JOURNAL OF APPLIED PHYSICS 101, 103524 (2007)

Electromagnetic fields induced by a cuboidal inclusion with uniform
spontaneous polarization and magnetization
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Exact closed-form solutions are derived for the electromagnetic fields induced by a cuboidal
inclusion with uniform spontaneous polarization and magnetization embedded in an infinite uniaxial
multiferroic solid. The method of Green’s function and direct integration are employed to obtain the
solution, with the results for the induced electric and magnetic potentials as well as the electric and
magnetic fields being in terms of elementary functions. It is observed that all the electric and
magnetic field components exhibit logarithmic singularities near the eight corners of the cuboid.
There also exist logarithmic singularities for the electric and magnetic fields near certain edges of
the cuboid. Numerical results are presented for a typical multiferroic composite to demonstrate the
variation of electromagnetic fields in and near the cuboidal inclusion. © 2007 American Institute of

Physics. [DOI: 10.1063/1.2724728]

I. INTRODUCTION

Magnetoelectric multiferroic materials are compounds
that can exhibit ferromagnetism and ferroelectricity simulta-
neously. In addition magnetic and electric polarizations can
be strongly coupled in some magnetoelectric multiferroic
materials. Recently Li and Li' derived magnetoelectric
Green’s functions for uniaxial multiferroic materials induced
by a point electric or magnetic charge, which was utilized to
determine the electromagnetic field in an ellipsoidal inclu-
sion with uniform spontaneous polarization and magnetiza-
tion. By virtue of the image method, the present authors®
have recently derived explicit expressions for the magneto-
electric Green’s functions in a uniaxial multiferroic half
space and bimaterial space, induced by a point electric or
magnetic charge.

This paper is focused on a cuboidal inclusion with uni-
form spontaneous polarization and magnetization, where the
cuboid forms the basic building blocks for complex embed-
ded structures found in many practical problems. It shall be
mentioned that while closed-form solutions for the elastic
problem of a cuboidal inclusion with uniform eigenstrains in
an isotropic infinite space and half space have been pursued
by many investigators,3_9 the counterpart problem for the
multiferroic material has not been solved yet. In order to find
the cuboid-induced magnetoelectric field in a multiferroic
material, we employ the exact closed-form Green’s function
solutions recently derived."” It is shown that exact closed-
form solutions can also be derived for the electric and mag-
netic potentials as well as the electric and magnetic fields,
induced by a cuboidal inclusion with uniform spontaneous
polarization and magnetization embedded in an infinite
uniaxial multiferroic material. Our solutions clearly demon-
strate the continuous, discontinuous, and singular features of
the induced fields at the corners and along the edges, which
are also verified with numerical examples.
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Il. BASIC FORMULATIONS

We consider a cuboidal inclusion V of dimensions 2a,,
2a,, and 2a5 along the x|, x,, and x5 directions, respectively.
The cuboid is centered at the origin of an infinite uniaxial
multiferroic material having unique axis along the x5 axis.
The inclusion has the same dielectric permittivity constants
k1 and k33, magnetoelectric constants «; and as3, and mag-
netic permeability constants u;; and w33 as the matrix, but
has spontaneous polarization P} and magnetization M; that
are absent in the matrix.

As in Li and Li,1 for the inclusion problem, the electric
potential ¢ and magnetic potential ¢ can be expressed in
terms of the Green’s functions via integration,

¢(X)}__f |:G¢P G¢M][P§,i1 ,
Llr(x) I Gyp Gy 1| M V')
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where the first term is due to the volume charges in V, with
the differentiation taken with respect to the x;—the source
point in the magnetoelectric Green’s functions Gypr Goms
Gyp, and Gym for a uniaxial multiferroic material; the second
term is due to the interface charge on dV. If we further as-
sume that the spontaneous polarization P; and magnetization
M are uniform within the cuboidal inclusion, then Eq. (1)
can be simplified as

] ] [oe g,
Lﬁ(x) - wLGyp Gy || Min; (x7), (2)

which means that only the surface integrals on dV need to be
carried out in order to determine the induced electric and
magnetic potentials.

The involved Green’s functions G,z have been recently
rederived, and they can be expressed in a simple and exact
closed form as’
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lll. ANALYTICAL RESULTS 3

A. Electric and magnetic potentials ¢= 1—21 [mivhi(xyseo, x5, M) + miphy(x,20,x3.05)1,
The surface integrals in Eq. (2) can indeed be explicitly

performed. The integrations in Eq. (2) are accomplished us-

ing integral forms (A1) and (A2) in the Appendix. Here we Y= E [qinhi(x1,52,%3,M1) + qiohi(x1,22,x3, 1) ], (6)

ignore the intermediate steps of integrations and lengthy =

mathematical manipulations, and only list the final results for where the constants m;; and ¢;; (i=1,2,3, j=1,2) are given

3

the induced electric and magnetic potentials, by
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and the functions 7;(x;,x,,x3,\) (i=1,2,3) are defined by
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where the summations for i, j, and k are from 1 to 2, and
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Yi=Xy+ay, Ya=xp—ay,

&)

It shall be noticed that for the counterpart elastic prob-
lem of a cuboidal inclusion with uniform eigenstrains em-
bedded in an infinite isotropic elastic matrix, only explicit
expressions for the displacement gradient‘%’4 or the stress
componer1ts6’7 were obtained previously. It was Glas® who
derived the analytical solution of the displacement in terms
of elementary functions. Here we have obtained the explicit
and closed-form expressions of the electric and magnetic po-
tentials induced by a cuboidal inclusion with uniform spon-
taneous polarization and magnetization. It is of interest to
point out that the elementary functions in our expressions are
similar to those adopted by Glas.® 1t is observed that even
though there exist logarithmic terms in the expressions of
electric and magnetic potentials, these potentials are actually
regular everywhere. It can also be found that the electric and
magnetic potentials are further continuous across the
inclusion-matrix interface.

_ N _
Z1=VNx3+a;3), o= \/X(x3 —a;).

B. Electric and magnetic fields

Differentiating Eq. (6) with respect to x yields the elec-
tric field E;=—d¢/dx; and magnetic field H;=-dis/dx; as
follows:
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Therefore, the explicit expressions for the electric and magnetic fields are as follows:
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It can be observed from the above expressions for the
electric and magnetic fields that all the electric and magnetic
field components exhibit logarithmic singularities near the
eight corners of the cuboidal inclusion. Furthermore, the
electric and magnetic fields also exhibit logarithmic singu-
larities near certain edges of the cuboid. The logarithmic
singular behaviors of electric and magnetic fields are similar
to those of the stresses for a cuboidal inclusion with uniform
eige*,nstrains..3‘6’7 Unlike the case of an ellipsoidal inclusion,’
the electric and magnetic fields inside a cuboidal inclusion
are intrinsically nonuniform. The following can be observed
from Egs. (14) and (15)

(1) On the inclusion-matrix interfaces x;=+a;, the tangen-
tial components £, and E5 and H, and H; are continu-
ous, while the normal components E; and H, are discon-
tinuous. More specifically the jumps in E; and Hj,
which are only caused by polarization P] and magneti-
zation M7, are given by

Eilnclusion _ Erlnatrix — 4’77(1’]111 + m12)

L . onx ==a,.
IHCIUSIOH matrix 1 1
H, - H, =4m(q+4q12)

(17)

(2) On the interfaces x,= +a,, the tangential components E,;
and E; and H;| and H; are continuous, while the normal
components E, and H, are discontinuous. More specifi-
cally the jumps in E, and H,, which are only caused by
polarization P5 and magnetization M7, are given by

inclusion matrix
E, — B3 = da(myy + my,) .
K . . on x, = xa,.

inclusion matrix _ 2 2
H, - HY"" =47(qy + 92)

(18)

(3) On the interfaces x3= +as, the tangential components E,
and E, and H, and H, are continuous, while the normal
components E; and H; are discontinuous. More specifi-
cally the jumps in E3 and H;, which are only caused by
polarization P5 and magnetization M3, are given by

It is further observed from Egs. (17)—(19) that the jumps
in normal electric and magnetic fields are independent of the
cuboidal geometry; they are only functions of the multifer-
roic material property and polarization/magnetization.

IV. NUMERICAL RESULTS

We consider a cuboid with sizes a;=a,=aa3, where a is
defined as the shape aspect ratio of the cuboidal inclusion.
The constitutive moduli of the multiferroic material are'
the magnetoelectric coefficient «a;;=5 and a33=3
(X102 N's/V C), the dielectric permittivity ;;=8 and
K33=9.3 (X107'" C2/N'm?), and the magnetic permeability
111=5.9 and uy;=1.57 (X107 N s2/C?).

Shown in Figs. 1-4 are the distributions of electric po-
tential ¢, magnetic potential ¢, electric field E;, and mag-
netic field H; along the x3 axis induced by a uniform unit
spontaneous polarization Pj for three different values of the
aspect ratio «=1/5,1,5 of the cuboid. We also show in Figs.
5 and 6 the distributions of the electric field E5 and magnetic
field H; along the x; axis by a uniform unit magnetization
M5 for four different values of the aspect ratio «

Matrix Cuboidal Inclusion Matrix

T T T

$lay (Vim)
o

|
0

xs/as

FIG. 1. Distribution of the electric potential along the x; axis for three
different aspect ratios of the cuboid @=1/5,1,5. The cuboid is charged by
a uniform unit polarization P5.
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Matrix Cuboeidal Inclusion Matrix
sn T T T
«=5

100 -

50 =1 B
£ -
R N 15
K v
3

-100 -

-150 L L |
-3 -2 -1 0 1 2 E)

x3/a

FIG. 2. Distribution of the magnetic potential along the x; axis for three
different aspect ratios of the cuboid a=1/5,1,5. The cuboid is charged by
a uniform unit polarization P3.

=1/5,1,5,100. It is clearly observed from Figs. 1 and 2 that
the electric and magnetic potentials are continuous across the
inclusion-matrix interfaces x3=+as. On the other hand, it is
seen from Figs. 3-6 that the normal electric and magnetic
fields E5 and H; are discontinuous across the interfaces x;
=x+as. In addition the jumps in the electric and magnetic
fields across the two interfaces are exactly the values pre-
dicted by Eq. (19). Also found from Figs. 3—6 is that the
electric and magnetic fields are nonuniform inside the cuboi-
dal inclusion. As the value of the aspect ratio a decreases,
the nonuniformity in the electric and magnetic fields within
the cuboidal inclusion becomes apparent, with the magnitude
of the electric and magnetic fields inside the inclusion de-
creasing. By comparing our results with those of Li and Li,'
it is found that for the same aspect ratio «, the magnitudes of
the electric and magnetic fields inside a cuboidal inclusion
are larger than those inside an ellipsoidal inclusion. How-
ever, when the aspect ratio is very large, say a=100, the
electric and magnetic fields along the x; axis become uni-

J. Appl. Phys. 101, 103524 (2007)

Matrix Cuboidal Inclusion Matrix
T T T
200 i
o a=1/5
1501 e ISR oy a =1 -
a a=§
1001 i
# a=100
5 501 B
£
i
s0p i
1001 B
| | |
E] B 0 2

xslas

FIG. 4. Distribution of the magnetic field H; along the x; axis for four
different aspect ratios of the cuboid a=1/5,1,5,100. The cuboid is charged
by a uniform unit polarization P5.

form inside the cuboidal inclusion and approach zero outside
the inclusion, with the nonzero values inside the inclusion
very close to those in Li and Li,' for the corresponding el-
lipsoidal case.

Comparison of Fig. 4 with Fig. 6 and Fig. 3 with Fig. 5
reveals that the difference between the magnetic fields in-
duced by a uniform unit magnetization and polarization is
much smaller than the difference between the electric fields
induced by a uniform unit polarization and magnetization.
This result is consistent with that for an ellipsoidal
inclusion. ! Also, our results show that it is easier to manipu-
late polarization by a magnetic field than to manipulate mag-
netization by an electric field.

V. CONCLUSIONS

The electromagnetic fields induced by a uniform sponta-
neous polarization and magnetization within a cuboidal re-
gion of an infinite uniaxial multiferroic material are obtained
by means of the Green’s function and direct integration

e Matrix Cuboidal Inclusion Matrix Matrix Cuboidal Inclusion Matrix
6
T T T T T T T T
)
200}~ d B
|
1 H o «=15
|
|
i 150 ! a =1 -
o =5
100
* «=100
~ E
G 2 s J
£ o a5 B &
5]
a a1 o
o a=35
8l 4
50| 4
2 «=100
10 -
100 1
1
2 | | I | | | I |
-3 -2 -1 o t 2 3 3 2 1 0 1 2 3

i

FIG. 3. Distribution of the electric field E; along the x; axis for four differ-
ent aspect ratios of the cuboid a=1/5,1,5,100. The cuboid is charged by a
uniform unit polarization P3.

FIG. 5. Distribution of the electric field E5 along the x5 axis for four differ-
ent aspect ratios of the cuboid a=1/5,1,5,100. The cuboid is charged by a
uniform unit magnetization Mj3.
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Matrix Cuboidal Inclusion Matrix
4000 T T T T T

2000

2000}

H3 (A/m)

4000}

-B00D |-

I
0

/e

-B00D, L
3 2 3

2

FIG. 6. Distribution of the magnetic field H; along the x; axis for four
different aspect ratios of the cuboid a=1/5,1,5,100. The cuboid is charged
by a uniform unit magnetization M3.

methods. Exact closed-form expressions are obtained for (1)
the electric and magnetic potentials [Egs. (6)—(9)] and (2) the
electric and magnetic fields [Egs. (14) and (15)]. It is ob-
served from the derived solutions that the electric and mag-
netic potentials are regular everywhere, while the electric
and magnetic fields exhibit logarithmic singularities near the
corners and also near certain edges of the cuboid. Numerical
results are presented to show the distribution of the electric
and magnetic potentials as well as electric and magnetic
fields, demonstrating further the discontinuity and singularity
features of the field quantity near the edges. Due to the fact
that explicit expressions of the Green’s functions for a
uniaxial multiferroic half space and bimaterial have also
been obtained,” it becomes possible to investigate a cuboidal
inclusion embedded in a uniaxial multiferroic half space or
bimaterial.

J. Appl. Phys. 101, 103524 (2007)
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APPENDIX

The following are the integrals used in the integration of
Eq. (2):

1 —
f ——d{=In({+ P +c), (A1)
N +c
f In(b + x>+ b>+ P)d¢
=+ Va2 + b2+ 2) + b In(L +x2 + b2 + )
4 ¢ _ b{
—C+xtan ! 2 —xtan”! ———. A2
¢ X xvx2+b2+§2 (42)

The integral (A2) is taken from Ref. 10 with the printing
error in the last term on the right-hand side of the equation
(p. 57, Ref. 10) being corrected.
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