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Within the framework of thermal conduction, we consider a functionally graded isotropic infinite
medium containing a spherical inclusion which undergoes prescribed uniform heat flux-free tempera-
ture gradient. In this research the thermal conductivity is assumed to be exponentially varied in space.
Analytical expressions in series form for the temperature and the second-order Eshelby’s conduction
tensor inside and outside the spherical inclusion are obtained. Our analytical results indicate that the
second-order Eshelby’s conduction tensor is non-uniform within the spherical inclusion and that it is in
general not symmetric. Furthermore our numerical results quantitatively demonstrate how the Eshelby’s
tensor within the spherical inclusion is non-uniformly distributed due to the spatially varying thermal

© 2009 Elsevier Masson SAS. All rights reserved.

1. Introduction

Within the framework of steady thermal conduction, the
Eshelby’s inclusion problem (Eshelby, 1957) is defined as an
infinite medium Q containing a subdomain w, called an inclusion,
which undergoes a prescribed uniform heat flux-free temperature
gradient (Quang et al., 2008), or “eigen thermal gradient” as
termed by Hatta and Taya (1985). In addition the second-order
tensor field relating the gradient of the temperature to the
uniform heat flux-free temperature gradient is called Eshelby’s
conduction tensor (Hatta and Taya, 1985; Quang et al., 2008). In
our understanding, the most attractive application of the study of
Eshelby’s inclusion problem in thermal conduction lies in that the
Eshelby’s conduction tensor can be further applied to predict the
effective conductivity of fibrous composite by the so-called
“equivalent inclusion method” proposed by Hatta and Taya (1985),
which is an extension of Eshelby’s equivalent inclusion method in
elasticity (Eshelby, 1957).

We notice that in previous discussions on Eshelby’s inclusion
problem in thermal conduction (see for example, Hatta and Taya,
1985; Quang et al.,, 2008), the thermal conductivity tensor, no
matter isotropic or anisotropic, was assumed to be constant over
the infinite medium Q. Functionally graded materials (FGMs),
which have found many engineering applications such as thermal
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barrier coatings (Jarvis and Carter, 2002), are inhomogeneous
materials with smoothly varying material properties.

This research focuses on the study of the 3D Eshelby’s spherical
inclusion problem in an infinite FGM, in which the isotropic
thermal conductivity varies exponentially in space. Due to the
mathematical similarity between anti-plane elasticity and 2D heat
conduction, the simpler 2D Eshelby’s circular inclusion problem in
an FGM with exponentially varying thermal conductivity can be
considered as solved (Wang et al., 2008). As well known (Hatta and
Taya, 1985; Quang et al., 2008), the Eshelby’s conduction tensor
within an ellipsoidal inclusion (with the spherical inclusion as
a special case) in a homogeneous medium is uniform. The main
purpose of this study is to derive analytical expressions of the
second-order Eshelby’s conduction tensor and to quantitatively
demonstrate how the Eshelby’s conduction tensor is non-uniformly
distributed within the spherical inclusion in an FGM. The results
presented here for heat conduction are still valid for other transport
phenomena, such as electrostatics, magnetostatics, electric
conduction and diffusion (Ang et al., 1996; Sutradhar and Paulino,
2004; Quang et al., 2008).

2. Eshelby’s spherical inclusion problem in an FGM

As shown in Fig. 1, we consider a 3D infinite domain Q con-
taining an Eshelby’s spherical inclusion ® defined by

w:T = /X3 +x3 + x3 <R. The Fourier’s law for an isotropic mate-
rial can be expressed as
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X3
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Fig. 1. An infinite FGM containing a spherical inclusion o : r = /X3 +x2 + X3 <R
with uniform heat flux-free temperature gradient €9, eJ, e3.

a1 = k{el —e (X)]7 G = k[ez - eZ(x)],

a3 = kles —e30]. (1)

where g; and e; = —T; are the heat flux and the negative gradient
of the temperature field T, respectively; k = k(x) is the spatially
varied thermal conductivity; ei* (x) is the negative heat flux-free
temperature gradient. More specifically e;(x) is uniform and is
equal to e? inside the spherical inclusion w and vanishes outside the
spherical inclusion. In this research we assume that the thermal
conductivity is exponentially varied in the x3 direction, and is
described by

k = exp(26x3)ko, (2)

where the constant § is the exponential factor characterizing the
degree of material gradient in the x5 direction, and kg is also
a material constant (or more specifically the thermal conductivity
at origin).

In the case of steady thermal conduction with no heat source,
the heat fluxes should satisfy the following divergence-free
equation

991 | 949> 943 _
0X1  0xy +aX3 =0 (3)

Consequently it follows from Eqs. (1)-(3) that the temperature
field should satisfy the following partial differential equations
within and outside the sphere

V2T + 26% = —2B¢J, whenr <R,
3

V2T + 25% =0, whenr >R, (4)

where V2 = 9% /0x? + 0% /0x3 + 0% /0x% is the three-dimensional
(3D) Laplacian operator.
Next we introduce a new function f defined by

T = exp(—0Bx3)f. (5)

As a result Eq. (4) can be equivalently expressed in terms of f as

V2f — B°f = —2BeJexp(Bx3),

whenr <R,

v2f —6*f =0, whenr>R (6)

which means that the new function f satisfies a 3D inhomogeneous
Helmholtz equation within the sphere and a 3D homogeneous
Helmholtz equation outside the sphere whose general solutions
can be easily obtained by separation of variables. Here it is of
interest to point out that the idea of the introduction of a new
function has been widely adopted when solving the governing
partial differential equations in an FGM (see for example, Ang et al.,
1996; Sutradhar and Paulino, 2004; Collet et al., 2006; Lazar, 2007;
Wang et al., 2007). In the following we will separately address three
typical cases for the prescribed heat flux-free temperature
gradlent (i) el = e2 =0, e9+0; (ii) ) = €J = 0, e9+0; and (iii)
e? = e3 =0, e2¢0 in order to derive the second- order conduction
tensor S“. It will be observed that the expressions of the general
solutions for the three cases are different.

21 €9 =€ =0,€eJ+0

For the case in which e? = e§ = 0, e =0, the general solution
to f inside and outside the spherical inclusion of radius R can be
expressed as (Abramovitz and Stegun, 1972; Moon and Spencer,
1988)

fin = —€3xzexp(Bx3) + €3 Z Anin(|8|r)Pn(cosf), forr <R,

(7)

kn(|B|1)Pn(cosf), forr >R, (8)

fout = e3 i

where § (0<#<) is the “cone angle” measured from the x3 axis;
Ap and B, (n = 0,1,2,3,...,+ ) are unknown constants to be
determined; i, and k; are the nth order modified spherical Bessel
functions of the first and second kinds, respectively; P, is the
Legendre polynomial of order n. It is noticed that the azimuthal
angle ¢ is absent in the above expressions of the general solution.

The inclusion-matrix interface r = R is assumed to be perfectly
bonded, and can be expressed in terms of the temperature T,
inside the inclusion and Tyt outside as

Tin = Tout,
: _ dToue fOrr =R 9)
ar or ’
The first equation in Eq. (9) states that the temperature is
continuous across the interface r = R, whilst the second one in Eq.
(9) states that the normal heat flux is also continuous acrossr = R.
In view of Eq. (5), the above boundary conditions can also be
expressed in terms of f and g—{ as

fin = fout-,
afm

four TOIT =R, (10)
or’

where f;, is defined inside the spherical inclusion, whilst four is
defined outside the spherical inclusion.

In order to satisfy the above boundary conditions at r = R, we
first expand the exponential function exp(fx3) as

+ e9cosfexp(fx3) =
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+ o0

Z(Zn + 1)in(8r)Py(cost), (11)

exp(fx3)

then the terms cosflexp(f8x3) and cos?fexp(Bx3) can be expanded as

cosfexp(Bx3) = +if[”inq(ﬁr) + (N + 1)in41 (Br)]Pn(cosb),
n=0

+OO
cos?fexp(Bxs) = > { ln 2(Br)

n=0

4n3 +6n2 -1 .
*an-nans 3P
P O ) |Pacost).  (12)

During the derivation of Eq. (12) from Eq. (11) we have utilized
the identity (2n+ 1)xPn(x) = (n+ 1)Ppq(X) +nPy_1(x). By
enforcing the boundary conditions acrossr = Rin Eq. (10), we then
obtain the following set of linear algebraic equations

in(I6IR)An — kn(IBIR)Bn = R(nin_1(6R) + (1 + 1)in41(BR)],

=0,
4n3 +6n% -1
tan-1en+3)
2, el
(n=0123,...,+®), (13)

where the prime (') denotes the derivative with respect to the
variable in the parenthesis, and

In(IBIR)An — ki (I6IR) B =

in(BR)

. n . n+1.
in(x) = m’nfl(x) +mln+l (),

kp(x) = —5—— kn+1 (). (14)

2n+1

As a result the unknowns A, and B, can be uniquely
determined as

An — R{kmmm (i1 (BR) + (1 + 1)ins1 (BR)]

8 [n(n— ) 4n3 +6n2 -1 .
~ (IR (=i 28R + g O (B
%zm(ﬁm] }lin(BIRIK 61R)
— ka(IBIRYiA(1BIR)] "
Bn = R{ip(BIR) iy 1 (8R) + (n-+ )i (BR)]
B nn—-1), 4n3 +6n2 -1 .
~ in(B1R =i 28R + O (6
(b 12, m(ﬁm} lin(BIR 61R)
— kn(BIRYi, (18IR)] "
n=0,1,2,3,....4®). (15)

Once A and B, are determined, the temperature field inside and
outside the spherical inclusion is uniquely given by

Ty = —€§x3 -+ e3exp(—px3) Y Anin(|BIr)Pu(cost),
n=0

forr <R,

(16)

Tou = €exp(~F¥3) S Buka(|6]r)Pr(cost),

forr > R. (17)

In the spherical coordinate system, the negative gradient of the
temperature inside the sphere is distributed as

Z_é = cosfl + exp(—Lx3) [ﬂcosﬁ 2 Anin(|6|r)Pn(cost)
—181> Anig(|ﬁ|r)Pn(cos€)}
n=0
z—é = —sinf + exp(—fx3)sind {rl i Anin(|6]1)Py,(cost)

By Anin<|ﬁ|r>Pn<cos0>]./ (18)
n=0

and outside the sphere it is

z—é = exp(—fx3) [Kkosﬁ';)Bnknumr)Pn(cosﬁ)
—181> Bnkj1(|ﬁ|r)Pn(cosg)} ’
n=0
z—g] = exp(—Px3)sind {rl i Bukn(|68|1) P (cosb)

-8 f: Bnkn(|ﬁr)Pn(cosﬁ)} , (19)
n=0

where the derivative of the Legendre polynomial can be obtained
from the following identity

NnXPp (X) — NP1 (%)
-1
The gradient of temperature in Egs. (18) and (19) is expressed in

the spherical coordinate system, it is not difficult to obtain the
gradient in the Cartesian coordinate system as

Py(x) = (20)

e1 = ersinfcosg + eycosfcose,
e, = ersinfsing + eycosfsing,

e3 = eqcosfl — egsind. (21)

As a result the components of the Eshelby’s conduction tensor
due to €] are

€1 € €3
o _ C1 w . F2 w3 22)
13 0’ 23 0’ 33 0 (

€3 €3 €3

It can then be easily observed from Eqgs. (18), (21) and (22) that
the components S{;, 555, S%; of the Eshelby’s conduction tensor



958 X. Wang, E. Pan / European Journal of Mechanics A/Solids 28 (2009) 955-961

inside the spherical inclusion in an FGM space is intrinsically non-
uniform. It should also be stressed that all the results derived in this
subsection display a symmetry of revolution around the x3
direction.

22. ¢ =€ =00

For the case in which e = e = 0, e9+0, the general solution
to f inside and outside the spherical inclusion of radius R can be
expressed as

fin = " Guin(|B]r)Py(cosb)cosp, forr <R, (23)
n=1
fout = €9 Z nkn(|8]7)P} (cosf)cosp, forr >R, (24)

where C;, and Dy (n = 1,2,3,..., + %) are unknown constants to be
determined; P} is the associated Legendre function of degree n and
order 1. It should be noticed that the azimuthal angle ¢ is present in
the above general solution expressions.

In this case the perfect inclusion-matrix interface r = R can be
expressed in terms of T and gir' as

Tin = TOUt7
. ~ 0Tout forr =R (25)
or or ’
or equivalently in terms of f and g—’;
fin = fout,
forr = R. (26)
ﬁ + eQcospsinfexp(Bx3) = afg’:t,

Due to the fact that the exponential function exp(8x3) can be
expanded into Eq. (11), then the term cos ¢ sin § exp(8x3) appearing
in Eq. (26); can be expanded into

cossing exp(xs) =3 lin 1 (B1)—in.1 (BrIPL (cosb)cosp.  (27)
n=1

During the above derivation we have utilized the identities

(2n+1)Py(x)= P;Hl( )—-P,_;(x) and P,l(x):\/]fx2 " (x). By

enforcing the boundary conditions across r=R in Eq. (26), we then
obtain the following set of linear algebraic equations

in(|8IR)Cn — kn(|8|R)Dy
in (I8IR)Cn — ki, (|8|R)Dn
(n=1,2,3,..,

07

w[ln 1(BR) — in1(BR)]
+) (28)

through which the unknowns C,; and D; can be uniquely deter-
mined as

c, — L kn(BIR)[in_1(BR) — in,1 (BR)]

181 in(IBIR)K, (IBIR) — ka(IBIR)i, (IBIR)’
D 1 in(|BIR)[in—1(BR) — in11(BR)]
"7 181 in(IBIR)k;, (I8IR) — kn(|BIR)ir (IBIR)
(n=1,23,.. +). (29)

Once G, and Dy, are determined, the temperature field inside and
outside the spherical inclusion is uniquely given by

Tin = eJexp(—6x3) > Cnin(|8|r)Py(cos)cosp, for r<R, (30)

Tout = €9exp(—px3) > Dykn(|6|r)P} (cosb)cosp, for r>R. (31)

In the spherical coordinate system, the negative gradient of the
temperature inside the sphere is distributed as

s—(lg = exp(—[x3)cosy {ﬂcosﬁrg] Cnin(\ﬁ\r)P}l (cosf))
B cni;<|ﬁ|r>P;<cos0)} |
n=1
Z—(j; — exp(—fx3)sindcosyp {r‘] ni: Cuin(|8IF)P} (cosb)
8" Cain(6I)P (cos%} ,
n=1
Z‘g — exp(— 5"3)rsm0 Z Cnin(|8IF)P} (cosb), (32)

and outside the sphere it is

:T:) = eXD(ﬂxa)cosq)[ﬁ cosﬁgann(\mr)Pg(cosa)
~ 181> Dk, (81r)P} (cos 0)} ,
n=1
z—(:; = exp(—px3)sinfcos ¢ {r1 ni::] Dnkn(|8]r)PL(cos )
8y annumr)P,%(cose)} 7
n=1
‘;—E; — exp(—fx3) :i‘i’n‘%;ann(|ﬁ|r)1>,1(cose)7 (33)

where the derivative of the associated Legendre polynomial can be
obtained from the following identity

nPn(x) + (n — 1)xPp(x) — nP,_(x)

V1 -—x2 ’

with Pj(x), the derivative of the Legendre polynomial having been
given by Eq. (20).

The gradient of temperature in Egs. (32) and (33) is expressed in
the spherical coordinate system, it is not difficult to obtain the
gradient in the Cartesian coordinate system as

(34)

Pr'(0) =

e1 = ersinflcos g + ey cosfcos ¢ — e,sin g,
e; = ersinflsing + ey cosdsing + e,cos g,
e3 = ercosf —eysinf. (35)

As a result the components of the Eshelby’s conduction tensor
due to e are

€1 €2 €3
w -1 w T2 O (36)
11 e(l)v 21 e(l)v 31 eg)
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It can then be easily observed from Eqs. (32), (35) and (36) that
the components S{;, 59;, S§; of the Eshelby’s conduction tensor
inside the spherical inclusion in an FGM space are intrinsically non-
uniform.

23. e =€ =0,e§+0

Here it should be pointed out that the discussion for the case
e9=e9=0, e9+0 is very similar to that for eJ=eJ=0, e #0. In the
following we only list the main results. In this case, the temperature
field inside and outside the spherical inclusion is given by

Tin = €9exp(—6x3) > Cuin(|6]r)Py(cosf)sing, for r<R,  (37)
n=1
Tout = €3eXp(—0x3) > _ Dnkn(8|r)Py (cost)sing, for r>R, (38)

where C; and D, (n=1,2,3,...,+«) are uniquely determined by
Eq. (29) so as to satisfy the following boundary conditions at the
perfect inclusion-matrix interface r =R

T, = Tout,

aTin 0 «: . o aTout
ar singsinf = o

In the spherical coordinate system, the negative gradient of the
temperature inside the sphere is distributed as

forr = R. (39)

% = EXP(—5X3)SiH(p |:6 cos 0; Cnln(‘mr)l),!l (COS@)
— 6] Z Cuiry(|8|r)P} (cos 0)}
n=1
:—g = exp(—PBx3)sin fsin @ {r‘l ; Cnin(|B|r)P}’ (cost)
-8 i Cnin(|B|r)P} (cos 0)} ,
n=1
:—‘é’ = 7exp(fﬁx3)rc ;i";; Cnin(|B|r)P} (cosb), (40)

and outside the sphere it is

z—é = exp(—Px3)sing {{icosﬁnzz1 Dnkn(|8|r)P} (cosf)
- 181> an;1(|ﬂ|r)P,1(c050)}
n=1
z—é = exp(—px3)sinfsing {r1 nz; Dnkn(|8]r)P}’ (cost)
8" Daka(611)P} <cos0>} ,
n=1
e \cos
é = —exp(—px3) sm(pe ZD"k" (18r)P} (cosh). (41)

The gradient of temperature in the Cartesian coordinate system
is determined by Eq. (35) once we obtain the gradient of temper-
ature in the spherical coordinate system. Consequently the
components of the Eshelby’s conduction tensor due to e are

€1 € €3
w 1 w2 w o= 23 42)
12 0’ 22 0’ 32 0 (
€ € €

It can then be easily observed from Eqgs. (40), (35) and (42) that
the components S¢,, S%,, S5, of the Eshelby’s conduction tensor
inside the spherical inclusion in an FGM space are intrinsically non-
uniform.

Up to now we have obtained the expressions for all the
components S of the second-order Eshelby’s conduction tensor
S”. The previous results show that: (i) all the components of S
are non-uniform within the spherical inclusion; (ii) all the non-
diagonal components of S” are non-zero; (iii) S is not symmetric
due to the fact that {5 #S5%, and S5 #5%,; (iv) there exist in total
five independent components in S” since the fact that
SPy =891 = (S¢; — S, /2) tan2g, S§; = S{;tang and S, = S, tang.
By noticing that for a homogeneous material the Eshelby‘s
conduction tensor within the spherical inclusion is S“ =1/3
(Hatta and Taya, 1985; Quang et al., 2008), then an Eshelby’s

spherical inclusion in an FGM will cause an Eshelby’s conduction
tensor S” which is a far cry from that for a homogeneous material.
In the following we present numerical results to quantitatively
demonstrate the non-uniform Eshelby’s conduction tensor inside
the spherical inclusion.

X3/R

Fig. 2. Distributions of the dimensionless temperature field T = —T/Reg along the x3-axis for different values of the gradient parameter §R. e‘l’ = eg =0, e‘3’¢0.



960 X. Wang, E. Pan / European Journal of Mechanics A/Solids 28 (2009) 955-961
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Fig. 3. Distributions of the Eshelby’s tensor component S%; = e3/eg along the x3-axis for different values of the gradient parameter §R. e? = eg =0, eg#:O.

3. Numerical results

In the following calculations, the heat flux-free temperature
gradient is always chosen as e{ = €9 = 0, €3 +0. We demonstrate
in Figs. 2 and 3 the distributions of the dimensionless temperature
T = —T/(Re9) and the Eshelby’s tensor component S, = e3/eJ
along the x3-axis for different values of the gradient parameter R.
During the calculations the series is truncated at n = 20 in order to
obtain sufficiently accurate results with the relative errors less than
0.01%. When (R—0, the calculated temperature field and the
Eshelby’s tensor component S%; are in complete agreement with
the following exact results for a homogeneous material

1/(3%3), X3 > 1,
T=1{ &3/3, —1<x3<1, (43)
-1/3%3), %< -1,
~ 3 ~
so, = [ 2/GRP). Rsl>1, (44)
1/3, %3] < 1,

where X3 = X3/R. Our numerical results also verify that the
temperature is indeed continuous at the interface r = R and that
the jump in the Eshelby’s tensor component S%; at the interface r =
R satisfies the following condition

(58)"—(55)™ = 1.
which can be easily deduced from Eq. (9);. Thus the results pre-
sented here can be considered as confirmed.

It is found that the gradient parameter has a significant influ-
ence on the distributions of the temperature field and the Eshelby’s
conduction tensor. More specifically the following can be observed
from Fig. 2 for the temperature distribution:

X3 = +1 (45)

(i) The normalized temperature T always reaches its maximum at
x3 = R and gets its minimum at x3 = —R for a fixed value of
the gradient parameter ( (>0);

(ii) The temperature within the spherical inclusion is no longer
a linear function of the coordinate x3 for a non-zero gradient
parameter (; the magnitudes of the temperature for x3 > R
outside the inclusion are always reduced, while those for x3 < —R
are always increased when the gradient parameter (R increases.

In addition the following can be observed from Fig. 3 for the
Eshelby’s tensor component S%5:

(i) The Eshelby’s tensor component S§; reaches its maximum
value at the inclusion side of the interface x3 = R, and gets its
minimum value at the matrix side of the interface x3 = —R for
a fixed value of the gradient parameter § (>0);

The Eshelby’s tensor component S§; within the spherical
inclusion is no longer uniform for non-zero gradient
parameter $, and the non-uniformity of S%; within the
spherical inclusion is more apparent for (R=2—4 (for
example when R=4, the internal S§, is 0.82 at x3=R
whereas it is reduced to 0.35 for x3=—R); our results show
that when SR is large enough (8R>8), the internal Eshelby’s
tensor component S§; within the sphere becomes nearly
uniform along the x3-axis.

(ii

—

Furthermore it is also observed that the distribution trends for
the temperature and Eshelby’s tensor induced by a 3D Eshelby’s
spherical inclusion are qualitatively in agreement with those
induced by a 2D Eshelby’s circular inclusion (Wang et al., 2008).

Finally we illustrate in Fig. 4 the contour plots of the dimen-
sionless temperature field T in the plane x, = 0 with SR = 0.6.
This is to show an overall picture of the distributions of the

2 T T T T T T T 0.1
0
F-01
1 r1-02
F-0.3
-0.4
-15F 4
-0.3
2 I L L 1 1 1 1 05
-2 -1.5 -1 -0.5 0 05 1 1.5 2
x/R
Fig. 4. Contour plots of the dimensionless temperature field T = —T/(Reg) in the

plane x, = 0 with BR=0.6. ¢} = € = 0, J#0.
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temperature field due to a uniform heat flux-free temperature
gradient e prescribed within the sphere with exponentially
varying thermal conductivity. It is observed that the temperature
contours for FGM are quite different from those for homogeneous
materials when § = 0. For example, the temperature contours
within the spherical inclusion for a homogeneous material are
parallel straight lines, while those for an FGM are curved lines as
demonstrated in Fig. 4.

4. Conclusions

In this paper, the 3D Eshelby’s spherical inclusion problem in an
FGM with exponentially varying thermal conductivity was
addressed in detail. The temperature field was presented in Eqgs.
(16) and (17) due to €, Egs. (30) and (31) due to €Y, Egs. (37) and
(38) due to eg while the Eshelby’s conduction tensor, which is non-
uniform inside the spherical inclusion, was given by Egs. (22), (36)
and (42). The analysis of an FGM containing a spherical inclusion
revealed that: (i) all the components of $” are non-uniform
within the spherical inclusion; (ii) all the non-diagonal components
of S are non-zero; (iii) S” in general is not symmetric; (iv)
there exist in total five independent components in S” since
Sy, =85 = (8§ —S5,/2)tan2¢, SY; = S{;tang, S%, = S% tang.
Our numerical results also clearly demonstrated how the temper-
ature and the Eshelby’s conduction tensor are influenced by the
non-zero gradient parameter g. It is expected that the discussions
of a spherical inclusion in an FGM with some special non-expo-
nential variations (Sutradhar and Paulino, 2004; Collet et al., 2006)
can also be carried out.
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