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The strain-induced local electronic band edge states in semiconductor quantum dots �QDs� are
studied using a k ·p description of the electronic eigenstates coupled with the induced lattice strain
as calculated using the continuum mechanics �CM� description. In the CM method, the misfit-lattice
induced strain can be reduced to an analytical expression that is straightforward to evaluate
numerically. Different from most previous analyses for QDs in infinite spaces, we address cubic and
pyramidal QDs located in half-space substrates with different lattice orientations, which more
realistically describe experimental situations in most instances. The band edges within the cubic and
pyramidal InAs QDs embedded in GaAs substrates are predicted within the six-band k ·p basis via
both a published approximation and the presented exact approach. Comparison of the strain-induced
local band edge shows that the approximate method adopted previously in literature could result in
a substantial error near the interface region of the QD. The strain-induced band edges along the
bottom center line of the QD can differ by a factor of 2 between the two approaches. Furthermore,
the effect of the free surface on the strain-induced band edges is studied by varying the depth of the
buried QD. When the QD is moved away from the surface, the band edges converge in a consistent
way to the infinite-space solution. Comparison with available experimental results validates our
exact model within the half-space substrate and shows the importance of treating the surface in a
theoretically rigorous way. © 2009 American Institute of Physics. �doi:10.1063/1.3234383�

I. INTRODUCTION

Quantum-dot �QD� heterostructures have been increas-
ingly sought for applications as novel materials and devices
such as gain media for semiconductor lasers. Their unique
properties arise from quantum confinement and are known to
be further sensitive to strain-perturbed fields that modify the
electronic states, and subsequently the optoelectronic
properties.1–3 Strain is increasingly a useful variable with
which bandgap energies, and subsequently exciton energies,
can be designed into devices.4 The sensitivity of the bands to
strains can be substantial. The strain-induced level shifts in
the bandgap of InAs/GaAs QDs in some cases may approach
the gap sizes of the semiconductor.5

There are a couple of theoretical/numerical studies on
the effect of strain on the band edges in pyramidal QDs. For
example, an original technique based on a plane-wave ex-
pansion method to calculate the electron and hole wave spec-
tra was presented by Andreev and O’Reilly,6 including the
three-dimensional strain and built-in electric field distribu-
tions. Ranjan et al.7 studied the optical properties of strained
GaN QDs using a tight-binding method. Grundmann et al.8

simulated numerically a pyramidal QD on a thin wetting
layer using the finite difference method and also calculated
the corresponding electronic structure and the optical-
phonon energies. The strain distribution of self-assembled
pyramidal InGaAs/GaAs QDs and the dependence of the bi-
axial and hydrostatic components on the QD volume, aspect

ratio, and composition were calculated by Califano and
Harrison9 using Green’s function-based technique. With re-
fined meshes and grids, these numerical methods can predict
very good strain profiles and confining potentials.

In general, the theories/models for analyzing the misfit-
lattice induced strain field and the corresponding band struc-
ture in low-dimensional QD systems can be categorized as
the continuum mechanics �CM� based method10–13 and the
valence force field14,15 method for the calculation of the
strain field, and the empirical tight-binding model,16–18 em-
pirical pseudopotential model,19,20 and the k ·p model21 for
the calculation of the band structure. However, we point out
that in most of the previous research, the QD was assumed to
be in an infinite-space material matrix or substrate. Further-
more, in applying the six-band k ·p model for bandgap edge
calculation, the induced shear strain and the normal strain
difference were both neglected.

In this paper, we assume that the QD is buried within a
half-space substrate where the distance from the QD to the
surface is arbitrary. As such, the induced strain field and the
local band edge will be influenced by the existence of a free
boundary, resulting in different strain and band edge features
as compared to those in an infinite space. Further, to calcu-
late the elastic field induced by the QD, the analytical
Green’s function method presented by Pan et al.22 is em-
ployed, where the QD surface is approximated by a number
of flat triangles so that the required boundary integration can
be carried out exactly. Based on our analytical solution for
the induced strain field, we predict the strain-related local
band edge for the InAs QD within the GaAs substrate usinga�Electronic mail: pan2@uakron.edu.
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the six-band k ·p model �for both the exact and approximate
approaches�. Our numerical results show that the free surface
of the substrate could have a significant influence on the
bandgap edge and that the exact k ·p model has to be em-
ployed in the strain-induced bandgap prediction. This con-
clusion is further confirmed by previous experimental results
against which the approximate six-band k ·p model shows a
large error in the band edge calculation.

This paper is organized as follows: Green’s function
method for calculating the misfit-lattice induced elastic strain
and the analytical multiband k ·p model for evaluating the
strain-induced band edge shifts are introduced in Sec. II. Nu-
merical results for cubic and pyramidal InAs QDs within
GaAs �001� and �111� substrates are presented in Sec. III,
along with a comparison to published experimental data for
validation. Conclusions are drawn in Sec. IV.

II. MISFIT-LATTICE INDUCED ELASTIC STRAIN FIELD
AND K·P MODEL FOR ZINCBLENDE QD

To simplify the strain calculation, we adopt the Eshelby
inclusion approach, which assumes that the material proper-
ties between the QD and the substrate are the same.6,23 By
doing so, the induced elastic strain can be obtained by simple
integration of the analytic Green’s functions over the QD
surface.22 Furthermore, for the QD made of piecewise flat
surfaces, the involved surface integration can be exactly car-
ried out. Therefore, the QD-induced elastic strain can be ac-
curately predicted based on our Green’s function
method.22,24–27 We point out that although the complex inho-
mogeneity model was proposed to study the strained quan-
tum structure,28 finding reliable material properties in the QD
and quantum wire is still a challenge.29

In order to calculate the band edges, we use the estab-
lished multiband k ·p method that accounts for the strain
effects with related parameters being determined empirically
and/or experimentally.30 Without sacrificing the salient
physical characteristics for this investigation, the Hamil-
tonian matrix could be further simplified by suppressing the

shear strain and the strain difference between �xx and
�yy.

15,31,32 By doing so, one is able to derive simple closed-
form expressions for the electronic states at the conduction
band �CB� and valence band �VB� edges and evaluate the
relative significance of different treatments of the lattice
strain. It is apparent that this approximation would be accept-
able if the shear strain is very small and the deformation is
such that �xx=�yy. In general, however, one should be cau-
tious in making such an assumption, as will be illustrated
later with numerical examples.

We limit our consideration to the local band edges �at
k=0� pertinent to many of the direct bandgap semiconductor
QD systems of this class. At the zone center the CB and VB
models can be decoupled and the latter can be further char-
acterized by a six-band Hamiltonian. We adopt the accepted
standard notation for wave function basis functions as
follows:33
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where �x�, �y�, and �z� indicate the symmetry of the VB zone
center states, and ↓ and ↑ denote the spin orientations. Ac-
cording to the theory of Luttinger and Kohn,34 and Bir and
Pikus,35 the VB band structure �at k=0� of a strained bulk
semiconductor can be described by the following 6�6
Hamiltonian in the envelope-function space �including the
heavy hole �HH� ��3 /2, �3 /2��, light hole �LH�
��3 /2, �1 /2��, and spin-orbit split-off bands �SO�
��1 /2, �1 /2���:
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where � is the spin-orbit split-off energy and “+” denotes the
Hermitian conjugate of the matrix elements. The key strain-
dependent elements in the matrix are defined as

P� = − av�H, �3a�

Q� = −
b

2
�B, �3b�

R� =
�3
2 b��xx − �yy� − id�xy , �3c�

S� = − d��xz − i�yz� , �3d�

where ac, av, b, and d are the Pikus-Bir deformation potential
constants for the CB and VB; and �H=�xx+�yy +�zz and �B

=�xx+�yy −2�zz are defined as the hydrostatic and biaxial
strains, respectively.

We will focus our attention on the local band edge modi-
fication based on the induced strain, as in Pryor’s paper.36

That is, we will calculate the eigenvalues of strain-dependent
Hamiltonian �2�. In general, the eigenvalues of Eq. �2� need
to be solved numerically. However, if one further assumes
that S�=R�=0, i.e., ignoring the shear strain and the normal
strain difference between �xx and �yy, then the eigenvalues of
matrix �2�, as the strain-induced band edge shifts of VB, can
be obtained analytically as
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On the other hand, by assuming the unstrained bandgap as
Eg0, the relative CB edge energy is given by

EC = Eg0 + ac�H. �5�

III. NUMERICAL RESULTS AND COMPARISON TO
EXPERIMENTS

In this section, cubic and pyramidal InAs QDs in �001�
and �111� GaAs half-space substrates are investigated�. The
misfit-lattice eigenstrain in the QD is hydrostatic, i.e., �xx

�

=�yy
� =�zz

� =0.07. The origin �0,0,0� of the coordinate system
is on the surface of the half plane, and the z-axis points down
vertically. Both cubic and pyramidal QDs have the same
height �h=4 nm�, same volume, and the same vertical dis-
tance to the surface �d=4 nm� from their middle plane but
with different base lengths �b=8.62 nm for cubic and b
=14.93 nm for pyramidal QD�. Other involved material

properties and parameters are listed in the Appendix. Nu-
merical results are presented via both approximate method
�4� where the shear strain and the normal strain difference
between �xx and �yy are neglected and the exact method
where the eigenenergies of Hamiltonian �2� are solved di-
rectly without the above approximation. The results for the
strain-induced CB edge based on Eq. �5� are also shown in
the figures. Furthermore, comparison with the available ex-
perimental results validates our exact model within the half-
space substrate, and thus demonstrates that the influence of
the surface is important and that the approximate approach
for band edge calculation is not valid near the boundary of
the QDs. We point out that in the �111�-direction case, there
will be an induced piezoelectric field. However, this induced
piezoelectric field has a negligible effect on the bandgap
within the QD for group III-V semiconductors since the pi-
ezoelectric couplings in these materials are very weak.37,38

Its influence outside the QD could be important �e.g., lowers
the symmetry of the involved system, leads to a lifting of
degeneracy, etc�.8 This will be addressed in the future using
the fully coupled piezoelectric model, which can be applied
to the strongly coupled III nitrides as well as the weakly
coupled group III-V semiconductors.38

A. Local band edges in a cubic InAs QD embedded in
„001… and „111… GaAs half-space substrates

The local band edge energies within the embedded InAs
QD along three dashed-dotted lines �see Fig. 1�a�� are inves-
tigated via both the exact and approximate methods. The first
line is on the bottom plane of the cubic QD at fixed y
=0 nm and z=6 nm, with x varying from �3.71 to 3.71 nm.
The second line is along the z-axis, i.e., at fixed y=0 nm and
x=0 nm, with z varying from 2 to 6 nm. The third line is
along a specific vertical line where x and y are fixed at 2.15
and 0 nm, with z varying from 2 to 6 nm. All these lines are
within the QD so that we can systematically study the fea-
tures of cubic QD band edges in a half-space.

The strain components and band edge values along the
first dashed-dotted line are shown in Figs. 2�a�–2�d� for a
cubic QD in GaAs �001� and GaAs �111� substrates. As
shown in Figs. 2�a� and 2�c�, the biaxial strain �B is always
positive within the QD domain thus inducing a higher energy
level in LH band than in HH band, which is consistent with
previous work.32,36,39 The strain components R� and S� �ex-
pressed by Figs. 2�c� and 2�d��, which represent the contri-
butions from the shear strain and the normal strain difference

FIG. 1. Schematic of InAs QDs in GaAs substrates: cubic QD in �a� and
pyramid QD in �b�. Both QDs have the same distance between the body
center and the surface of half plane: d=4 nm; strain and band edge results
are along the dashed-dotted lines and the z-axis.
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between �xx and �yy, clearly indicate that their magnitude
increases from the center to the lateral boundary of the QD.
Consequently, one would expect that the band edge based on
the exact and approximate methods could be different, par-
ticularly near the lateral boundary area of the QD. It is also
apparent from Figs. 2�b� and 2�d� that the band edge differ-
ence between the two methods is larger in the InAs QD
embedded in GaAs �111� than that in GaAs �001�.

Along the second dashed-dotted line, the shear strain and
normal strain difference between �xx and �yy are close to
zero due to the symmetry of the geometry about the z-axis
�R� and S� shown in Figs. 3�a� and 3�c��. Therefore, the band
edges based on the two methods are nearly identical, even
near the boundary of the QD �Figs. 3�b� and 3�d��. Along the
third line, which is an off-center vertical line, R� and S� are
not zero, particularly near the boundary of the QD as in Figs.
4�a� and 4�c�. Therefore, some differences in the band edges
based on the two methods are observed near the boundary, as
shown in Figs. 4�b� and 4�d�. Again the difference is larger in
GaAs �111� than in GaAs �001�.

B. Local band edges in a pyramidal InAs QD
embedded in „001… and „111… GaAs half-space
substrates

The numerical results for the strain components and lo-
cal band edges in pyramidal InAs QD embedded in GaAs
�001� and GaAs �111� are shown in Figs. 5–7. Figure 5
shows the result along the first dashed-dotted line, i.e., the
center line on the bottom of the QD �for y=0 nm and z
=6 nm, with x varying from �7.464 to 7.464 nm�. It is
obvious that the results are symmetric �on the positive and
negative x sides� for the QD in GaAs �001� but is slightly
asymmetric in GaAs �111�, particularly for the shear strain
component �Fig. 5�c��. Similar to the cubic QD, we observe
apparent differences between the approximate and exact
methods near the lateral boundary of the QD.

Figure 6 shows the strain components and local band
edges along the second dashed-dotted line, i.e., for x=y
=0 nm with z varying from 2 to 6 nm, within the InAs QD
based on both methods. It is clear from Figs. 6�a� and 6�c�
that the strain distribution in a pyramidal QD is quite differ-

FIG. 2. �Color online� Strain components ��a� and �c�� and band edges ��b� and �d�� in a cubic InAs/GaAs QD along the bottom center line of the QD ��a� and
�b�� in �001� substrate and ��c� and �d�� in �111� substrate.
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ent than that in a cubic QD along this line. For instance, the
�H has a relatively large change, which induces a large drop
in the CB curve near the apex of the pyramid. Furthermore,
the energy level of the LH is always higher than that of the
HH because of the positive value of �B as in cubic QD �Figs.
3�b� and 3�d��. Finally, Fig. 7 shows the band edge within the
pyramidal QD along the third dashed-dotted line, i.e., along
the special vertical line at x=4.33 nm and y=0 nm with z
varying from 4.32 to 6 nm. Compared to the other two lines,
the studied points are closer to the QD boundary, and thus an
apparent difference in the band edge between the approxi-
mate and exact methods exists along the entire line, as shown
in Figs. 7�b� and 7�d�. As in the cubic QD case, the band
edge discrepancy in the QD embedded in GaAs �111� is
larger than that embedded in GaAs �001�.

In summary, there are some interesting features in the
QD-induced strain and band edge distributions within the
InAs QD embedded in the GaAs �001� and GaAs �111� half-
space substrates: First, the �H shifts both the CB and VB
edges, and both the �B and � contribute to the splitting be-
tween HH and LH while the � only introduces the splitting

between LH and SO band edges. Second, the band edge of
LH is always higher than that of HH because of the positive
�B. Third, in some cases, large differences in band edges
based on the exact and approximate methods may exist in the
QD domain, as is further discussed in Sec. III C.

C. Band edge error based on the approximate method

The approximate and exact methods were compared for
band edge values at specific locations as depicted in Fig. 1.
Among the three lines—one parallel and two perpendicular
to the surface of the substrate—the difference between the
two calculation methods is the largest for points in the line
parallel to the surface. The difference between the two meth-
ods is always large near the boundary of the QD. Also, we
can see clearly, from Fig. 2 to Fig. 7, that the band edge
difference in QDs embedded in the �111�-oriented GaAs sub-
strate is larger than that in QDs embedded in the �001�-
oriented substrate.

Here we further study the error in the strain-induced lo-
cal band edge based on the approximate method where the

FIG. 3. �Color online� Strain components ��a� and �c�� and band edges ��b� and �d�� in a cubic InAs/GaAs QD along the z-axis of the QD ��a� and �b�� in �001�
substrate and ��c� and �d�� in �111� substrate.
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shear strain and the normal strain difference between �xx and
�yy are neglected. We define the relative error as

error�%� =
�Ei − eig�H��

�eig�H��
� 100% , �6�

where Ei refers to the energies calculated from Eqs. �4a�–�4c�
using the approximate method, and eig�H� refers to the ei-
genvalues of Hamiltonian matrix �2� using the exact method.
The relative errors are shown in Figs. 8�a� and 8�b� for points
along the bottom center line and along the z-axis, respec-
tively, for cubic InAs QD embedded in GaAs half-space sub-
strates with �001� and �111� orientations. It is observed that
along the z-axis, the relative error is very small �the biggest
error is around 1%� �Fig. 8�b��; while along the bottom cen-
ter line of the QD, the relative error can be as large as 100%
�Fig. 8�a� near the lateral boundary of the QD�. We also note
that the error curves for a QD in the GaAs �111� substrate are
asymmetric because of the asymmetric strain and energy dis-
tribution �as shown in Figs. 2�c� and 2�d��. Therefore, along

the bottom center line, one has to use the exact eigenvalue
solution method to predict the strain field and its induced
local band edges.

D. Band edges at different depths

In most previous research on band edge calculation, the
QD was assumed to be in an infinite substrate,31,32,36,37 which
means the QD is surrounded by a thick substrate material
without any influence from the external boundary or surface.
However, QDs are more commonly found located near the
interface or covered by a cap layer due to either fabrication
procedures or, in some cases, by design to achieve novel
device properties.40–43 In such applications, the effect of the
free surface on band edges can be significant. Actually, Nishi
et al.41 showed that the thick cap layer can produce a remark-
able reduction in the photoluminescence �PL� linewidth; Hu-
gues et al.44 observed that a 5 nm Ga0.85In0.15As cap layer
over the InAs QDs led to highly efficient emission of longer

FIG. 4. �Color online� Strain components ��a� and �c�� and band edges ��b� and �d�� in a cubic InAs/GaAs QD along the specified vertical line of the QD ��a�
and �b�� in �001� substrate and ��c� and �d�� in �111� substrate.
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wavelength light with the latter being further attributed to the
corresponding bandgap energy.

To demonstrate the band edge differences in QDs lo-
cated at different depths d in half-space substrates, we take
the InAs cubic QD �Fig. 1�a�� as the example and use the
exact method to carry out the numerical calculation. Shown
in Figs. 9 and 10 are the HH, LH, and SO band edge varia-
tions along the bottom center line and along the z-axis for
different embedding depths of the QD. In Fig. 10, the values
�2, 0, and 2 on the z-axis correspond, respectively, to the
top, middle height, and bottom positions of the QD �refer to
Fig. 1�a� since the height of the QD is 4 nm�. It is clear that
when the buried QD is further beneath the free surface, from
d=4 nm to d=24 nm �distance d between the surface and
middle height of cubic QD�, the band edge curves gradually
converge to the infinite-space solution with a decreasing
trend. That is, the energy band edge variation becomes less
and less as the QD moves away from the surface. This rea-
sonable trend also indicates that when the depth of the QD
reaches a critical value �around 14 nm in this example�, the
substrate is effectively infinite.

E. Comparison with experimental results

We finally compare the energy bandgap from our calcu-
lations �both exact and approximate k ·p models� to previous
experimental results41,44 in order to investigate the effect of
the QD depth from the surface and to validate our analytical
solutions. In our calculation, the InAs QDs are assumed to be
in the InxGa1−xAs substrate with different depths �or different
cap layer thicknesses�. Both PL measured and calculated
bandgap energies are shown in Fig. 11. While we used the
same QD size as those in Ref. 41, we chose the InAs QD
with a large aspect ratio �base=20 nm; height=5 nm� in
order to compare the experimental results in Ref. 44 since no
specific size information was available. Furthermore, a large
aspect ratio is the general case for capped QDs,40–42,45 and it
is also a dominant factor for band edge energy.31 We remark
that since the PL measured result represents a volumetric
average of the actual bandgap in the QD,4,46 it should there-
fore correspond to the accurate bandgap distribution pre-
dicted based on the exact k ·p model.

FIG. 5. �Color online� Strain components ��a� and �c�� and band edges ��b� and �d�� in a pyramidal InAs/GaAs QD along the bottom center line of the QD
��a� and �b�� in �001� substrate and ��c� and �d�� in �111� substrate.

073504-7 Pan et al. J. Appl. Phys. 106, 073504 �2009�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp



As shown in Fig. 11, the bandgap energy from our cal-
culation decreases with increasing depth of the QD �or cap
layer thickness�, which is consistent with the redshift trend
observed from experiments. In the limit, the energy level
converges to the infinite-space substrate case. These results
demonstrate the important effect of the surface on the energy
band edge. Furthermore, compared to the experimental re-
sults, the bandgap energy based on the simplified approxi-
mate k ·p model showed clearly a larger error than that based
on the exact k ·p model. We point out that the small differ-
ences in the energy between the experimental results and
exact model could come from the small variation in the QD
size and cap layer thickness, which would require precise
measurements of these parameters in the future.

IV. CONCLUSIONS

In this article, we have studied the local band edge en-
ergies for zincblende InAs QDs in GaAs half-space sub-
strates with full consideration of strains induced by the

lattice mismatch and influenced by the free surface. The
strain fields are calculated by an accurate CM method based
on the Eshelby inclusion model combined with the half-
space Green’s functions. By virtue of our CM method, a QD
with any shape can be approximated by a number of flat
triangles so that we can derive an analytical result for the
strain fields. This method is particularly efficient when the
QD surface is composed of facets.

The strain-induced band edges in cubic and pyramidal
InAs QDs �embedded in a GaAs half-space substrate� are
then calculated based on two 6�6 k ·p models �or
approaches�—one is inclusive of the detailed strain terms
and the other is approximate �the shear strain effect and the
difference between the normal strains are neglected�. Our
numerical results indicate that the approximate model, which
has been commonly adopted in literature,43,44 may lead to
significant errors in the band edge energies. This is particu-
larly true for points close to the boundary and/or corner of
the QD where a relative error as large as 100% is observed.

We have also calculated the strain-induced band edge in

FIG. 6. �Color online� Strain components ��a� and �c�� and band edges ��b� and �d�� in a pyramidal InAs/GaAs QD along the z-axis of the QD ��a� and �b��
in �001� substrate and ��c� and �d�� in �111� substrate.
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the cubic QD embedded at different depths within the sub-
strate. Our results show that these band edges are sensitive to
the depth, indicating the importance of the free surface in
band edge predictions. Our numerical results of band edge
energies in QDs embedded in half-space substrates are fur-
ther compared with existing experimental results. Such a
comparison demonstrates that the analytical predictions
based on the half-space substrate model with the exact k ·p
approach agree well with the experimental results while the
approximate k ·p approach shows an obvious and significant
difference.
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APPENDIX: STIFFNESS MATRICES OF GaAs AND
InAs, AND BANDGAP PARAMETERS OF InAs

1. Stiffness matrix Cij in „109 N/m2
…

The following are values for stiffness matrix Cij �Ref.
27�:

�CGaAs�001��

= �
118.8 53.8 53.8 0.0 0.0 0.0

118.8 53.8 0.0 0.0 0.0

118.8 0.0 0.0 0.0

59.4 0.0 0.0

59.4 0.0

59.4

 �A1�

FIG. 7. �Color online� Strain components ��a� and �c�� and band edges ��b� and �d�� in a pyramidal InAs/GaAs QD along the specified vertical line of the QD
��a� and �b�� in �001� substrate and ��c� and �d�� in �111� substrate.
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�CGaAs�111��

= �
145 45 36 0.0 12.7 0.0

145 36 0.0 − 12.7 0.0

154 0.0 0.0 0.0

41 0.0 − 12.7

41 0.0

50

 �A2�

�CInAs�001��

= �
83.29 45.26 45.26 0.0 0.0 0.0

83.29 45.26 0.0 0.0 0.0

83.29 0.0 0.0 0.0

39.59 0.0 0.0

39.59 0.0

39.59

 �A3�
2. Band parameters „in eV… for InAs

The following are band parameters for InAs �Ref. 30�:

Eg0 = 0.413,

FIG. 8. �Color online� Relative error �%� of the band edge calculations
based on the approximate method as compared to the present exact method
in an InAs/GaAs cubic QD embedded in GaAs �001� and �111� substrates:
results along the bottom center line of the QD in �a� and along the z-axis of
the QD in �b�.

FIG. 9. �Color online� Band edges in a cubic QD embedded at different
depths within the GaAs half-space substrate and in the infinite-space sub-
strate along the bottom center line of the QD: �a�, �b�, and �c� refer to the
HH, LH, and SO bands, respectively.
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�SO = 0.38,

ac = − 5.08,

av = 1.00,

b = − 1.80,

d = − 3.60.
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