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bstract

Single-walled carbon nanotubes (CNTs) are used to reinforce epoxy Epon 862 matrix. Three periodic systems – a long CNT-reinforced Epon
62 composite, a short CNT-reinforced Epon 862 composite, and the Epon 862 matrix itself – are studied using the molecular dynamics. The
tress–strain relations and the elastic Young’s moduli along the longitudinal direction (parallel to CNT) are simulated with the results being also
ompared to those from the rule-of-mixture. Our results show that, with increasing strain in the longitudinal direction, the Young’s modulus of
NT increases whilst that of the Epon 862 composite or matrix decreases. Furthermore, a long CNT can greatly improve the Young’s modulus of
he Epon 862 composite (about 10 times stiffer), which is also consistent with the prediction based on the rule-of-mixture at low strain level. Even
short CNT can also enhance the Young’s modulus of the Epon 862 composite, with an increment of 20% being observed as compared to that of

he Epon 862 matrix.
 2006 Elsevier B.V. All rights reserved.
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. Introduction

In recent years, nanoparticle reinforced polymer composites
ave led to intensive research in the field of nanocomposites.
arbon nanotubes (CNTs) [1,2] have shown their high potential

n improving the material properties of polymers. Besides the
mproved electrical conductivity [3–6] and thermal conductivity
7,8], the improvement of mechanical properties is also of
pecial interest. This originates from recent observations that
NTs are exceptionally stiff, strong, and tough [9,10]. By
ombining CNTs with brittle materials one can impart some
f the attractive mechanical properties of the CNTs to the
esulting composites, thus making CNT an excellent candidate
s reinforcement for polymeric materials.

While some studies on CNT composite materials were

arried out experimentally [11–22], the reinforcement theory
s still not clear so far. In particular, during the mixture process
f CNT-reinforced composites, some of the CNTs might be
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s–strain curve

estroyed and the alignment of CNTs cannot be exactly straight.
s such, analytical/numerical studies on the effective stiffness
f the composites would be very helpful in understanding the
einforcement. Computer simulations are increasingly used to
uide experimentalists in interpreting their experimental results
nd even to replace some of the laboratory tests. For large sys-
ems with hundreds of atoms and more, the molecular dynamics
MD) simulation is an important tool to understand the proper-
ies of polymer–CNT composites. In several earlier works, MD
imulations have been successfully applied to the prediction of
lastic properties of polymer–CNT composites [23–26]. The
roperties of Epon 862 categorize itself as a thermosetting
olymer with highly crossing linked polymer chains that form
n irreversible network structure. As a result, this material is
ery strong due to its tight linkage; unfortunately, however, it
s relatively brittle with low stiffness. The excellent mechanical
roperties of CNTs, therefore, should be helpful in taking
are of the inherent brittleness and low stiffness of Epon 862

atrix.
The purpose of this work is to utilize the MD method to

imulate the stress–strain curves for CNT-reinforced Epon 862
omposites. The simulated stress–strain curves are then used to

mailto:pan2@uakron.edu
dx.doi.org/10.1016/j.msea.2006.10.054
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redict the corresponding effective Young’s moduli in the lon-
itudinal direction. The well-known rule-of-mixture is further
mployed to predict the effective Young’s moduli. Three peri-
dic systems are considered, namely, a long CNT-reinforced
pon 862 composite, a short CNT-reinforced Epon 862 com-
osite, and the Epon 862 matrix itself, with the applied strain
ncreasing from 0 to 0.1.

This paper is presented as follows: in Section 2, we discuss
he detailed MD simulation process using the software Cerius 2
eveloped by Accelrys. The key equations for the system energy
nd stress–strain relation are also presented. In Section 3, typical
umerical results from MD and rule-of-mixture are analyzed,
nd in Section 4, we draw our conclusions.

. Molecular dynamics simulation

.1. MD models

Three models, namely, Epon 862 matrix itself, the Epon
62 matrix reinforced with long single-walled CNT(10,10)
Fig. 1a), and Epon 862 matrix reinforced with short single-
alled CNT(10,10) (Fig. 1b), are studied. Nanotubes form
ifferent types, which can be described by the chiral vector (n, m)
n terms of the primitive in-plane lattice vectors of a grapheme
heet [27]. For the given chiral vector (n, m), the diameter of
CNT can be determined using the relationship d = 0.0783 nm

n2 + m2 + nm)1/2. For each model, the amorphous cuboid spec-
men (matrix) with a size of 40.28 Å3 × 40.28 Å3 × 61.09 Å3

s constructed and the periodic boundary condition is applied
n all three directions. The long and short CNTs have a length
f 61.09 Å and 29.32 Å, respectively. Strain is applied to the
pecimen by uniformly expanding the length of the simulation
ell in the longitudinal CNT direction. To equilibrate the

ystem for the new cell size, the coordinates of the atoms are
e-scaled to fit the new geometry. Potential energy minimization
nd the MD simulation (NVT ensemble) are performed at
oom temperature. The NVT ensemble is one which is free

w
[
t
F

Fig. 1. Schematic arrangement of Epon 862 matr

Fig. 2. Epon 862 molecular structure (a) and comp
ngineering A  447 (2007) 51–57

o exchange energy, but keeps constant number of particles,
onstant volume and temperature. Therefore, by applying
ifferent expansions in the longitudinal direction of the model
amples, the stresses at different strains can be simulated
uccessively.

While the MD simulation model for CNT(10,10) is well
nown, we will also need a computer model for Epon 862. The
pon 862 molecule models are constructed by following the
hemical structure of Epon 862 (Fig. 2a) and using a many-body
ond-order potential according to Brenner et al. [28,29] for the
onding interaction within this hydrocarbon system (Fig. 2b).
he Brenner’s reactive empirical bond-order potential is a poten-

ial energy function for solid carbon and hydrocarbon molecules.
his potential allows for covalent bond breaking and form-

ng with associated changes in atomic hybridization within a
lassical potential, producing a powerful method for modeling
omplex chemistry in large many-atom systems. Specifically,
he Epon 862 chains are simulated with a molecular-mechanics
orce field adapted from Ref. [30] and separated by using the
HAKE algorithm, a constraint dynamics method which con-
trains the bond length within a user-defined tolerance [31].
he van der Waals interfacial interactions among the Epon 862
olecules and between the Epon 862 molecules and the CNTs

re modeled using the Lennard–Jones potential [31],

= 4ε

(
σ12

r12 − σ6

r6

)
(1)

here U is the potential energy between a pair of atoms, r the
eparation distance between the pair of atoms, ε the poten-
ial well depth, and σ is the van der Waals separation dis-
ance. For interaction between the carbon atoms of the CNT
nd the Epon 862 molecular units, the Lennard–Jones potential

as parameterized with ε = 0.4742 kJ/mol and σ = 0.4280 nm

30,31]. Lennard–Jones potential is also used to describe
he non-bonding interaction among Epon 862 molecules.
or these interactions, ε = 0.4492 kJ/mol and σ = 0.3825 nm

ix filled with long (a) and short (b) CNTs.

uter constructed molecules of Epon 862 (b).
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ig. 3. Computer constructed Epon 862 matrix with the size of l1 × l2 × l3 =
0.28 Å3 × 40.28 Å3 × 61.09 Å3 (the CNT is embedded along the longitudinal

3-direction as shown in Fig. 4).

30,31]. Using the constructed Epon 862 molecules and set-
ing the Lennard–Jones non-bonding interaction for Epon 862

olecules, an amorphous Epon 862 matrix with the size of
0.28 Å3 × 40.28 Å3 × 61.09 Å3 and density of 1 g/cm3 is con-
tructed at room temperature. The long-time minimization and
VT dynamic process are then applied to the amorphous Epon
62 matrix in order to obtain a stable Epon 862 matrix (Fig. 3).
fter that, we insert the long (Fig. 4a) and short (Fig. 4b) CNTs

nside the Epon 862 matrix and delete all the molecules inside the
NTs. Again, after long-time minimization and NVT dynamic
rocess, we obtain the stable CNT-reinforced Epon 862 com-
osites. We also remark that the periodic boundary condition is
sed to replicate the cells in all three directions and that all the
imulations are carried out at temperature of 298 K with a 1 fs
ime step.

.2. Simulation of stress–strain relationship
A long specimen is under axial loading when the only applied
orce is along its longitudinal direction. The internal force is
ormal to the plane of the cross-section and the corresponding

t
e
k
t

ig. 4. Long (a) and short (b) CNT(10,10)-reinforced Epon 862 matrix (40.28 Å3 ×
9.32 Å, respectively.
Engineering A 447 (2007) 51–57 53

tress is described as a normal stress. The stress is obtained by
ividing the internal force distributed over the cross-section by
he cross-section area, thus it represents the average value of the
tress over the cross section. The ratio of the stress to strain, or
he slope of the stress–strain curve, is the so-called well-known
oung’s modulus.

In our MD simulation, totally five increments with 2% each
re applied in the longitudinal direction. For each increment of
he applied deformation, a uniform strain is applied to the entire
pecimen. In other words, each increment is accomplished by
niformly expanding the cell in the longitudinal direction and
e-scaling the new coordinates of the atoms to fit within the new
imensions. The increment is achieved in two equal steps of 1%
ach 1 ps (1000 steps) apart. After adding each 2% increment
f strain, the system is minimized with 20 ps (20,000 steps) and
0 ps NVT ensemble (10,000 steps). During the minimization
nd NVT process, the atoms are allowed to equilibrate within
he new MD cell dimensions.

Stress is an important concept in characterizing the mechani-
al behavior of condensed matters. For a volume element within
stressed body, we can distinguish two types of forces: those

cting directly in the interior of the element and those exerted
pon the surface of the element by the surrounding mate-
ial. At the continuum level, the stress tensor, σij, is defined
s the change in the internal energy (in the thermodynamic
ense) with respect to the strain tensor εij per unit volume
32]

ij = 1

V

(
∂E

∂εij

)
s

(2)

here V is the volume of the solid, E the total internal energy,
nd the subscript s denotes constant entropy. At the atomistic
evel, the total internal energy is the summation of the kinetic
nergy (EK) due to the dynamic motion of molecules, the poten-
ial energy (EP) associated with the deformation, and the electric
nergy of atoms within molecules. It includes the energy in all

he chemical bonds and the energy of the free and conductive
lectrons in the matter, but not the translational or rotational
inetic energy of the body as a whole. Furthermore, in general,
he total internal energy E given in Eq. (2) can also be expressed

40.28 Å3 × 61.09 Å3). Lengths of the long and short CNTs are 61.09 Å and
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The MD simulated stress–strain curves for CNT(10,10), long
CNT-reinforced Epon 862 composite, short CNT-reinforced
Epon 862 composite, and Epon 862 matrix are shown in Fig. 6.
4 R. Zhu et al. / Materials Science

s the summation of the energies of the individual atoms, Eα,
hat compose the solid:

=
∑
α

(Eα) =
∑
α

(Eα
K + Eα

P) = 1

2
Mα(vα)2 + Φα(r) (3)

here α is the atom index, Eα
K the kinetic energy, Eα

P the potential
nergy, Mα the mass, vα the magnitude of the velocity, and Φα(r)
s the potential energy at the atom location r. In the mathematical
ormulation of quantum mechanics, the physical state of a sys-
em may be characterized as a vector in an abstract Hilbert space
or, in the case of ensembles, as a countable sequence of vec-
ors weighted by probabilities). Physically observable quantities
re described by self-adjoint operators acting on these vectors.
he quantum Hamiltonian H is the observable corresponding to

he total energy of the system. Mathematically speaking, it is a
ensely defined self-adjoint operator. As used by others [33,34],
sing a Hamiltonian based on these individual energy contribu-
ions, it was shown that the stress contribution, σij, for a given
tom α is

α
ij = − 1

Vα

⎛
⎝Mαvα

i vα
j +

∑
β

F
αβ
i r

αβ
j

⎞
⎠ (4)

here Vα is the atomic volume of atom α, vα
i the i-component of

he velocity of atom �, Fαβ
i the i-component of the force between

toms α and β obtainable from the derivative of the potential
(r), and r

αβ
j is the j-component of the separation of atoms α

nd β [33,34]. The stresses used to generate the stress–strain
urves for the CNT composites are the average atomic stresses
or the volume of the model. Therefore, the stress components
f each model are calculated for each strain increment by taking
he summation of Eq. (4) over all the atoms. The results will
hen be further averaged over the time via the MD simulation.

.3. Rule-of-mixture

For a nanocomposite under uniaxial loading, the dependence
f the elastic modulus on the long CNT volume fraction can
e estimated by the rule-of-mixture [35]. The longitudinal elas-
ic modulus, Y3, of the composite cell with long CNTs under
onstant strain condition is simply expressed as

3 = YNTfNT + Ymfm (5)

here YNT and Ym are the longitudinal elastic moduli of the
ong CNT and Epon 862 matrix, respectively, fNT and fm are
he volume fractions occupied by the long CNT and Epon 862

atrix, respectively. The volume fractions satisfy

NT + fm = 1 (6)

he long CNT(10,10) used in this work has a radius which is
mall enough to be treated as a solid beam [36]. Therefore, its
olume fraction, fNT, including the entire CNT cross-section,

an be approximated as

NT = π(RNT + (heq/2))2

Acell
(7) F

r

ig. 5. Equilibrium van der Waals separation distance between the CNT(10,10)
nd Epon 862 matrix.

here heq is the equilibrium van der Waals separation distance
etween the long CNT and Epon 862 matrix, and Acell is the
ross-sectional area of the unit cell. The van der Waals separation
istance depends on the interfacial interaction between Epon
62 matrix and long CNT (Fig. 5). In this paper after the MD
inimization, the separation distance is found to be about 4.0 Å.
onsequently, the volume fractions of the long CNT (fNT) and
atrix (fm) are found to be 14.94% and 85.06%, respectively.

. Numerical results
ig. 6. MD simulated stress–strain curves for CNT(10,10), long and short CNT-
einforced composites, and Epon 862 matrix.
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Fig. 7. MD simulated stress–strain curves for CNT

s expected, under the same strain, the stress in the CNT is much
arger than those in either the Epon 862 composite or matrix.
herefore, in Fig. 7 we show the MD simulated stress–strain
urves for the corresponding long and short CNT-reinforced
omposites and the matrix only. It is observed from Fig. 7 that
he long CNT can substantially enhance the composite stiffness
Fig. 7). Even the short CNT could also improve the correspond-
ng composite stiffness although not as significant as that in
he long CNT-reinforced composite (Fig. 7). The stress–strain
urves of the long CNT-reinforced composite based on the MD
imulation and rule-of-mixture are presented in Fig. 8 for com-
arison. It is observed from Fig. 8 that at low strain level, the
esults from both approaches are close to each other, although
he rule-of-mixture always predicts a larger stress than that based
n the MD. A large stiffness in the effective property from the
ule-of-mixture is perhaps due to the fact that in the rule-of-

ixture, the interface between the CNT and matrix is assumed

o be perfectly (mechanically) bonded, whilst the interaction
etween these two materials could be weak as modeled by the
ennard–Jones potential in the MD. We further remark that, in

ig. 8. Stress–strain curves of the long CNT-reinforced composite: MD simu-
ated vs. rule-of-mixture.

t
t
t
t
i

F
8

orced Epon 862 composites and Epon 862 matrix.

ur MD model, the strain level at the high end (say >0.06) could
e already in the plastic deformation domain for the matrix (e.g.,
37]).

Using the stress–strain curves obtained, we can also find the
ffective Young’s moduli for these materials. The Young’s mod-
li of CNT(10,10) and Epon 862 matrix are plotted in Fig. 9 as
unctions of the strain level. It is clear that the Young’s modulus
f CNT(10,10) increases with increasing strain whilst that of
pon 862 composite or matrix decreases with increasing strain,
ith the latter being consistent with recent result on CNT rein-

orcement nanocomposite [38,39].
In Fig. 10, the MD simulated Young’s moduli are presented

or the long and short CNT-reinforced composites and Epon 862
atrix only. Again, it is noted that the Young’s moduli of long

nd short CNT composites and Epon 862 matrix decrease with
ncreasing strain. The most important feature associated with
his figure is, however, on the improvement of the stiffness of
he composites: while the long CNT can significantly increase

he stiffness of the composite (more than 10 times stiffer than
he corresponding Epon 862 matrix), the short CNT can also
ncrease the composite Young’s modulus as compared to the

ig. 9. Variation of MD simulated Young’s moduli of CNT(10,10) and Epon
62 matrix with increasing strain.
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ig. 10. Variation of MD simulated Young’s moduli of long and short CNT-
einforced Epon 862 composites and Epon 862 matrix with increasing strain.

pon 862 matrix itself. For all the strain levels, an increment of
pproximately 2 GPa in the Young’s modulus can be observed
or short CNT-reinforced composites in comparison with that of
he Epon 862 matrix, corresponding to a 20% increase in the
tiffness.

. Concluding remarks

Molecular dynamics simulations are utilized to study the
tress–strain behavior of the CNT(10,10)-reinforced Epon 862
omposites. The three model systems are: a long CNT-reinforced
omposite, a short CNT-reinforced composite, and the Epon
62 matrix itself. Our MD simulated results indicate clearly
hat, unlike the pure CNT, the Young’s moduli (slopes of the
tress–strain curves) of the reinforced composites or the Epon
62 matrix itself generally decrease with increasing strain levels
from 0 to 0.1). Most importantly, however, the MD results show
hat at any given strain level, the long CNT-reinforced Epon 862
omposite can be at least 10 times stiffer than the pure Epon 862
atrix. Even for the short CNT-reinforced Epon 862 composite,

ts effective Young’s modulus can be also increased by roughly
0% as compared to the Epon 862 matrix. We remark that the
arge difference in the effective Young’s moduli between the
ong and short CNT-reinforced Epon 862 composites is obvi-
usly associated to the difference in the CNT volume fractions
etween these two reinforcements. Furthermore, a long CNT
an achieve a full stress transfer from the matrix to CNT, as has
een observed by others.

For the long CNT-reinforced Epon 862 composite, we have
lso compared the MD simulated stress–strain relation to that
redicted based on the simple rule-of-mixture. While the two
urves are very close to each other at low strain level, the
urve from rule-of-mixture is always above the one from

D, indicating that the perfect interface condition used in

he rule-of-mixture needs to be modified to accommodate the
eal imperfect interface behaviors (such as the cohesive-zone
odel).
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