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STRESS ANALYSIS OF A PENNY-SHAPED CRACK IN A
MAGNETO-ELECTRO-THERMO-ELASTIC LAYER UNDER
UNIFORM HEAT FLOW AND SHEAR LOADS

W. J. Feng1�2, E. Pan2, and X. Wang2
1Department of Engineering Mechanics, Shijiazhuang Railway Institute,
Shijiazhuang, P.R. China
2Department of Civil Engineering, The University of Akron,
Akron, OH, USA

This article analyzes the mechanical behavior induced by a penny-shaped crack in a
magneto-electro-thermal-elastic layer that is subjected to a heat flow. The surfaces
of the magneto-electro-thermal-elastic layer are subjected to radial shear loads, and
the crack is assumed to be thermally insulated. The Hankel transform technique is
employed to reduce the problem to a Fredholm integral equation, which is then solved
numerically. Shear stress intensity factors (SIFs) are obtained and discussed in detail.
Numerical results reveal that in the case of only applied shear loads, the layer height
has insignificant effects on the SIF when the ratio of the half-layer height h to crack
radius a is larger than 2, and that in the case of only applied heat flow, the layer
height also has insignificant effects on the crack extension force when h/a > 8. It is
further interesting to note that for the magneto-electro-thermo-elastic layer under only
applied heat flow, there exists a critical height as far as the stability of the crack is
concerned.

Keywords: Layer; Magneto-electro-elastic materials; Penny-shaped crack; Thermal stresses

INTRODUCTION

The magneto-electro-elastic materials are used to refer to a class of materials
exhibiting full coupling between magnetic, electric and mechanical fields. Because of
their remarkable magnetoelectric coupling effect, magneto-electro-elastic materials
are potential candidates for use as magnetoelectric memory elements, smart sensors,
and transducers, etc. However, a main disadvantage of magneto-electro-elastic
materials is that they are very susceptible to fracture because of their brittleness.
Thus, the mechanical behavior of magneto-electro-elastic materials with cracks plays
an important role in the analysis and design of smart structures and devices.

In recent years, some investigations have been made on the fracture mechanics
of anti-plane problems [1–8] and two-dimensional in-plane problems [9–17] of
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magneto-electro-elastic materials. However, only few achievements are reported
for penny-shaped crack problems because of their mathematical complexity.
Among these limited literatures [18–21], Zhao et al. [18] derived the solution
for an ellipsoidal cavity in an infinite transversely isotropic magneto-electro-
elastic medium, and obtained the exact solution for a penny-shaped crack by
letting the minor axis of the ellipsoidal cavity approach zero. Zhao et al. [19]
analyzed the problem of planar crack of arbitrary shape in an isotropic plane of
a three-dimensional transversely isotropic magnetoelectroelastic medium by using
the hyper-singular integral equation method. Niraula and Wang [20] derived an
exact closed-form solution for a penny-shaped crack in am infinite magneto-
electro-thermo-elastic material in a temperature field, where the problem was
transformed into dual integral equations which were solved directly. Wang and
Niraula [21] further considered transient thermal fracture problem of transversely
isotropic magneto-electro-elastic materials, where the problem is reduced into
integral equation which is treated exactly using Abel’s integral equation. To the best
of our knowledge, these studies all considered a crack in an infinite magneto-electro-
elastic body; to date, the penny-shaped crack problems under both mechanical load
and thermal flow in the coupled magneto-electro-elastic materials have not been
addressed yet, especially for a finite magneto-electro-elastic body.

In this article, the fracture properties of a penny-shaped crack embedded in
a magneto-electro-elastic layer of finite height under both thermal flow and radial
shear loads is investigated. Thermally insulated crack surface assumption is adopted.
By means of the Hankel transform technique, the problem is finally reduced to
solve a Fredholm integral equation, which is different to [18–21]. Stress intensity
factors (SIFs) is obtained in a clear form. Numerical computations are carried out
to evaluate the effects of the layer height on the SIFs.

STATEMENT OF THE PROBLEM

Basic Equations

Consider a class of axisymmetric problems of a transversely isotropic
magneto-electro-thermo-elastic layer of height 2h with the poling direction as the
z-axis and the isotropic plane as the xy-plane. The constitutive equations within the
framework of the theory of linear magneto-electro-thermo-elastic medium can be
given as [20]



�rr

���

�zz

�rz


 =



c11 c12 c13 0
c12 c11 c13 0
c13 c13 c33 0
0 0 0 c44







�ur

�r
ur

r

�uz

�z

�ur

�z
+ �uz

�r




+




0 e31
0 e31
0 e33
e15 0






��

�r
��

�z



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+




0 f31

0 f31

0 f33

f15 0






��

�r

��

�z


−



�11

�11

�33

0


T (1a)

{
Dr

Dz

}
=

[
0 0 0 e15
e31 e31 e33 0

]



�ur

�r
ur

r

�uz

�z

�ur

�z
+ �uz

�r




−
[
�11 0

0 �33

]

��

�r

��

�z




−
[
g11 0
0 g33

]

��

�r

��

�z


+

{
0
	3

}
T (1b)

{
Br

Bz

}
=

[
0 0 0 f15

f31 f31 f33 0

]



�ur

�r
ur

r

�uz

�z

�ur

�z
+ �uz

�r




−
[
g11 0
0 g33

]

��

�r

��

�z




−
[

11 0

0 
33

]

��

�r

��

�z


+

{
0
�3

}
T (1c)

{
qr

qz

}
= −

[
�11 0

0 �33

]

�T

�r

�T

�z


 (1d)

where corresponding components are functions of r and z, independent of angle �.
ur and uz are the radial and axial components of elastic displacements, respectively;
� and � are the electric and magnetic potentials, respectively; ��D�B and q are the
stress, electric displacement, magnetic induction and heat flow, respectively; cij , eij ,
fij and gij are the elastic, piezoelectric, piezomagnetic and magnetoelectric constants,
respectively; �ij and 
ij are the dielectric permittivities and magnetic permeabilities,
respectively; �ij and �ij are the heat conduction coefficients and thermal stress
constants, respectively; 	3 and �3 are the pyroelectric and pyromagnetic coefficients,
respectively; T denotes temperature change. It should be pointed out that similar to
Dr of piezoelectric ceramics [22], both Br and Dr for magneto-electro-thermal-elastic
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materials are assumed to be independent on temperature change T for the
axisymmetric problems considered here. There are some differences with those for
infinite magneto-electro-thermal-elastic body described in the early article [20].

In the absence of body forces, free charge density, free current density and
thermal sources, stresses, electric displacements, magnetic inductions and thermal
heat flows satisfy the following equilibrium equations:

��rr

�r
+ ��rz

�z
+ �rr − ���

r
= 0 (2a)

��rz

�r
+ ��zz

�z
+ �rz

r
= 0 (2b)

�Dr

�r
+ �Dz

�z
+ Dr

r
= 0 (2c)

�Br

�r
+ �Bz

�z
+ Br

r
= 0 (2d)

�qr
�r

+ �qz
�z

+ qr
r

= 0 (2e)

Substituting the constitutive equations into the above equations yields the basic
governing equations for elastic displacements ur and uz, electric potential �, and
magnetic potential � as follows

c11

(
�2ur

�r2
+ 1

r

�ur

�r
− ur

r2

)
+ c44

�2ur

�z2
+ 
c13 + c44�

�2uz

�r�z
+ 
e31 + e15�

�2�

�r�z

+ 
f31 + f15�
�2�

�r�z
= �11

�T

�r
(3a)

c44

(
�2uz

�r2
+ 1

r

�uz

�r

)
+ c33

�2uz

�z2
+ 
c13 + c44�

(
�2ur

�r�z
+ 1

r

�ur

�z

)

+ e15

(
�2�

�r2
+ 1

r

��

�r

)
+ e33

�2�

�z2
+ f15

(
�2�

�r2
+ 1

r

��

�r

)
+ f33

�2�

�z2
= �33

�T

�z
(3b)


e31 + e15�

(
�2ur

�r�z
+ 1

r

�ur

�z

)
+ e15

(
�2uz

�r2
+ 1

r

�uz

�r

)
+ e33

�2uz

�z2

− �11

(
�2�

�r2
+ 1

r

��

�r

)
− �33

�2�

�z2
− g11

(
�2�

�r2
+ 1

r

��

�r

)
− g33

�2�

�z2
= −	3

�T

�z
(3c)


f31 + f15�

(
�2ur

�r�z
+ 1

r

�ur

�z

)
+ f15

(
�2uz

�r2
+ 1

r

�uz

�r

)
+ f33

�2uz

�z2
− g11

(
�2�

�r2
+ 1

r

��

�r

)

− g33
�2�

�z2
− 
11

(
�2�

�r2
+ 1

r

��

�r

)
− 
33

�2�

�z2
= −�3

�T

�z
(3d)

�11

(
�2T

�r2
+ 1

r

�T

�r

)
+ �33

�2T

�z2
= 0 (3e)
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Boundary Conditions

As shown in Figure 1, a penny-shaped crack of radius a perpendicular to
the poling axis is situated at the mid-plane of the layer and occupies the region
r ≤ a, z = 0. For magneto-electro-thermo-elastic body, lots of kinds of magnetoelec-
tromechanical loads can be applied on the surfaces of the layer. The crack surface
conditions for both magnetic and electric fields are also very complicated [16].
For the present mechanical model, we assume the surfaces of the layer to be
subjected to only shear stress 	0. Thus, because of the symmetry, from the view of
fracture mechanics, the magnetoelectromechanical boundary condition in this case
can equally be expressed as follows

�zz 
r�±h� = 0� �zr 
r�±h� = 0 r < � (4a)

Dz 
r�±h� = 0� Bz 
r�±h� = 0 r < � (4b)

for the top and lower surface, and

�zz 
r� 0� = 0� �zr 
r� 0� = −	0 r < a (5a)

Dz 
r� 0� = 0� Bz 
r� 0� = 0 r < a (5b)

for the crack surfaces.

Figure 1 Magneto-electro-thermal-elastic layer with a horizontal, central, and penny-shaped crack
subjected to heat flow and radial shear loads.
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At the same time, assume the magneto-electro-thermal-elastic body to be
subjected to uniform heat flow at the surface z = h in the negative direction of the
z-axis, and the crack is thermally insulated. Thus, the initial temperature field can
be expressed as T0 = cz, c = −q0/�33, and the temperature field disturbed by the
penny-shaped crack should satisfy the following boundary conditions [20]

T 
r�±h� = 0� r < � (4c)

�T

�z
= −c r < a z = 0 (5c)

Obviously, the problem considered here is anti-symmetric with respect to z = 0
plane simultaneously. Therefore, it is sufficient to consider only the upper half-space
of the penny-shaped crack under the following additionally conditions:

�zz 
r� 0� = 0� ur 
r� 0� = 0 a < r < � (6a)

Dz 
r� 0� = 0� Bz 
r� 0� = 0 a < r < � (6b)

T 
r� 0� = 0 a < r < � (6c)

THE SOLUTION OF THERMAL FIELD

The thermal field is uncoupled with the magneto-electro-elastic field. Using
the Hankel transform, the solution to the heat conduction equation (3e) can be
expressed as follows

T
r� z� =
∫ �

0
�A0 
�� sinh 
�0�z�+ B0 
�� cosh 
�0�z�� J0
�r�d� (7)

where �0 =
√
�11/�33, J0 
•� is a Bessel function of the first kind and zero order.

Substituting Eq. (7) into Eq. (4c) yields

A0 
�� = − coth 
�0�h� B0 
�� (8)

Substituting Eq. (7) into thermal conditions, i.e., Eqs. (5c) and (6c), a pair of dual
integral equations about B0 
�� is obtained as

∫ �

0
� coth 
�0�h� B0 
�� J0 
�r� = c/�0 r < a (9a)

∫ �

0
B0 
�� J0 
�r� = 0 r > a (9b)

The solution is [23]

B0
�� =
2ca2

��0

∫ 1

0
�
t� sin
�at�dt (10)



D
ow

nl
oa

de
d 

B
y:

 [F
en

g,
 W

. J
.] 

A
t: 

07
:4

8 
5 

Ju
ne

 2
00

8 

PENNY-SHAPED CRACK IN THERMO-ELASTIC LAYER 503

where �
t� satisfies the following Fredholm integral equation of the second kind:

�
t�+
∫ 1

0
�
��K
t� ��d� = t (11)

in which the kernel K
t� �� is given as

K 
t� �� = 2
�

∫ �

0
�coth
�0sh/a�− 1� sin
st� sin
s��ds (12)

The Fredholm integral Eq. (11) can easily be solved numerically.

THE SOLUTION OF MAGNETO-ELECTRO-ELASTIC FIELD

Expressions of Field Quantities

According to the theory of partial differential equations, the solution to
Eqs. (3a) to (3d) consists of two parts, the first is the homogeneous solution denoted
by

{
u1r u1z �1 �1

}T
in which the temperature effect vanishes, the second is the

particular solution denoted by
{
u2r u2z �2 �2

}T
.

As usual, it is convenient to employ the Hankel transform technique to solve
the problems. Firstly, for homogeneous solution, we introduce a potential functions
by Hankel transform of the zeroth order

F
r� z� = −
∫ �

0

1
�
A 
�� exp 
��z� J0 
�r� d�� z ≥ 0 (13)

and set

u1r 
r� z� =
�F

�r
u1z
r� z� = �1

�F

�z
�1
r� z� = �2

�F

�z
�1
r� z� = �3

�F

�z
(14)

where A, � and �i
i = 1� 2� 3� are, respectively, an unknown function and material
constants to be determined. After substituting Eq. (14) together with (13) into Eqs.
(3a) to (3d), we obtain the general expressions for elastic displacements, electric
potential and magnetic potential in terms of unknown function Aj and Bj as follows:

u1r 
r� z� =
4∑

j=1

∫ �

0

[
Aj 
�� sinh

(
�j�z

)+ Bj 
�� cosh
(
�j�z

)]
J1
�r�d� (15a)

u1z
r� z� = −
4∑

j=1

�1j�j

∫ �

0

[
Aj 
�� cosh

(
�j�z

)+ Bj 
�� sinh
(
�j�z

)]
J0
�r�d� (15b)

�1
r� z� = −
4∑

j=1

�2j�j

∫ �

0

[
Aj 
�� cosh

(
�j�z

)+ Bj 
�� sinh
(
�j�z

)]
J0
�r�d� (15c)

∗ �1
r� z� = −
4∑

j=1

�3j�j

∫ �

0

[
Aj 
�� cosh

(
�j�z

)+ Bj 
�� sinh
(
�j�z

)]
J0
�r�d� (15d)
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where �j 
j = 1� 2� 3� 4� are chosen such that Re
�j� are larger than zero, which
satisfy the following characteristic equation:

det
(
�j

) = 0 j = 1� 2� 3� 4 (16)

with

�j =




c11 − c44�
2
j 
c13 + c44� �j 
e31 + e15� �j 
f31 + f15� �j


c13 + c44� �j c33�
2
j − c44 e33�

2
j − e15 f33�

2
j − f15


e31 + e15� �j e33�
2
j − e15 �11 − �33�

2
j g11 − g33�

2
j


f31 + f15� �j f33�
2
j − f15 g11 − g33�

2
j 
11 − 
33�

2
j


 (17)

and �1j , �2j and �3j satisfy the following equations:

�j

{
1 −�1j�j −�2j�j −�3j�j

}
�T = 0 (18)

Similarly, by introducing Hankel transform, the particular solution can be
expressed as

u2r 
r� z� = �0

∫ �

0

1
�
B0
���cosh
�0�z�− coth
�0�h� sinh
�0�z��J1 
�r� d� (19a)

u2z
r� z� = −�10�0�0

∫ �

0

1
�
B0 
�� �sinh 
�0�z�− coth 
�0�h� cosh 
�0�z�� J0 
�r� d�

(19b)

�2
r� z� = −�20�0�0

∫ �

0

1
�
B0 
�� �sinh 
�0�z�− coth 
�0�h� cosh 
�0�z�� J0 
�r� d�

(19c)

�2
r� z� = −�30�0�0

∫ �

0

1
�
B0 
�� �sinh 
�0�z�− coth 
�0�h� cosh 
�0�z�� J0 
�r� d�

(19d)

where �0, �10, �20 and �30 are obtained as follows:

{
�0 −�10�0�0 −�20�0�0 −�30�0�0

}T = �−1
0

{
�11 �33�0 −	3�0 −�3�0

}T
(20)

Thus, the complete solution to Eqs. (3a) to (3d) can be given by

ur
r� z� = u1r 
r� z�+ u2r 
r� z� (21a)

uz
r� z� = u1z
r� z�+ u2z
r� z� (21b)

�
r� z� = �1
r� z�+ �2 
r� z� (21c)

�
r� z� = �1
r� z�+ �2 
r� z� (21d)
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From the constitutive equations, the expressions for stresses, electric
displacement and magnetic induction in terms of the unknown functions Aj and Bj

can easily be derived as

�zz
r� z� = −
4∑

j=1

�1j

∫ �

0
�
[
Aj 
�� sinh

(
�j�z

)+ Bj 
�� cosh
(
�j�z

)]
J0
�r�d�

− (
�10 + �33

)
�0

∫ �

0
B0

(
�
)[
cosh

(
�0�z

)− coth
(
�0�h

)
sinh

(
�0�z

)]
J0

(
�r

)
d�

(22a)

�rz
r� z� =
4∑

j=1

�2j

∫ �

0
�
[
Aj 
�� cosh

(
�j�z

)+ Bj 
�� sinh
(
�j�z

)]
J1
�r�d�

+ �20�0

∫ �

0
B0 
�� �sinh 
�0�z� − coth 
�0�h� cosh 
�0�z�� J1
�r�d� (22b)

Dz
r� z� = −
4∑

j=1

�3j

∫ �

0
�
[
Aj 
�� sinh

(
�j�z

)+ Bj 
�� cosh
(
�j�z

)]
J0
�r�d�

− 
�30 − 	3� �0

∫ �

0
B0 
�� �cosh 
�0�z�− coth 
�0�h� sinh 
�0�z�� J0
�r�d�

(22c)

Bz
r� z� = −
4∑

j=1

�4j

∫ �

0
�
[
Aj 
�� sinh

(
�j�z

)+ Bj 
�� cosh
(
�j�z

)]
J0
�r�d�

− 
�40 − �3� �0

∫ �

0
B0 
�� �cosh 
�0�z�− coth 
�0�h� sinh 
�0�z�� J0
�r�d�

(22d)

where

�1j =
(
c33�1j + e33�2j + f33�3j

)
�2j − c13 j = 1� 2� 3� 4� 0 (23a)

�2j =
[
c44

(
1+ �1j

)+ e15�2j + f15�3j
]
�j j = 1� 2� 3� 4� 0 (23b)

�3j =
(
e33�1j − �33�2j − g33�3j

)
�2j − e31 j = 1� 2� 3� 4� 0 (23c)

�4j =
(
f33�1j − g33�2j − 
33�3j

)
�2j − f31 j = 1� 2� 3� 4� 0 (23d)

Solution and Derivation of Dual Integral Equations

From Eq. (22) and the boundary conditions (4a) and (4b), we have

A = Z−1
a

(
1
�
�0B0 
��R− ZbB

)
(24)
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where

A =




A1 
��

A2 
��

A3 
��

A4 
��




B =




B1 
��

B2 
��

B3 
��

B4 
��




R =




0

�20csch 
�0�h�

0

0




(25a)

Za =



�11sh 
�1�h� �12sh 
�2�h� �13sh 
�3�h� �14sh 
�4�h�

�21ch 
�1�h� �22ch 
�2�h� �23ch 
�3�h� �24ch 
�4�h�

�31sh 
�1�h� �32sh 
�2�h� �33sh 
�3�h� �34sh 
�4�h�

�41sh 
�1�h� �42sh 
�2�h� �43sh 
�3�h� �44sh 
�4�h�


 (25b)

Zb =



�11ch 
�1�h� �12ch 
�2�h� �13ch 
�3�h� �14ch 
�4�h�

�21sh 
�1�h� �22sh 
�2�h� �23sh 
�3�h� �24sh 
�4�h�

�31ch 
�1�h� �32ch 
�2�h� �33ch 
�3�h� �34ch 
�4�h�

�41ch 
�1�h� �42ch 
�2�h� �43ch 
�3�h� �44ch 
�4�h�


 (25c)

To determine unknown functions B 
��, i.e., Bj 
�� 
j = 1� 2� 3� 4�, a new
auxiliary function �B 
�� is introduced as

4∑
j=1

Bj 
��+
1
�
�0B0 
�� = �B 
�� (26a)

Substituting Eqs. (22a), (22c) and (22d) into Eqs. (5a1�, (6a1�, (5b) and (6b), i.e.,

�zz 
r� 0� = Dz 
r� 0� = Bz 
r� 0� = 0, we can further obtain

4∑
j=1

�1jBj 
�� = −1
�

�10 + �33� �0B0 
�� (26b)

4∑
j=1

�3jBj 
�� = −1
�

�30 − 	3� �0B0 
�� (26c)

4∑
j=1

�4jBj 
�� = −1
�

�40 − �3� �0B0 
�� (26d)

The unknown functions Bj 
�� 
j = 1� 2� 3� 4� can be given in terms of �B 
�� as

B 
�� = Pa
�B 
��− 1

�
Pb�0B0 
�� (27)
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where

Pa =



�11 �12 �13 �14

1 1 1 1

�31 �32 �33 �34

�41 �42 �43 �44




−1 


0

1

0

0




Pb =



�11 �12 �13 �14

1 1 1 1

�31 �32 �33 �34

�41 �42 �43 �44




−1 


�10 + �33

1

�30 − 	3

�40 − �3



(28)

Inserting Eqs. (21a), (26a) together with Eqs. (19a) and (15a) into the second
equation of Eq. (6a) yields

∫ �

0

�B 
�� J1 
�r� = 0 r > a (29)

Substituting Eq. (27) into Eq. (24) yields

A = −Z−1
a 
��Zb 
��Pa

�B 
��+ 1
�
�0B0 
��

(
Z−1

a 
��R 
��+ Z−1
a 
��Zb 
��Pb

)
(30)

Setting

�2 = ��21 �22 �23 �24� (31)

it is known from Eq. (22b), that the only non-zero shear stress �rz on the crack plane
can be expressed as

�rz 
r� 0� = −
∫ �

0
w1��B 
�� J1
�r�d�

+
∫ �

0
�w2 − �20 coth 
�0�h�� �0B0 
�� J1
�r�d� (32)

where

w1 = �2Z
−1
a 
��Zb
��Pa w2 = �2

(
Z−1

a 
��R 
��+ Z−1
a 
��Zb 
��Pb

)
(33)

Making use of Eq. (5a2�, we have

∫ �

0
�G 
���B 
�� J1 
�r� d� = 
�2Pa�

−1 	0 + 
�2Pa�
−1

∫ �

0
f 
�� J1
�r�d� r < a (34)

where

G = 
�2Pa�
−1 �2Z

−1
a 
��Zb 
��Pa f 
�� = �w2 − �20 coth 
�0�h�� �0B0 
�� (35)

As before, the solution to a pair of dual integral Eqs. (29) and (34) can be
solved to render [23]

�B 
�� = √
�/8a5/2 
�2Pa�

−1
√
�
∫ 1

0

√
t� 
t� J3/2 
�at�dt (36)
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where �
t� obeys the following Fredholm integral equation

�
t�+
∫ 1

0
�
��Q 
t� �� d� = 	0t + 
a

√
�/8�−1

√
t
∫ �

0
f
( �
a

)
�−1/2J3/2 
�t� d� (37)

whose kernel Q
t� �� takes the form

Q
t� �� = √
t�

∫ �

0
s
[
G

( s

a

)
− 1

]
J3/2
st�J3/2
s��ds (38)

The Fredholm integral Eq. (38) can easily be solved numerically. Up till now,
all the unknown functions have been completely solved.

STRESS INTENSITY FACTORS

Integrations of �B in Eq. (36) and B0 in Eq. (10) by parts respectively give

�B 
�� = √
�/8a3/2
�2Pa�

−1�−1/2

[
−�
1� J1/2 
�a�+

∫ 1

0
s−1/2J1/2 
�as�

d

ds

s� 
s�� ds

]
(39a)

B0 
�� =
2ca2

��0

[
1
�a

� 
0�− cos 
�a�
�a

� 
1�+
∫ 1

0

cos 
�as�
�a

d

ds

� 
s�� ds

]
(39b)

Thus, the stress �rz 
r� 0� can be rewritten as

�rz 
r� 0� =
a

2

�2Pa�

−1 � 
1�
∫ �

0
w1 sin
�a�J1 
�r� d�+

2ca
��0

∫ �

0
�w2 − �20 coth
�0�h��

× �0 
�� 
0�− cos
�a�� 
1��� �−1J1 
�r� d�+ · · · (40)

Because the integrands are finite and continuous for any given values of �, the
divergence of the integrals at the crack frontier must be due to behavior as � → �.
Noting that

lim
�→�

w1 = �2Pa� lim
�→�

�w2 − �20 coth
�0�h�� = �2Pb − �20 (41)

carrying out the expansion for large �, we can easily obtain the lower-order singular
term of the stress �rz 
r� 0� as follows

�rz 
r� 0� →
a

2
�
1�

∫ �

0
sin 
�a� J1 
�r� d� (42)

Using the known identity

∫ �

0
sin 
�a� Jv 
�r� d� = sin

(
� sin−1 a

r

) (
r2 − a2

)−1/2
r > a� (43)
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Eq. (42) can be expressed as

�rz 
r� 0� =
K2√

2� 
r − a�
(44)

where K2 is the shear stress intensity factor (SIF), which is defined as

K2 = lim
z→a+

√
2 
z− a��zr 
r� 0� (45)

and given as

K2 =
√
�a

2
�
1� (46)

where �
1� can be solved from Eq. (37) numerically. We remark that from Eqs. (46)
and (37), it is easily seen that the stress intensity factor consists of two parts, the
first is the one induced by the purely shear load, the second is the one corresponding
to the heat flow.

FURTHER ANALYSIS ON THE SIF OF INFINITE
MAGNETO-ELECTRO-THERMO-ELASTIC BODY

It is easily found that the resulting equations become very simple for a special
case of h → �. From Eq. (33), we obtain

lim
h→�

w1 
�� ≡ �2Pa lim
h→�

w2 
�� ≡ �2Pb (47)

Equation (47) implies that for infinite magneto-electro-thermal-elastic body, both w1

and w2 are independent of �. Thus, G ≡ 1, and Eq. (37) can then be transformed
into as follows:

�
t� = 	0t +
(
a
√
�/8

)−1 √
t
∫ �

0
f
( �
a

)
�−1/2J3/2 
�t� d� (48)

At the same time, from Eq. (12), we have limh→� K 
t� �� ≡ 0, which yields from
Eq. (10),

B0 
�� =
√
2�−1ca3/2�−1

0 �−1/2J3/2 
�a� (49)

From Eqs. (35), (47) and (49), function f
�� can also be given as

lim
h→�

f
�� =
√
2�−1 
�2Pb − �20� �0ca

2�−1
0 
�a�−1/2 J3/2 
�a� (50)

Substituting Eq. (50) into Eq. (48), we finally obtain

�
t� = 	0t +
4
�

�2Pb − �20� �0a

√
t
∫ �

0
�−1J3/2 
�� J3/2 
�t� d� (51)
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By integrating Eq. (51) and substituting the obtained results into Eq. (34), we can
rewriting the shear SIF as

K2 = K0	 +K0q (52)

where

K0	 =
√
�a

2
	0 (53)

K0q =
2c

3
√
��0

a3/2�0 
�2Pb − �20� (54)

Equations (52) to (54) indicate that for infinite magneto-electro-thermo-elastic
medium, the SIF induced by purely shear loads (i.e., k0	� is independent of material
properties, which is quite in agreement with the one of a penny-shaped crack in an
unbounded elastic material [23]. However, the SIF induced by heat flow (i.e., k0q�
depends on both the heat flow q = −�33c and the material properties. Comparing
Eq. (54) above with Eq. (49) in [20], it is found that they are almost the same except
a coefficient 2. Maybe Eq. (49) in [20] has a minor printed error.

NUMERICAL EXAMPLES

In this section, some examples are further considered to evaluate the effects
of layer height on the stress intensity factors under only shear load and/or
heat flow. The magneto-electro-thermal-elastic body is taken as BaTiO3-CoFe2O4

composite. The heat conduction coefficients, thermal stress constants, pyroelectric
and pyromagnetic coefficients of the composite are given in Table 1, and the
other material properties are taken from [16]. Numerical results under only shear
load and/or heat flow are respectively plotted in Figures 2–3, where the SIFs are
normalized by the corresponding SIFs of infinite magneto-electro-thermal-elastic
materials (see Eqs. (53) and (54)), respectively.

Figure 2 shows that with the increasing of the layer height, the SIF decreases.
However, as h/a > 2, the SIF rapidly tends to one (corresponding to infinite body),
which implies, in a certain extent, that our formulations are reliable. It should be
noted that for a penny-shaped crack in a magneto-electro-thermo-elastic layer under
only shear load, as h/a goes to zero, the stress intensity factor, as expected, becomes
unbounded.

Figure 3 shows that under only heat flow, the layer height has different
effects on the crack extension force for the magneto-electro-thermal-elastic material
considered here. As the layer is thinner, the SIF is less than zero. The critical value
is about h/a = 3�0. That is to say, as the radio of the layer height to crack radius is

Table 1 Material properties

�11 (N/Km2� �33 (N/Km2� 	3 (C/Km2) �3 (N/KAm) �11 (W/mK) �33 (W/mK)

5�5271× 106 4�958× 106 −1�972× 10−5 −0�010328 50 75
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Figure 2 Normalized stress intensity factor K2 as a function of h/a under shear loads only.

equal to 3.0, the crack is perhaps the most stable. As h/a < 3�0, the thinner the layer,
the easier the crack propagation and growth is. However, as the height is larger
than the critical value, the SIF increases with the increasing of h/a, which implies
that increasing the layer height also enhances crack growth. It is pointed out that at
this time, the direction of crack extension is different to the one corresponding to
h/a < 3�0.

Similar phenomena have been observed for the problem of uniform heat flow
disturbed by an inclined crack in an orthotropic rectangular plate (see pp. 1066 [24])

Figure 3 Normalized stress intensity factor K2 as a function of h/a under thermal flow only.
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and for the inclined crack problem of heated orthotropic rectangular plate (see
pp. 1060 [24]). (By the way, for an inclined crack at a square notch in a semi-infinite
plane under uniform tension, the phenomenon of changing sign of the mode II stress
intensity factor also occurs for a certain crack configuration (see pp. 134 [24]).

Figure 3 also indicates that as h/a > 8�0, the SIF tends to one as well
(corresponding to infinite body under only heat flow), which indicates that, similar
to only applied shear load, when the height is larger than a definite value, further
increasing layer height has also insignificant effects on the crack extension. However,
it should be pointed out that, different to the applied shear load, with the increasing
of h/a, the mode II stress intensity factor tends to the corresponding value of infinite
magneto-electro-thermo-elastic body in a monotonically increasing trend under only
thermal load. This trend is similar to the one for the problems of uniform heat flow
on a penny-shaped crack parallel to free surface or rigidly clamped surface as the
distance between the crack and the surface goes to infinity (see pp. 1087 [24]).

CONCLUSIONS

The stress of a penny-shaped crack in a magneto-electro-thermal-elastic
layer subjected to heat flow and radial shear loads is investigated. For the
present mechanical model, from the analysis and numerical results, the following
conclusions can be drawn:

(1) The shear stress intensity factor of mode II is independent of magneto-
electrical permeability of crack.

(2) The shear stress intensity factor consists of two parts, which are induced
by shear loads and heart flow, respectively. For applied shear loads only, increasing
the layer height can inhabit crack propagation. However, when the ratio of layer
height to crack radius is larger than 2, increasing layer height has no obvious
effects on the crack propagation and growth. For applied heat flow only, there
exists a critical height. When the layer height is larger or less than the value, either
increasing or decreasing the layer height can enhance crack propagation and growth
towards different directions. In addition, for the material properties considered here,
if the ratio of the layer height to crack radius is larger than 8, then increasing layer
height has also insignificant effects on the crack extension.

(3) For the finite magneto-electro-thermal-elastic body, the stress intensity
factor is related to material properties and layer height. However, for a crack in an
infinite material under radial shear loads only, the stress intensity factor depends
only on the applied shear load and crack size. Also, if the infinite magneto-electro-
thermal-elastic material is subjected to only heat flow, the resulting thermal stress
intensity factor is related to all of the material properties, the thermal load and the
crack configuration.
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