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Abstract This paper investigates Rayleigh waves in magneto-electro-elastic half planes. The magneto-
electro-elastic materials are assumed to possess hexagonal (6 mm) symmetry. Sixteen sets of boundary
conditions are considered and the corresponding frequency equations are derived. It is found that for any
of the 16 sets of boundary conditions, the Rayleigh waves, if exist, are always non-dispersive. Numerical
results show that both the material coefficients and boundary conditions can significantly influence the
Rayleigh wave properties in magneto-electro-elastic half planes.

1 Introduction

In recent years, piezoelectric and piezomagnetic materials have been increasingly applied to different engi-
neering structures, especially to smart or intelligent systems as intelligent sensors, damage detectors, etc.
Composite materials made of piezoelectric and piezomagnetic phases exhibit a magnetoelectric effect that is
absent in either constituent. The magnetoelectric effect of piezoelectric—piezomagnetic composites was first
reported in 1972 [1]. Since then, numerous investigations have been devoted to the static deformation, free
vibration and fracture behavior of magneto-electro-elastic materials. As for the wave propagation problem,
although numerous achievements have been made for piezoelectric ceramics [2—16], research so far on the wave
propagation in magneto-electro-elastic materials is still very limited. To the best of the authors’ knowledge,
Liu et al. [17] studied the electromagnetic wave propagation in piezoelectric—piezomagnetic multilayer with
simultaneously negative permeability and permittivity. Feng et al. [18,19] evaluated the scattering properties
of arc-shaped interface cracks between piezoelectric—piezomagnetic bimaterials. Soh and Liu [20] analyzed
interfacial shear waves in a piezoelectric—piezomagnetic bi-material. Wang et al. [21] investigated surface shear
wave in transversely isotropic magneto-electro-elastic materials. Chen et al. [22] presented dispersion curves,
natural frequencies, and modal shapes in magneto-electro-elastic multilayered plates by using the propagator
matrix and state-vector approaches. Chen and Shen [23] studied the axial shear magneto-electro-elastic waves
in piezoelectric—piezomagnetic composites with randomly distributed cylindrical inhomogeneities. Melkum-
yan [24] discussed 12 surface shear waves guided by clamped/free boundaries in magneto-electro-elastic
materials. The propagation properties of Love wave in layered magneto-electro-elastic structures with initial
stress were recently discussed by Du et al. [25]. However, the majority of all studies were concentrated on
anti-plane problems. Up to now, we have not seen any report on two-dimensional in-plane surface wave study
in magneto-electro-elastic materials.
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In this paper, the propagation properties of the Rayleigh wave in transversely isotropic and two-dimensional
magneto-electro-elastic half planes are investigated. The boundary conditions at the surface of the magneto-
electro-elastic half plane are written by a simple vector equation. By assuming the possible form of the solution,
the generalized frequency equations are derived. Numerical examples are also presented to show the influ-
ence of the boundary conditions and material properties of the half planes on the Rayleigh wave velocities.
It is expected that these results could have potential applications in surface acoustic wave devices made of
magneto-electro-elastic materials.

2 General equations

Consider a transversely isotropic magneto-electro-elastic half plane with its poling direction along the
y-axis (Fig. 1). The constitutive equations within the framework of the theory of linear magneto-electro-elastic
medium take the form

Oxx cii ez 0] Uy 0 e3 & 0 fu v
oyt =|c3 ¢33 0 vy +| 0 es3 [d)’x } +1 0 fix H w’xy ] ,  (la)
Oxy 0 0 caq | | Uy + vy e;s 0 Y fis 0 Y
Dil _[0 0 es] Z’x e O e & O | [¥ (1b)
D, esi ex3 0 || , —]—yv i 0 e33|]|9oy 0 g3 ||v,y|”
Be[_| 0 0 Jfis Zx e O féx| [mnn O Vo (10)
By 51 fiz 0 - —|—) vy 0 gi3||oy 0 ws ||V,

where u# and v are the elastic displacement components, respectively; ¢ and 1 are the electric and mag-
netic potentials, respectively; D; and B; (i = x, y) are the electric displacement and magnetic induction,
respectively; ¢;j, e;j, fij and g;; (i, j = x, y) are elastic, piezoelectric, piezomagnetic and magnetoelectric
coefficients, respectively; ¢;; and w;; (i, j = x, y) are dielectric permittivities and magnetic permeabilities,
respectively.

In the absence of body forces, electric charges and magnetic charges, the governing equations for the elastic
displacements u andv, electric potential ¢, and magnetic potential ¥ can be written as follows:

ClU xx + Caalt yy + (€13 + C44) U xy + (€31 + €15) @ xy + (f31 + f15) U xy = pU 11, (2a)
(c13 + c44) U xy + €44V xx + €33V, 3y + €15P xx + €33P yy + fi5V ax + 33V ,yy = PV, (2b)
(e31 +e15) U xy + e15V xx + €33V yy — 119 xx — €330, yy — 811V xx — &33V,yy =0, (2c)
(f31 + f15) Uxy+ f15V 5 + f33v,yy — 811 xx — g33¢,yy — U ax — M331ﬁ,yy =0, (2d)

where p is the material density.
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Fig. 1 A transversely isotropic magneto-electro-elastic half plane with its poling direction along the y-axis and its surface at
y =
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Following Pan [26], we write the general boundary conditions at the surface of the magneto-electro-elastic
half plane by a simple vector equation as follows:

Lu+I,7=0, (3)

where I,, and I; are 4 x 4 diagonal matrices whose four diagonal elements are either one or zero, and satisfy
the conditions

IL,+1I,=1 LI,=0 4)
with I being the identity matrix, and
T T
u:{uvq)lﬁ} , r:{axyanyyBy} 5)

are the extended displacement and traction vectors at the plane y = 0, respectively.
Equation (3) includes a total of 16 different sets of boundary conditions, i.e.,

Case 1:

I, =diag[0 O O O], I,=diag[l I 1 1], (6a-1)
Case 2:

I, =diag[0 0 O 1], I;=diag[l 1 1 0], (6a-2)
Case 3:

I, =diag[0 0 1 0], I =diag[l 1 0 1], (6a-3)
Case 4:

I, =diag[0 0 1 1], I, =diag[l 1 0 O], (6a-4)
Case 5:

I, =diag[1 0 O O], I, =diag[0 1 1 1], (6b-1)
Case 6:

I, =diag[1 0 O 1], I,=diag[0 1 1 0], (6b-2)
Case 7:

I, =diag[1 0 1 0], I, =diag[0 1 0 1], (6b-3)
Case 8:

I, =diag[1 O 1 1], I;=diag[0 1 0 0], (6b-4)
Case 9:

I, =diag[l 1 O O], I;=diag[0 O 1 1], (6¢-1)
Case 10:

I, =diag[1 1 0 1], I;=diag[0 0 1 0], (6¢-2)
Case 11:

I, =diag[1 1 1 0], I;=diag[0 0 0 1], (6¢-3)
Case 12:

I, =diag[1 1 1 1], I, =diagf0 0 0 0], (6c-4)
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Case 13:

I, =diag[0 1 0 0], I, =diag[l 0 1 1], (6d-1)
Case 14:

I, =diag[0 1 0 1], I, =diag[l 0 1 0], (6d-2)
Case 15:

I, =diag[0 1 1 O], I;=diag[l 0 0 1], (6d-3)
Case 16:

I, =diag[0 1 1 1], I;=diag[l 0 0 O]. (6d-4)

The first to the fourth sets of (6a)—(6d) correspond to the electrically open but magnetically closed, both the
electrically and magnetically open, both the electrically and magnetically closed, and the electrically closed but
magnetically open conditions, respectively. Mechanically, Egs. (6a)—(6d) correspond to traction-free, stretch-
free, rigid and slippery elastic boundary conditions, respectively.

3 Derivation of frequency equation
Consider the possibility of a solution of Eq. (2) in the form

u=Z(y,k,w)explikx —iowt], 7
where k and w are the wave number and frequency, respectively. For two-dimensional in-plane problems, the

extended displacements are generally exponential functions of y. Therefore, we can express the solution of
Eq. (2), i.e., extended displacements as

u(x,y, t)=F () {A1 Ay Az Ay }T exp (Aky)exp (ikx) exp (—ikct), (8)

in which, k¢ = o, c is the wave velocity, F' an unknown function, A1, A, A3, A4 are four known coefficients
(forming an eigenvector), and X satisfies the following characteristic equation:

M| = 0, 9
with
pc? + caar® —eny i(c13+caq) A i(e31+eis) A i(f31+ fi5) A
M= | ilizteai pct+enr? —ca enit—es  fuhi— fis (10)
i(e31 +e15)A e33A? — eis el — e33A2 g1 — g2
i(f31+ fis) A f330% = fis g —gnAr pin — pash?

It can be shown from Eq. (10) that there are totally eight roots in Eq. (9), and that if A, (c) is a root of Eq. (9),
—Am(c) is also a root. Since all the field quantities must vanish as y approaches infinity, then we can further
express the extended displacements as

4
u(r,z,t) = z Fu (k) { aum avm agm aym }T exp (Anky) exp (ikx) exp (—ikct) , (11)

m=1

where A, is chosen such that Re () is less than zero and ay;, (Am, ¢), aum (Am, ), Ggm (Am,c) and
ayrm (Am, ¢) are known material constants (again, forming an eigenvector) satisfying the following relations:

M {aum Aym Apm Aym }T =0, (12)
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From the constitutive equations, the expressions for the stresses, electric displacement and magnetic
induction (i.e., extended traction) in terms of F},, are also obtained. They are

4
Ty, )= D Fuk) { Gim Gam Gam Gam }' exp (huky) exp (ikx) exp (—iket), (13)
m=1
in which
Gim (k, ¢, Am) = cashmkaym + ik (044avm + e1sagm + flSQWm) ) (14a)
Gom (k, ¢, k) = c13ikaym + Amk (CSSva + e33a¢m + f33al//m) ) (14b)
Gam (k, ¢, Am) = e3tikaym + Amk (633avm — €33A¢m — g33a¢/m) ) (14¢)
Gam (k. ¢, hm) = f31ikaym + Amk (f3300m — &33apm — W33aym) - (14d)

Substituting Egs. (13) and (11) into Eq. (3) yields

where

QF =0,

F:{F1 F F3 F4},

(15)

(16)

and 2 is a 4 x 4 matrix. For the 16 different sets of boundary conditions, 2, (k,m = 1,2, 3, 4) are, respec-

tively,
Case 1:

Case 2:

Case 3:

Case 4:

Case 5:

Case 6:

Case 7:

Case 8:

Case 9:

Case 10:

Qim = Gim,
Qim = Gim,
Qim = Gim,
Qim = Gim,
Qim = aum.,
Qim = Aum,
Quim = aum,
Qim = aum,
Qim = aum,
Qum = aum,

Qo = Gop,
Qom = Gom,
Qom = Gom,
Qom = Gom,
Qom = Go,
Qm = Gom,s
Qom = Gom,
Qom = Gop,
Qo = aym,

Qom = aym,

Q3 = G,
Q3 = G,
Q3 = agm,
Q3 = apm,
Q3 = G,
Q3 = G,
Q3 = dgm,
Q3 = agm,
Q3 = G,
Q3 = G,

Qam = Gam,
Qum = aym,
Qupm = Gam,
Qam = aym,
Qupm = Gam,
Qum = Ay,
Qam = Gam,
Qupm = aym,
Qum = Gam,

Quy = Aoyrm s

(17a-1)

(17a-2)

(17a-3)

(17a-4)

(17b-1)

(17b-2)

(17b-3)

(17b-4)

(17c-1)

(17¢-2)
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Case 11:

Qim = Aum, Rom = avm, 3w = apm, um = Gam, (17¢-3)
Case 12:

Qun = aum, L0om = avm, 3 = agm, Ldm = Aym, (17¢c-4)
Case 13:

Qim =Gim, 2m =awm, R3m=G3m, Rum = Gam, (17d-1)
Case 14:

Qun=Gim, Qom =awm, 23m=Gam, Qum =aym, (17d-2)
Case 15:

Qun=GCum, m=0awm, 23m=0apm, 2m = Gan, (17d-3)
Case 16:

Qum=GCGim, Qom = aum,» 23m =dem, Sum = aym-. (17d-4)

For a non-trivial solution of F, the determinant of its coefficient matrix in Eq. (15) must be zero, which
leads to

12| = 0. (18)

Equation (18) is the frequency equation, which reveals the frequency dispersion characteristics of the wave
propagating along the surface of the magneto-electro-elastic half plane.

It is easily observed from Eq. (17), together with Egs. (14) and (12), that the wave velocity ¢ satisfying
Eq. (18) is independent of the wave number k, which implies that the Rayleigh wave in a magneto-electro-elastic
half plane is non-dispersive.

4 Numerical results and discusses

Equation (18) is complicated, and thus, it is impossible for us to derive an analytical solution for the Rayleigh
wave velocity. Therefore, in this section, numerical results are presented and discussed for BaTiO3—CoFe,O4
composites under different surface conditions. Non-zero material properties of BaTiO3—CoFe,O4 are listed in
Table 1 [27].

In the calculation, the dimensionless Rayleigh wave velocity is taken as cp=c / cs, where

2 2

~ ~ e11 fis—2e1s fisgiititiers

Ce = C. C. = C + =
s 44/,0, 44 = C44 inen—g

in magneto-electro-elastic materials. Considering that for purely elastic materials, the dimensionless Rayleigh

wave velocity is less than one, our numerical examinations are limited to the range of 0 < ¢p < 1. Numerical
results are tabulated in Table 2.

. Actually, cs denotes the corresponding shear wave velocity

able aterial properties (¢;; 1n m-, ¢;; in C/m~*, f;; in m, &; 1n 107 m “, pu;j in Ns , p Inkg/m-
Table 1 Material ies (cij in 10'9 N/m?, e;; in C/m?, fi; in N/Am, ¢;; in 107'° C%/Nm 2, ;; in Ns 2/C2, p in kg/m®)

11 €12 €13 €33 C44 €3] e eis  fa 133 fis en €33 M1 433 P
226 125 124 216 44 22 93 58 2902 350 275 564 635 8.1 835 5.55

Table 2 Normalized Rayleigh wave velocity ¢y (material parameters are the same as those given in Table 1)

Case 1 Case 2 Case 3 Case 4 Cases 5-16

o1 0.93570 0.93445 0.93067 0.92926 -
2 0.37694 0.37694 0.37694 0.37694 0.37694
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Table 3 Normalized Rayleigh wave velocity co(e31 = e33 = e15 = 0, all the other material parameters are the same as those
given in Table 1)

Case 1 Case 2 Case 3 Case 4 Cases 5-16
o1 0.94528 0.94391 0.94528 0.94391 -
co2 0.08646 0.08646 0.08646 0.08646 0.08646

Table 4 Normalized Rayleigh wave velocity co(f31 = f33 = f15 = 0, all the other material parameters are the same as those
given in Table 1)

Case 1 Case 2 Case 3 Case 4 Cases 5 and 6 Cases 7 and 8 Cases 9-16

ol 0.93831 0.93831 0.93313 0.93313 - -
€02 - - - - - 0.99417 -

Table 5 Normalized Rayleigh wave velocity co(e31 = e33 = e15 = 0, f31 = f33 = fi5 = 0, all the other material parameters
are the same as those given in Table 1)

Cases 14 Cases 5-16

co1 0.94788 -
€02 - -

As shown in Table 2, there are totally two Rayleigh wave velocities denoting by co; and cqp, respectively,
for Cases 1-4. However, there is only one Rayleigh wave velocity denoting by cq, for the other cases. More-
over, for the traction-free surface conditions (i.e., Eq. (6a)), the first Rayleigh wave velocity co; is the largest
for the electrically open but magnetically closed magnetoelectric surface conditions (i.e., Case 1), and is the
smallest for the electrically closed but magnetically open magnetoelectric surface conditions (i.e., Case 4). In
addition, it is interesting to note that the Rayleigh wave velocity cg> depends only on the material properties
of the magneto-electro-elastic composites. In other words, it is independent of boundary conditions (including
both extended traction and extended displacement conditions).

In order to further illustrate the propagation properties of the Rayleigh wave in magneto-electro-elastic
half planes, numerical results for some reduced uncoupled materials are given in Tables 3, 4, 5.

Table 3 shows that if e3; = e33 = ej5 = 0 (piezoelectric uncoupling), there are also two Rayleigh wave
velocities for Cases 1-4, and there is only one Rayleigh wave velocity for Cases 5-16. It should also be noted
that co; is the same for both Cases 1 and 3, and c¢q; is the same for both Cases 2 and 4. Furthermore, for the
16 different sets of surface conditions, there is also only one identical Rayleigh wave velocity co2, which is
much smaller than cq;.

Table 4 indicates that if f31 = f33 = fi5 = 0 (piezomagnetic uncoupling), there is only one Rayleigh
wave velocity for Cases 1-4, and Cases 7 and 8. In other words, there are no Rayleigh waves for the other
ten sets of surface conditions. Table 4 also indicates that for this piezomagnetic-uncoupled material half plane
(f31 = f33 = fi5 = 0), coy is the same for Cases 1 and 2, ¢ is the same for Cases 3 and 4, and that cq; is
the same for Cases 7 and 8. It is interesting, however, that cgy > co1!

Table 5 shows thatif e3; = e33 = e15 = 0and f31 = f33 = f15 = 0 (both piezoelectric and piezomagnetic
uncoupled), there is only one identical Rayleigh wave velocity for Cases 1 to 4; no Rayleigh wave exists for
the other 12 sets of surface conditions.

Thus, Tables 2, 3, 4, 5 further reveal that for an magneto-electro-elastic half plane, the first Rayleigh wave
velocity co; mainly results from the elastic properties of magneto-electro-elastic materials; whilst the second
Rayleigh wave cgy results from the piezoelectric and piezomagnetic effects of the magneto-electro-elastic
body. Moreover, cg; exists only in the case of traction-free surface conditions. While the magnitude of cqp
depends only on material properties, whether it exists or not depends strongly on the boundary conditions.

5 Conclusions

For a magneto-electro-elastic half plane, the Rayleigh wave is a non-dispersive surface wave. In general, both
material properties and boundary conditions can significantly affect the existence and velocity magnitude of
the Rayleigh waves. For the BaTiO3—CoFe;O4composites, there are at most two Rayleigh wave velocities.
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One exists only in the case of traction-free boundary conditions, and both the piezoelectric and piezomagnetic
coefficients have only slight influence on its magnitude. On the other hand, if the second Rayleigh wave
appears, its normalized wave velocity depends on the material properties only.
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