m2Þ; ðD:2Þ

e0
� �

¼
0:64605 0 0

0 0:64605 0

0 0 0:561975

2
64

3
75 ð10�8 CV�1 m�1Þ; ðD:3Þ
and for BaTiO3, they are (Pan et al., 2001)
C0
� �

¼

1:66 0:77 0:78 0 0 0

0:77 1:66 0:78 0 0 0

0:78 0:78 1:62 0 0 0

0 0 0 0:43 0 0

0 0 0 0 0:43 0

0 0 0 0 0 0:445

2
666666666664

3
777777777775

ð1011 N=m2Þ; ðD:4Þ

e0
� �

¼
0 0 0 0 11:6 0

0 0 0 11:6 0 0

�4:4 �4:4 18:6 0 0 0

2
4

3
5 ðC=m2Þ; ðD:5Þ

e0
� �

¼
1:12 0 0

0 1:12 0

0 0 1:26

2
4

3
5 ð10�8 CV�1 m�1Þ: ðD:6Þ
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