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The magnetoelectric (ME) effect in a bilayered piezoelectric/

piezomagnetic cylinder with an imperfect interface under

harmonic excitation is solved analytically. We show that while

the interface imperfection would always reduce the static ME

effect, the imperfect interface could play a significant positive

role in enhancing the ME effect in the frequency domain
>100 kHz. Combining with the curvature of the cylinder and

the mechanical boundary conditions, we further demonstrate

that it is possible to excite large ME effect at double and even

multiple resonance frequencies, a unique feature which should

be important to various microwave devices, such as antennas.
� 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
1 Introduction The magnetoelectric (ME) effect is
defined as the ratio of the electric field output over the
magnetic field input or vice versa. This coupling feature
between the magnetic and electric fields can find important
applications in various smart devices and systems, e.g.
antennas, energy harvesters, magnetic sensors, current
sensors, ME transformers, filters, phase shifters, and
gradiometers [1–4]. While most single-phase multiferroic
materials exhibit only a very weak ME effect, strong ME
effects could be achieved by bonding a piezoelectric (PE)
phase to a piezomagnetic (PM) one, the typical multiferroic
composite. The ME effect in layered composite plates was
investigated both analytically and experimentally [5–12].
TheME effect in PE/PM composites with other shapes, such
as disk, cylinder and shell, was also reported [13–15].
Studies on multiferroic nanocomposites were further carried
out [16, 17]. Several practical and efficient ways were
proposed to enhance theME effect, for instance, by changing
the geometric parameter and mechanical conditions [18],
using the resonance driving frequency [19], employing the
functionally graded materials [20], altering the polarization
direction [21], and by applying different magnetic bias field
[22].
In fact, the ME effect in PE/PM composites is a product
property. Thus, the coupling effect between the electric and
magnetic fields in the PE/PM composites is mediated by the
mechanical field through the interface. This indicates that the
ME effect could be adjusted and/or tuned by the interface.
Under a static deformation, Wang and Pan recently
investigated theME effect inmultiferroic fibrous composites
with imperfect interfaces [23]. They showed that as long as
the interface is imperfect, the static ME effect of the
composite, say the BaTiO3-CoFe2O4 fibrous composite,
would be always reduced. Since any real interface in the
composite will involve certain degree of imperfection [23],
the influence and/or role of the imperfect interface on theME
effect in multiferroic composite, under both static and time-
harmonic deformations, becomes extremely critical.

Thus, in this article, we study the ME effect in a bilayer
PE/PM composite cylinder with an imperfect interface
subject to either a static or harmonic magnetic excitation.
Following Wang et al. [24], we first derive an analytical
solution for theME effect in the composite with an imperfect
interface and then we present some numerical results on
these effects for given geometries and mechanical boundary
conditions. It is striking that, while under static deformation,
� 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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an imperfect interface would always reduce the ME effect
[23], it can positively affect the ME effect in the frequency
domain >100 kHz. Depending on the boundary conditions
and the curvature of the composite cylinder [24], we show
that large ME effect can be achieved not only at the single
resonance frequency, but also at double resonance frequen-
cieswith nearly equal amplitudes.A third resonance could be
further observed when the interface property is properly
tuned although its amplitude is small. These unique features
should be of particular importance to device design, say
antennas, so that it can operate under multiple resonance
[25].

2 Problem description and solutions The bilayer
multiferroic composite cylinder to be studied is shown in
Fig. 1, similar to that used in experiment [26]. The radius of
each surface, from the inner to the outer, is denoted by a, b,
and c, respectively. The inner layer is made of PM with a
mass density rm and the outer PE with re. The PE layer is
polarized in the radial direction and is shorted at its inner
surface r¼ b. We assume that the composite is driven by a
time harmonic uniform radial magnetic field H0expðivtÞ
[26], where H0 is a known constant, i¼

ffiffiffiffiffiffiffi
�1

p
the imaginary

unit,v the driving circular frequency, and t the time variable.
For a harmonic motion, all the field quantities will have the
same time-dependent factor expðivtÞ, which will be dropped
for the sake of brevity in the analysis. In the polar coordinate
system (r,u) all the field variables are functions of r only for
the long cylinder case. In other words, a plane-strain
deformation in the (r,u)-plane is assumed. We further
introduce the following quantities and material properties:
F is the electric potential, ur the radial elastic displacement
and srr the radial normal stress; cij, eij, eij, and qij are the
elastic, dielectric, PE, and PM coefficients, respectively.

The general ‘‘plane-strain’’ solution for the elastic
displacement in the radial direction in the PM layer can be
found as [24]
urð

Figu
H be

www
v; rÞ ¼ AmJmm
ðkmrÞ þ BmYmm

ðkmrÞ þ H0Gðv; rÞ; (1)
PE layer 
a

c b

PM layer P

H

Φ=0

r

θ

re 1 Schematic of bilayer PE/PM cylindrical composite with
ing the radial magnetic field and P the radial polarization.
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where
km ¼ v

cm
; cm ¼

ffiffiffiffiffiffi
c33
rm

r
; mm ¼

ffiffiffiffiffiffi
c11
c33

r
: (2)
Also in Eq. (1), Am and Bm are two unknown coefficients
to be determined; Jmm

ð�Þ and Ymm
ð�Þ are the first and second

kind Bessel functions of order mm, and
Gðv; rÞ ¼ QS0;mm
ðkmrÞ; (3)
where Q¼ (q33–q31)/c33, and S0;mm
ðkmrÞ is the Lommel

function which can be written in terms of the Bessel
functions as
S0;mm
ðkmrÞ ¼

p

2

�
Ymm

ðkmrÞ
Z r

a

Jmm
ðkmjÞdj

�Jmm
ðkmrÞ

Z r

a

Ymm
ðkmjÞdj

�
:

(4)
Similarly, the general solution of the elastic displace-
ment in the radial direction in the PE layer is
urðv; rÞ ¼ AeJme
ðkerÞ þ BeYme

ðkerÞ; (5)
where Ae and Be are coefficients to be determined, and
ke ¼
v

ce
; ce ¼

ffiffiffiffiffiffi
c33
re

s
; me ¼

ffiffiffiffiffiffi
c11
c33

r
; (6)
with
c33 ¼ c33 þ e33e3;

c11 ¼ c11 þ e31e1;

c13 ¼ c13 þ e31e3;

(7)
e1 ¼ e31=e33; e3 ¼ e33=e33: (8)
If the driving frequency v¼ 0, we then have km¼ 0 in
Eq. (2) for the PM layer and ke¼ 0 in Eq. (6) for the PE layer.
Thus the corresponding static solution can be reduced from
Eqs. (1) and (5).

On the inner and outer surfaces of the composite
cylinder, we consider the following four sets of mechanical
boundary conditions (MBCs) [24]: (i) Both the inner and
outer surfaces are traction free (F–F) srr(a)¼ srr(c)¼ 0; (ii)
The inner surface is clamped while the outer surface is
traction free (C–F) ur(a)¼ srr(c)¼ 0; (iii) The inner surface
is traction free while the outer surface is clamped (F–C)
srr(a)¼ ur(c)¼ 0; and (iv) Both the inner and outer surfaces
are clamped (C–C) ur(a)¼ ur(c)¼ 0. In order to model
possible defects/damages on the interface or to simulate a
thin glue layer between the PE and PM phases, we adopt the
following spring layer model [23, 27, 28] for the interfacial
behavior:
srrðbþÞ ¼ srrðb�Þ ¼ urðbþÞ�urðb�Þ½ �=x; (9)
� 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Table 1 Material properties of PZT-5A (PZT) and CoFe2O4

(CFO) [29] (Cij: elastic constants in GPa; eij: PE coefficients in
N/(Vm); qij: PM coefficients in N/(Am); eij: permittivity coeffi-
cients in 10�8 C/(Vm); mij: permeability coefficients in 10�6 Wb/
(Am); and r: density in 103 kgm�3).

PZT CFO PZT CFO

C11 99.201 286 q31 0 580.3
C13 50.778 170.5 q33 0 699.7
C33 86.856 269.5 e33 1.5 –
e31 �7.209 0 m33 – 157
e33 15.118 0 r 7.75 5.3
where bþ denotes the surface of the PE layer at r¼ b and
b� that of the PM layer; and x is the interfacial parameter
(compliance). It is noted that x ¼ 0 corresponds to a
perfectly bonded interface.

For given MBCs, along with the imperfect interface
condition, the four unknowns Ae, Be, Am, and Bm can be
determined. To calculate the ME effect, the average electric
field in the PE layer is adopted.When the outer surface of the
PE layer is open circuited, the gradient of the electric
potential in the PE layer can be derived as
dF=dr ¼ e3dur=dr þ e1r

�1ur. Integrating this expression
over the spatial interval [b, c] and using the inner surface of
the PE layer as reference (i.e., we assume that this surface is
electrically shorted Fjr¼b¼ 0), we obtain the voltage
difference between the inner and outer surfaces of the PE
layer as
α
α

� 20
Fbc ¼ e3 urjr¼c�urjr¼b

� �
þ e1

Z c

b

r�1urðrÞdr: (10)
We thus define the ME effect as
a ¼ Fbc=ðtH0Þ; (11)
where t ¼ c�a is the total thickness of the composite [18].

3 Influence of imperfect interface on the ME
effect With the derived analytical solution, we can now
study the impact of the imperfect interface on the ME effect
for different MBCs as well as geometric and material
parameters. In our numerical examples for the bilayer
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PE/PM composite cylinder with an imperfect interface, we
use CoFe2O4 (CFO) and PZT-5A (PZT) for the PM and PE
phases, respectively. All the material parameters are taken
from Ref. [29] and are listed in Table 1.

We first consider the effect of the imperfect interfacial
property on the static ME effect in the PE/PM cylindrical
composite. In this example, the thickness of the composite is
taken as t¼ 20mm and the inner radius a¼ 30mm and
a¼ 80mm. Two dimensionless quantities are introduced to
illustrate the results: One is the thickness ratiom and the other
the dimensionless parameter of the interfacial compliance l.
0.6

1

=5

10

0

0.6

λ=
m ¼ te=t; l ¼ x=x0; (12)
where te is the thicknesses of the PE layer and x0 ¼ t
�
c�33

with c�33 being the elastic constant c33 of the PE layer.
0.8 1.0

λ=2

0.8 1.0

10
λ=50 Figure 2 (online color at: www.pss-b.com)

Variation ofME effect a versus thickness ratio
m for a¼ 30mm: (a) F–F; (b) C–F; (c) F–C;
(d) C–C. The unit of a is (V/m)(A/m)�1.
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Figure 3 (online color at: www.pss-b.com)
Variation ofME effect a versus thickness ratio
m for a¼ 80mm: (a) F–F; (b) C–F; (c) F–C;
(d) C–C. The unit of a is (V/m)(A/m)�1.
Figures 2 and 3 show the variation of the ME effect with
respect to the thickness ratio m for the PE/PM composite
cylinder of inner radius a¼ 30mm and a¼ 80mm with an
imperfect interface. These curves show that: (i) For all four
sets of MBCs, the ME effect a decreases with increasing
interface parameter l (i.e., when the interface becomes
weak), a feature consistent with existing report [23]. (ii) For
the perfect interface l¼ 0, theME effect for the C–CMBC is
always larger than that for the other three MBCs. Such
phenomenon agrees well with previous experimental and
analytical reports [7, 18]. (iii) As l increases, the ME effect
under the C–C MBC experiences a sharp decrease. It drops
3–4 times in magnitude when the interface behavior changes
from a perfect interface (l¼ 0) to an imperfect one (l 6¼0).
We have calculated the ME effect for other inner radius
values and found that comparing with the C–F and F–C
MBCs, the ME effect for the F–F and C–C MBCs is
relatively insensitive to the inner radius.

We next consider the ME effect in the PE/PM
composite under harmonic driving. In our calculation,
the elastic constants of the PE and PM layers are multiplied
by a complex factor (1þ 0.05i) to account for the damping
[30]. We further fix the thickness of the PE layer at
te¼ 10mm and the thickness ratio at m¼ 0.5 (the ratio
near which we observe a large ME effect under static
deformation).

Figures 4 and 5 show the ME effect as a function of the
driving frequency. The peaks reveal that a large ME effect
can be achieved when the composite is driven by an
excitation near the resonance frequency. It is observed that
www.pss-b.com
for all four sets of MBCs, the ME effect increases slightly
when the inner radius is changed from a¼ 30 to 80mm.
Actually, we have further increased the inner radius a and
found that the increase in the ME effect was only moderate.
From Figs. 4 and 5, the following remarkable features are
observed: (i) In contrast to the static case, theME effect at the
resonant frequencies has nearly the same magnitude under
different MBCs, except for the F–C MBC where its ME
effect magnitude at peak frequencies is only about half of
other MBCs. (ii) At some special resonance frequencies, the
imperfect interface can actually enhance theME effect in the
composites, a feature totally different from the static case
where the imperfect interface would always reduce the ME
effect. In other words, the imperfect parameter could provide
an alternative avenue to enhance theME effect in the PE/PM
composite. (iii) While the C–C MBC is always associated
with a single resonance, a common feature which was
frequently reported (e.g., [31]), otherMBCs can be applied to
excite double and even triple resonances with nearly
identical amplitude (at least at two separate resonant
frequencies). This latter feature is due to the special
interaction between the PE and PM layers via themechanical
strain, and could be extremely useful in the design of
microwave devices (like antennas), so that they can
efficiently operate simultaneously at multiple frequencies
[25]. (iv) While different MBCs can be utilized to tune the
resonance at different frequencies, the imperfect interface
parameter can be employed to either generate additional
resonance (likeC–FMBC)or annul the small frequency peak
(like C–C MBC).
� 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 4 (online color at: www.pss-b.com)
Variation of ME effect a versus driving fre-
quency for a¼ 30mm and m¼ 0.5. (a) F–F;
(b) C–F; (c) F–C; (d) C–C. Interface parameter
l¼ 0.0(redsolid line),0.125(pinkdashedline),
0.25 (blue dash-dotted line), 0.5 (black dotted
line). The unit of a is (V/m)(A/m)�1.
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Figure 5 (online color at: www.pss-b.com)
Variation of ME effect a versus driving fre-
quency for a¼ 80mm and m¼ 0.5. (a) F–F;
(b) C–F; (c) F–C; (d) C–C. Interface parameter
l¼ 0.0 (red solid line), 0.125 (pink dashed
line), 0.25 (blue dash-dotted line), 0.5 (black
dotted line). The unit of a is (V/m)(A/m)�1.
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4 Conclusions By deriving an analytical solution for a
PE/PM cylinder with an imperfect interface, we studied the
ME effect in this bilayer multiferroic composite. It is shown
that the mechanical boundary conditions, interface proper-
ties, and the curvature of the cylinder combined together can
remarkably affect theME coupling coefficient. In particular,
we have demonstrated that under a time-harmonic magnetic
field input, an imperfect interface in the composite cylinder
can not only enhance the resonance of theME effect, but also
generate additional resonance with large amplitude or annul
small unwanted resonance for better device operation. Our
results clearly indicate alternative avenues for designingME
effect-based devices, such as antennas, so that they can
operate at multiple resonance with equal amplitudes.
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