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We solve analytically the Eshelby’s problem in an anisotropic multiferroic bimaterial plane. The solution
is based on the extended Stroh formalism of complex variables, and is valid for the inclusion of arbitrary
shapes, described by a Laurent polynomial, a polygon, or the one bounded by a Jordan curve. Further-
more, the results in the corresponding half plane and full plane can be reduced directly from the bima-
terial-plane solution. As such, the solution unifies the complex variable method and the Green'’s function

geﬁv‘;"br‘?s" bl method, extending further to the multiferroic bimaterial plane of general anisotropy. The essential eigen-
Bismeate{isallzro em functions are also identified by which the induced fields can be simply determined. Numerical results are
Half-plane presented to investigate the features of these eigenfunctions as well as the strain, electric and magnetic

fields (components of the extended Eshelby tensor). Particularly, we present the values of these fields at
the center of the N-side regular polygonal inclusion and also the average values of these fields over the
inclusion area. The effect of the half-plane traction-free surface condition as well as the effect of various
couplings on the induced fields is discussed in detail. For the N-side regular polygonal inclusion, it is
found that, when the inclusion is in the full plane, both the center and average values of the Eshelby ten-
sor are independent of the side number N, except for N = 4. We further show that the piezoelectric and
piezomagnetic coupling coefficients could significantly affect the Eshelby tensor. These features should
be useful in controlling the Eshelby tensor for the design of better multiferroic composites. Typical con-
tours of the field quantities in and around the inclusion bounded by both straight and curved line seg-
ments in a multiferroic bimaterial plane are also presented.

Anisotropic multiferroic
Explicit solution

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The Eshelby’s problem is concerned with determining the elastic
field of a linearly elastic, homogeneous, and infinite solid contain-
ing a subdomain called inclusion which is subjected to a prescribed
uniform strain or eigenstrain. Through his celebrated inclusion
solution of an ellipsoidal inclusion, called the (classical) Eshelby
tensor in the literature, Eshelby (1957, 1959) introduced the equiv-
alent inclusion concept to transform the problem of analyzing the
stress field in matrix-inclusion solids into an algebraic operation
problem. This method now becomes an indispensable part of the
theoretical foundation of contemporary composite mechanics and
materials (e.g., Mura, 1982; Nemat-Nasser and Hori, 1993), and
has many applications in today’s nano-science and nano-technolo-
gies (e.g., Li and Wang, 2008).

Material anisotropy and piezoelectric coupling are two common
features in composites, and thus, research of the corresponding
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Eshelby’s inclusion problem in these composites becomes neces-
sary. Under two-dimensional (2D) deformation, the Eshleby’s
inclusion problem in anisotropic elastic and piezoelectric planes
were solved by Ru (2000, 2003) using the conformal mapping
method, by Pan and coworkers using the Green’s function method
(e.g., Pan, 2004), and by Zou and coworkers using a unified ap-
proach (Zou et al, 2011), among others. Also employing the
Green'’s function approach, Jiang and Pan (2004) solved the Eshelby
problem in the corresponding magnetoelectroelastic bimaterial
plane where the inclusion was assumed to be bounded by a finite
number of straight line segments.

Recently, due to their special multiphase coupling features, mul-
tiferroic materials/composites are attracting intensive research
from scientists and engineers. Various interesting results have
demonstrated that the magnetoelectric coupling effect can be
enhanced by adjusting the relative volume fractions of the single-
phase piezoelectric and magnetostrictive materials and by increas-
ing properly the grading factor in the multiferroic composition (i.e.,
Petrov and Srinivasan, 2008; Wang et al., 2009). Since one of the
common composites is the particulate one (made of fibre-rein-
forced or particles-reinforced composites), the Eshelby’s inclusion
problem in the corresponding 2D multiferroic plane becomes very
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important. With this inclusion problem being solved, the corre-
sponding inhomogeneity problem can be solved based on the
micromechanics theory, and the effective property of the compos-
ites can be predicted, providing the important parameters for the
best design of multiferroic composites.

Thus, in this paper, we present the analytical solution of the
Eshelby’s inclusion problem in an anisotropic multiferroic bimate-
rial plane. The inclusion can be of an arbitrary shape and can be
bounded by straight and curved line segments. Since the solution
is in an explicit and closed form, various physical features associ-
ated with the inclusion can be directly extracted from the solution.
In particular, the center and average values of the induced fields in
the inclusion are investigated in details and results are shown via
both tables and contours.

The paper is organized as follows: In Section 2, we briefly pres-
ent the governing equations and the general solutions in terms of
the extended Stroh formalism. In Section 3, solutions are derived
for the Eshelby’s inclusion problem in an anisotropic multiferroic
full plane where the inclusion is of any geometric shape. In Sec-
tion 4, we solve the corresponding Eshelby’s problem in a multifer-
roic bimaterial plane. In Section 5, explicit expressions of the
eigenstrain-induced fields are obtained for various shapes of the
inclusion. Numerical examples are presented in Section 6, and con-
clusions are drawn in Section 7.

2. Governing equations and general solutions in terms of the
extended Stroh formalism

2.1. Governing equations of anisotropic multiferroic media

The governing equations for a linear multiferroic solid are given
by (e.g., Chen et al. 2010)

Gij = Cijallk) + €xijd k + Qi@ k»
Dy = ewjllij — K — du@,,
By = qyyltij — Ay — U@ 1,
Gijj = 0,Dyx = 0, By = 0,

(1)

where we have assumed that there is no body force, no electric
charge density, and no electric current density; repeated indices
mean summation, a comma followed by i (=1,2,3) denotes the par-
tial derivative with respect to the ith spatial coordinate; u;, ¢ and ¢
are the elastic displacements, electric potential, and magnetic po-
tential; oy, D; and B; are the stress, electric displacement, and mag-
netic induction (i.e., magnetic flux); Gy, x,; and u; are the elastic,
dielectric and magnetic permeability constants; ey, gjjx and d;; are
the piezoelectric, piezomagnetic, and magnetoelectric constants.

We now define the extended displacement and stress compo-
nents by

w, I=i=1,2.3, o, 1=i=1,2,3,
u=14¢ I=4, o =4 D =4, )
(rD7 ]:57 B] I:57

and adopt the extended stiffness notation as below
Cju, LK=i, k=123,

ej, K=41=i=1,23,

ey, I=4, K=k=1,2,3,

gy, K=51=i=1,273,

Cit = 3
MY g 1=5 K=k=123, 3)
—Kiji, [=K=4,
. 1=K=5,

-dj I=4,K=50rl=5 K=4.

Then Eq. (1) can be recast into

o = Cyxtigy, 05, =0, (4)

2.2. General solutions in terms of the extended Stroh formalism

We assume that the extended 2D problem depends only on
coordinates x; and x,; then the general solution of Eq. (4) can be
obtained by virtue of the extended Stroh formalism (Kuo and
Barnett, 1991; Suo et al.,, 1992; Liang and Hwu, 1996; Ting, 1996;
Jiang and Pan, 2004). More precisely, we seek the solution in the form

u= (U, Uz, Us, b, ) = af (x; +pxy), (5)

where a is a five-dimensional vector; p is a complex number; f{*) is
an analytic function of its variable “’ and the superscript ‘T’ denotes
the transpose of a matrix or vector. Thus, Eq. (4) is satisfied by the
arbitrary analytic function f given in Eq. (5) if (see, e.g., Chung and
Ting 1996)

Q +p(R+R")+p’Ta=0, (6)

where the 5 x 5 matrix R and the 5 x 5 symmetric matrices Qand T
are defined by

QIK = C111(17 TII( = C12K2- (7)
For the existence of a non-zero vector a, the characteristic equa-

tion of the eigenvalue problem (6), namely

det[Q + p(R+R") +p’T| =0 (8)

must be satisfied. Furthermore, for a stable material, the roots of Eq.
(8) form five conjugate pairs with non-zero imaginary parts (e.g.,
Eshelby et al., 1953). Assuming that p; (I=1, 2, 3,4, 5) are the five
distinct roots with positive imaginary parts and a; (I=1,2,3,4,5)
the corresponding eigenvectors, then the general solution (the ex-
tended displacement u and the extended stress function V) of Eq.
(4) can be written as

U = (U, U, 3,4, )" = 2Re[Af(z)], }
¥ = (b1, V5, V3, Vg s)" = 2Re[Bf(2)],

where ‘Re’ stands for the real part and the constant matrices A and B
are defined through a; as follows:

b =R +pTa =-p'(Q+pR)a, [=1,2,3,4,5, 10
A = (aj,az,a3,a4,as), B = (by,b;,b3,by,bs).

RII( = C11K2-,

9

In Eq. (9), the five-dimensional vector f(z) is formed by five
arbitrary analytic functions fi(z) (I=1,2,3,4,5) as

£(2) = [fi(21).2(22). f3(25). fa(2a) . f5(25)]",
ZI=X1+DX2, D=0y +1if;, f;>0,1=1,2,3,4,5,

(11)

Furthermore, the extended stress function vector V is related to
the extended stress components by

on=—Y1, Op=yY;;, [=123,45 (12)

The eigenvalues {p;} and eigenvectors {a;b;} depend on the
extended material stiffness matrix Cji and can be equivalently
determined by the following eigenrelation (Chung and Ting, 1996):

N¢ =p¢, (13)

where N is a 10 x 10 fundamental matrix and ¢ is a 10 x 1 column
vector, both defined by

) ()
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where

N,=-T'R", N,=T"', N;=RT'R"-Q, (15)

with Q, R, T being the real matrices defined by Eq. (7). Another ap-
proach to compute the eigenvalues {p;} and eigenvectors {a,b;} is
via the Lekhnitskii formalism (Lekhnitskii, 1963), where the eigen-
vectors can be given explicitly after the eigenvalues {p;} are solved.

2.3. Alternative expressions
It is often useful to write the extended stress and strain fields

explicitly in a different form (a symmetric form in elasticity as in
Mantic and Paris, 1997; Ting 1998, 2000). Actually, from

am:zRe[%Bmfsz)}, o :sze[gB,Mprﬂ’A(zm] (16)

and

Biy = —pyBoy (N0 summation) (17)

which are given by Eq. (12) and ¢,; = 0,, we can reach

61j = 2Re> BBoyfy(zu)Bi  (forj=1,2). (18)
M

Similarly, from

iy = 2Re[SAnfy(a)| . wa = 2Re[SAwpfyan) |, (19
M 1 M

using the notation

By —Bi; 0 0 0] 0 -1 0 0O

B -B 0 0 O 1 0 00O

B;s —Bis 0 0 O|=B"|0 0 0 0 O|=B'K (20

By By 0 0 O 0 0 00O

Bys —Bis 0 0 O] 0 0 00O

and the geometric relations &; = (u;; + u;;)/2 with u;4 = 0 and u;5 =0,
one can further arrive at

& = Re | S AmBoyfu (zv) BauKni + A Boyfis (z) BauKini |
M

forj=1,2. (21)

3. General solution to Eshelby’s inclusion problem in an
anisotropic multiferroic full plane

3.1. An inclusion in a full plane

We will solve the problem via the extended Stroh formalism. In
so doing, we first define the following matrix notations

Oy = [01p70-2p703p7Dp~,Bp]T7
& = [€1p, €p, E3p, —0.5E,, —0.5H,)", p=1,2, (22)

where E, and H, are the electric and magnetic fields defined by
E, = ¢p, Hp = ¢p, respectively; and

f = [f{(21).f3(22).f3(25).f4(2a) . fi(25)]', (23)

where f/(z;) (I=1,2,3,4,5) are the derivatives of the eigenfunc-
tions fi(z;) with respect to z. Furthermore, a diagonal matrix com-
posed of five elements, say {p;}, is denoted by (p.).

Let Q be the x;-x, plane made of a homogeneous but aniso-
tropic multiferroic medium. It contains a subdomain, say w, which
undergoes an extended uniform eigenstrain & (i.e., elastic eigen-
strain {&,, i=1,2,3; p=1,2}, plus eigenelectric and eigenmag-
netic fields {E,,H,, p =1,2}). Let @ denote the supplement of »

i> dy

A

ds g dx

dx,

i
0] >

Fig. 1. An arbitrary inclusion w in a full plane, with its inner point z, boundary point
y, and the increasing direction of dy.

in the x;-x, plane, I' = dw the curve separating w and @ (Fig. 1),
and with @ and @ being defined as open sets. Throughout this
paper, we indicate the quantities in w and @ with the superscripts
(or subscripts) ‘in’ and ‘out’, respectively. The extended eigen-
displacement field u” in @ corresponding to the extended eigen-
strain fields in @ can be expressed as

E11X1 + €1,X2
E5,X2 + €151
u = | 2&5% +2€5:% |, (24)
—(E1x1 + E5x2)
—(Hix1 + Hyx2)

where {¢},, €},,&5,} are the in-plane eigenstrains, {&};, €5;} the anti-
plane eigenstrains, {E],E;} the eigenelectric field, and {H;,H5} the
eigenmagnetic field. It is convenient to introduce a diagonal matrix

L=(1,1,2,2,2) (25)
and notation
Ic,;:Ls;;, p=1,2. (26)

Let {u;, @, ¢} be the elastic displacement, electric potential and
magnetic potential caused by the eigenstrains, eigenelectric and
eigenmagnetic fields, n the unit normal of the boundary I'" pointing
from w to @ (Fig. 1). The continuity conditions for the displace-
ment and traction vectors across the boundary are

W =ul u;, mot = oy (27)

The continuity conditions for the tangential electric and mag-
netic fields and normal electric displacement and magnetic induc-
tion read

nxE"=nx(E"+E), n-D*=n.D" (28)

n x H = n x (Hi“ _,'_H*)’ n-B° =n.B". (29)

As illustrated in Fig. 1, the increasing direction of dy is to keep w
on the left-hand side as the Cartesian coordinate system is coun-
ter-clockwise orientated. This implies

mds = dx,, nyds = —dx;, (30)

where ds is an infinitesimal arc length element at the boundary
point (xq, X3). Substituting Eqs. (12), (30), and E; = —¢,;, H; = —¢,; into
Egs. (27),, (28), and (29) gives
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out in * i (3]>
d(¢*" — ¢ — ¢7)/ds = d(@* — @™ — ¢*

Making use of the continuity conditions of the relevant quali-
ties, we must have

Yot = yin with I=1,2,3,4,5;
¢0th ¢|n+¢ (pOUt (pln+(p (32)

Combining Eqs. (32) and (27), provides the equivalent continu-
ity conditions of the extended displacement and stress function
vectors across the interface:

Uoue(y) = Uin(¥) + W (¥),  You(V)

where y=x; +ix; € I.
Making use of the general solution equation (9), the continuity
condition equation (33) can be expressed by

Afou(y) + Afouc(y) = Afin(y) + A () + ', }

d(yt — yi")/ds = 0 with I = 1,2,3,4,5,
)/ds =

= Vi), (33)

o o (34)
Bfout (V) + Bfour () = Bfin(y) + Bfin (),
where y € I' and the overbar denotes the complex conjugate. Mul-

tiplying the two vector relations of Eq. (34) by B” and A', respec-
tively, and adding the results, we obtain

fouc(y) = fn(y) + B'w'(y), yerl, (35)

where use is made of the extended Stroh orthogonality relation
(e.g., Chung and Ting 1996)

B A"||[A Al |AA BTAT_FO] 36)
BT AT||B B| |B B||B" AT| [0 1)
with 1 being the 5 x 5 identity matrix.

Since fi(z;) (1=1,2,3,4,5) are five functions which are sectionally

analytic with respect to z; in the entire complex plane except for
the boundary I, it is helpful to write B'u'(y) as functions of y;.

Using
X :plyl_l_?l.V[’ XZ:.VI—J_’I (37)
D —Di Db —Di
on the interface, we have
c1yr +diys
C2Y, + 2y
B'w(y) =B'gx, = — | cay; +dsys |, (38)
Cayy + dsys
CsYs + dsYs

which gives us a decoupled form of the condition as in Eq. (35)
across the interface:

) = £ ) + (e + dig),

The detailed expressions of ¢; and d; are given in Eq. (123)
below.

We now recall the following Lemma (Henrici, 1986; Ablowitz
and Fokas, 2003): Let I" be a simple, closed, regular, positively
oriented curve enclosing the origin, and let b(t), t € I" be a Holder
continuous function (namely for t, T € I', we have |b(t) — b(t)| <
Clt —7|*, C>0, € (0,1)) on I', the degenerated Privalov (or Rie-
mann-Hilbert) problem fU(t) = f"(t) + b(t) has the general solution
(Muskhelishvili, 1963)

flz) =1 7{ LG (40)

2ni Jrt—2z

1=1,2,3,4,5. (39)

The jumping relation (39) over the boundary

I'={yy=x1+px2ly=x1+ix, eI'}, 1=1,2,3,4,5, (41)

directly yields
1 ay + diyi
(8) = g g
—czy” *271:]4 Gy 1-1.23.45 (42)

where y® is the characteristic function of @ that equals to 1 or 0
according to whether z is inside or outside w.
The extended strain and stress components are then given by

u; = 2Re[Af], u, = 2Re[A(p,)f], (43)

6, = 2Re[Bf'], &, = —2Re[B(p,)f], (44)
where forI=1,2,3,4,5,

d;
@)=y’ +5= ¢ ———=dy,=cay” +dgp;z) (45)

27 0, 5y 2
with

1 dyi

2mi rYi—

gbz) = (46)

Sometimes, it is convenient to write g(p;;z;) as g(p;z,z) which
takes the form

1 (1 +ip)dy + (1 — ip)dy
8(p:z.2) = 27ri?€ I-ipy-2+0+ip)y-2)

(47)
3.2. General expressions of Eshelby tensors in the multiferroic inclusion
problem

In this subsection, summation convention for repeated indices
does not apply. From Egs. (38) and (45), we have

fi@) = =B, Fip(z) (48)
Kp
in which
pigpi321) — Piy” 1”—&psa)
F Z]) = e ——— F Z —_— 49
n(zr) b —Pr n(z) = P (49)
Substituting Eqs. (48) and (26) into Eq. (21) results in
81] = - Z Re{(A”\/’BL]\/lKLj
LMNKp
+ I(LIBLMAjM)BEI\}]BKMLKNFMp (ZM)}E;(JP, (50)

from which we deduce the Eshelby tensor X, defined by

N YO ok
& = ZpnpEnpr AS

Z;};\Jp = Re{ > (AmBmKy + KLIBLMAjM)Bzf\}[BKMLKNFMp(ZM)}-

LMK
(51)
Similarly, substituting Eqs. (48) and (26) into Eq. (18) gives
o5 =-2 > Re{BwByBuLinFup(zu)Biw }ex, (52)
M\N.Kp
which delivers the eigenstiffness tensor Q®, defined by
Gj = QjinpEip» S
Q;j)Np = 2Re{ ZB,MBZ,\},BKMLKNFM,,(ZM)BJM}. (53)
MK

Recall that the eigenstiffness tensor rather than the Eshelby ten-
sor is directly involved in various micromechanics schemes for
composites of inclusion-matrix types (e.g., Zheng and Du, 2001;
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Zheng et al.,, 2006). Here, we can see that the expression for
the eigenstiffness tensor Q is simpler than that for the Eshelby
tensor X,

4. An inclusion in an anisotropic multiferroic bimaterial plane
4.1. General integral expressions of eigenfunctions

The Eshelby’s problem for an inclusion in a bimaterial full plane
is of practical importance. For example, for buried strain semicon-
ductor devices, the top barrier layer may be much thinner than the
underlying substrate. Hence, the buried device can be modelled,
more realistically, by an inclusion in a half-plane, rather than in
an entire plane. In general, due to the presence of a free surface,
analysis of the Eshelby’s problem in a half-plane is more
complicated.

We consider the more general case where two anisotropic mul-
tiferroic media M_, M, occupying the lower half-plane S_ (x, <0)
and upper half-plane S. (x> 0), respectively. Furthermore, the
lower half-plane S_ contains an internal subdomain « which
undergoes the uniform eigenstrains, eigenelectric and eigenmag-
netic fields. We let w and @ denote the subdomain and the remain-
der of w in the lower half-plane, respectively, and I' the interface
separating w and @ (see Fig. 1). Hereinafter, we indicate the quan-
tities in S_ and S. with the superscripts (or subscripts) ‘—’ and ‘+’,
respectively. In virtue of the superposition model proposed by Zou
et al. (in press), the solution of the Eshelby’s inclusion problem in
the bimaterial plane can be expressed as

f(z) =f(2) +f°(2), (54)

where f*(z) is the corresponding Eshelby solution of inclusion in
the full plane, as given in Section 3, and the complementary term
f’(z), which is piecewise analytic in the lower half-plane and the
upper half-plane, will be solved below.

Across the interface x, =0 the continuities of the extended
traction and displacement are

0hL=0p, U =u, 1=12734,5, (55)
which can be expressed by
u. =u_, ¥y, =y_, onx,=0. (56)

On the other hand, similar to Eq. (33), the interface conditions
along the curve I’ in the lower half-plane are

Uoye = Wip + U*, 'ﬁout '/’m»

It is noted that due to the analyticity of f’(z):

fo..(v) = i, (¥),

the second interface condition in Eq. (57) is satisfied naturally. Sub-
stitution of Egs. (9) and (54) into Eq. (56) yields

=Af(x)+Af (x) +F,°;<x1>,} 59)

=B_f (x;) + B_f* (x,) + FX(x1);

when x; +ix; € I'. (57)

yer, (58)

A () + A (x1)

B.f) (x;) + B, (x1)
where the two real function vectors are defined by
Fr(x) = (A —A)f () + (A —A)F (x), } 60)
Fy(x1) = (B_ — B )f (x1) + (B- — B )f"(x).
Utilizing the orthogonality relations
{Bi “3} {m A+] _ [BT A’} {*‘ A} [0 e
BT AT||B, B, B AT ||B. B_ 01

and after some algebraic calculations, we have

Cof? (1) + D2 (1) = £ (x1) + (1 = C)f“(x1) = DF(x1),  (62)

2 (%1) = C.f” (x1) + Do’ (x1) + (Co — DF°(x1) + Do (x1),  (63)

where uses are made of
C.; =BIA.+AlB;, D..-BlA +AB.. (64)

From the Cauchy formulae and the properties f(co)=

f'i(oo) =0, we can derive that
b -1 poo c D, 0o f(
f+(Z) = 2m f 0 f[ (z[ dt - f 0 ft z dt ZESJN (65)
) =55 = fj“;>dt+c Dt [ 04 zes..
Substituting the basic term on the real axis
o i i
f; (t)—ﬁ A ylith’l
into Eq. (65), and using the integrals
 fo( zeS_,
66
Zm/ 2m ¢l:y1 zeS.; (66)
/ frett t g, dy, zeS., 67)
2mi 0, zeSs.,
we finally obtain
(e = SUCy - ol Y i z €S, (68)
b\ _ -1
(2 = T(C (D) g D 5 aes. (69)

After careful observation, we find that the above formulae, as
well as Eq. (42), are all associated with a kind of simple integral
(Eq. (71)), and that the derivatives of the basic and complementary
functions can further be expressed by this simple integral as

;(C;l)ud]g(p];z,),

ay” +dig(pizi) + %(C:)IK(Di)Iqafg(ﬁﬁz')’

Zr ES+,

1(2z1) =

€S,

(70)
for I=1,2,3,4,5, where the essential eigenfunction g(p;; z;) is defined
by

1 dy
8Pi2) =5 f 5 (71)
s

with y; = X; + pjx,. It should be noticed that z; = x; + p;x; if X, > 0
and z; =X +p;yx; if x, <0. Sometimes, we write g(p;;z;) as
&(py; P1,2,2), taking the form

1
g(p;p2,2) = ﬁ%

X

(1 +ip)dy + (1 — ipy)dy
: 1-ip, : o 1+ip (72)
1- 1p,)< lp]'z) 1+ lp])(y 1+1p}2>
The essential eigenfunction g in the Eshelby inclusion analysis

can be very conveniently employed to derive the average of the ex-
tended eigenstrain-induced field, as presented below.

4.2. The average of the eigenfunction g

Utilizing the formula (e.g., Lavrentieff and Shabat, 2002) for any
function f(x,X)
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% §.f(z.7)de = / o g;”_‘) dx, (73)

we can calculate the average of g over the inclusion w by (with a hat
on g)
i Y-

I
d dz;, 74
2w ol By, f, vy -z 04

&(p,p) = (&pp21)) =

or equivalently

N 1 + lp] ]{ % y- 1+1p]
g(p;p In{1+¢
PP =41 ipylal Ty-tz
x (dy + & dy)dz. (75)
where || stands for the area of the inclusion and
1+ip
=7 in,’ (76)

With the average of g, the average of f/(z;) can also be determined
by

fi@) =c+dgpip) + %(C;])IK(Di)Kja]g(pﬁpl)~ (77)

when the upper half-plane is empty, our bimaterial-plane solution
is reduced to the half-plane solution with extended traction free
on the surface of the half plane. The related expressions for this spe-
cial case are given in Appendix A.

5. Analytical solutions for inclusions of various shapes

With the results derived in Section 4, we are now in the position
to present the explicit analytical solutions for inclusions made of
various geometric shapes. These include the ones described by
the Laurent polynomial, the polygonal shapes, and the ones de-
scribed by the Jordan curve. The details are presented below.

5.1. Inclusions described by the Laurent polynomial

By the Riemann mapping theorem (Henrici, 1986), the shape of
any given inclusion @ can be approached by the Laurent polyno-
mial of w:

N
yw) =y, + R(w + zbkw*k) wl =1, (78)
k=1

where R > 0 and y, is a unique inner point of the domain w bounded
by I'. Typically, the parameters R and y, characterize the size and
center of w. Some useful information on the shape expression
(78) can be found in Zou et al. (2010).

Considering a circular inclusion described by y(w)=yq+ Rw,
|w| =1, then

1-ip
Y=Yty
defines a deformed elliptical inclusion, since || < 1 always holds,

with its center at y, + &yo and with the same size parameter R.
The essential eigenfunction (71) can be written as

1+ip,_ 1-i =
Py =Py, +a50+ Rw+gw ™) (79)

1+ip; dy’
2mi(1 - ip)) LY -

g(pz) = z,.,y’ =y, +Rw+egw)er,
(80)

with z = &

belongs to the domain surrounded by
I';, then we have the following expansion

1 _ p-1.,,-1 _\kp1/4y
S RIS R,

2w +gw (81)

Using the residual theorem and substituting Eq. (81) into Eq.
(80) yields

. - 1+lﬁ] é]7W72 71“1’1‘?)}_7‘171.[77]
8Pra) = o —ipy £y - R

However, the inequality of p; and p; largely reduces the solvabil-
ity of (71) since the mismatch between the deformed domains
from p; and p; makes the expansion like Eq. (81) generally impos-
sible. Even though the solution such as the above can be obtained,
the interior point z' of the deformed domain is still indecisive.

5.2. Polygonal inclusions

An elegant analysis was carried by Rodin (1996) for the polyg-
onal inclusion problem in an elastic isotropic plane. Here we pres-
ent the solution for the corresponding anisotropic and multiferroic
plane. In this subsection, p,y,s,... can be freely replaced by
PpYpSp- .- ina group. Let w be an arbitrary polygonal inclusion with
its boundary consisting of N rectilinear sides 0w, with
k=1,2,...,N. As illustrated in Fig. 2, denoting by y, and y;.; the
two end points of the kth side dwy, we can parameterize all points
of this side in the following form

Y=Y+ W —Ydt, (0<t<). (83)

Then, it follows

_ P _
/ dy _ Spdt _ S In Wit ’ (84)
oo Y2 Jo WktSt s wi

where Wy =Y, — 21, Sk = Y41 — Yk = Wkp1 — Wi and  Inz=In|z| +
iarg(z) with —m <arg(z) <z (Zill and Shanahan, 2003). We sum
the integrals of all sides to obtain the explicit expression of the
essential eigenfunction (71) as follows:

§k Wit 1
M s Wi

gp;z) = (85)

We point out that care must be taken in using these solutions in
which the logarithmic terms cannot be in general combined freely.
To be able to operate the terms freely, the arguments 0, of wy need
to be prescribed as follows. Referring to Fig. 2, we first assign the
range of 0; to be (—m,x]. If the direction of w, is counter-clock-
wise/clockwise rotated from the direction of w; through an angle
less than 7, then we assign 0, to be larger/smaller than 0,. Analo-
gously, we assign 0. to be larger/smaller than 0, when the coun-
ter-clockwise/clockwise rotation from the direction of wy, to that of
W41 IS an angle less than n. For a simply connected polygonal
inclusion with N sides, the complex point wy.; can be superposed
with w; but should possess an argument 27 + arg(wy) if z is an
interior point. The ranges of ¢, are defined in the same way, which
will be crucial in calculating the average Eshelby tensor. By virtue
of these prescriptions and the foregoing discussion, the general
solutions can be written as

g(p;z) = Ze*z“"k ln + (01 — 00) |, (86)

2m

where Ry, Ly and 6y, ¢y are the norms and arguments of wy and s,
specified through

Wy = Rkei‘)h Sk = Lkei"’k. (87)

Furthermore, we parameterize point z; from the jth side and
point y; from the kth side by
=yl +sit, y =y +st with 7,t € [0,1], (88)

so that
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Fig. 2. Prescriptions of the arguments for s, (i.e., the field point x is inside, left) and z, (i.e., the field point x is outside, right) of a polygonal inclusion.

W=y, —z =5 +sjt—s/t. (89)
where, use is made of the notation
Py - I ol
Sik = Yi— Yo S =S (90)
Then, introducing notations
. e—i2(/>{( + e—iZd))!
k=T
starting from Eq. (74), and after some calculations, we can obtain
the following simple formula for the average of g:

o1

g(p;p) = Y sik[0 + Chl, (92)

1
27(p; — Pl ol 5%

where the expression of Cj is symmetric in j and k, and takes the
following form:

J V) I I
s S: S S:
cl = o; kln £ A, e 93)
= O g 9
J k k j k1
ifk=j+1, and
<l I I /) <l +oll /j
CI-] _ Sj @jk‘sj k l] lnsj k+lsj+1 k Sj.k+1 - @jksj.k+1 1 Sj,k+1
Jk S’Sj Sl] sl Sl]
ok jk2j+1 k+1 ] J+1k+1
U /j /j
Sj+1.k B @ S)H k S +1,k+1
s In s”
k j+1.k
s s
+ @ksjk (s In UJ.k+1 L l J+1 k )7 (94)
] j+1.k+1 Sk S}+1 k+1

if k>j+ 1. Remark that, in the foregoing formulae, when j (or k) is
equal to N, we have to setj+1=1 (ork+1=1).

5.3. Inclusions bounded by the Jordan curve

We let I" be a simple closed curve, called a Jordan curve, com-
posed of straight line segments and circular arcs which are one-
by-one smoothly connected, say, (V173, Y2V3- - -»Yam-1Yam» YamV1)»
where y,,y,,...,Y,u are N (=2M) end points. The phase angles of
the straight line segments as prescribed in Section 5.2 are ¢, which
satisfy
Yok — Yarr = L€, k=1,....M; (95)
The centers of circular arcs are

i 2 Yoki1 — Yok
= You 14071 =y — el B (96)

where 1, = lyjf]‘iyzk are the signed arc radii, namely

e >0,

if(/)kﬂ > Py }
re <0,

if¢k+1 < ¢k'
A Jordan curve with 2M segments can be constructed by smoothing

an M-sided polygon. We suppose that the vertices of the polygon
are

97)

Yori1 — Yok (98)

— - iy
Vie = Yo + tie Yt e etk 4 eidy ’

where t; (>0) are distances between Vj., and y, or yar+1. We further
assume that the vertices V and the arc radii ry are given, then yy,
Yak+1, and t, can be calculated from

Yok = Vi1 — T/<€i¢k tanm (99)
Vaker = Vieer + 1@l tan 20
Yoki1 — Yo
=g 3o = Tk tan(der — 9. (100)
It is natural that the inequality
b+ b1 < Vi — Vi (101)

is required for all k. When the radii of arcs are taken to be constant,
say |ri| =, the above relation yields
. Vi1 =V
r < min ; |—¢k+1 il — k=1,2,--- M.
tan % 4 tan |5 |
Assume that e is an elliptical domain deformed from a circular

domain given by the arc dw;, and parameter p, a distorted point z
(z)) € e¥ inside the arc means that the inequality

(102)

sign(ry) arg ! <0and z e (103)
Wzk
must be satisfied, where w; = y; — z.
It is convenient to use the arc length coordinate to label a point
on I'. Letting the arc length coordinate at end y; be I;, the arc length

coordinate [ of point y between two ends yj, y;+1 is calculated by
I+ refarg(y — c) — ¢+ /2], if j =2k,

I= . (104)
L+l -yl if j=2k-1.

Inversely, a point with arc length coordinate [ has the following
Cartesian coordinate:

Cy + rel e ) _ = +1¢,

J’j+§*';‘(l—lj)«,

if j = 2k,
if j=2k— 1.

After the foregoing preparation, we can now calculate the
essential eigenfunction (71) of arc dw,y through
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|
Ay w.

Lk dy + Sk dy
/dwzk 2 y Za) 1+ip(}772b)

1flp W2k+1 +2nlykSlgn(Tk) —ZigH (105)
1= (1—ip)y*
where
oo / dC (106)
e
with { = el (1 = el -1/, 70 = 1—:zpvjlz 2= :§/‘ z and
a4 = _3b L
S G2 2 G-z (107)
T Tk 1-ip 1y

The undetermined integral of H in Eq. (106) has branches, it
equals

N
)
T‘
™

ey

P 22
\/ R htik e

> . (108)
g1 —¢ ¢
if € # 0, and
)lz lnﬁ}&}i, if 140,
H={ " ' (109)
%, ifA=0

if € = 0. Combining Eqs. (105)-(109) with the known integral of a
straight segment

N Sy War
277511( 15k Waer'

8ak-1 (pvzl)

we can rearrange the solution of g as

. Wu 1,
#piz) =1+ 3 et o) (110)
where use is made of the property
1 W W2k+1}
In +1In =y, 111
2mi ,(Zl Wak_1 wy x (1)
and the integral I; herein is specified below.
Introducing the notation
W = -2 7/ (G — 2% — (1 + P2, (112)
Cik — Z
Gy = J"z ! (113)
VG -2 — (1 + )12
the integral I, can be expressed as follows:
(i) if € = 0, then
2 .
o In2 gy, — ¢, — 2msign(ri)z))
=+ (eiten — i), if 40,
—1 (e~ — g=2idky,; if 1=0
(114)

(ii) if € # 0, then

_ PP h =i -ipretr oy one
I = i1+p?) (1+qy) [ln I —i(1=ip)ree (1 — Pk —270)5)
p-p hy —i(1—ip)rgeien s
I - — -2
(1 +p2)( ~ ) |: n h’j _ l(l _ ip)rkei‘/’k l(¢k+1 P n%k)
2mi(p — .
*%pzp)[l —sign(re)] it (115)
or equivalently
p-p Yjoks1 —
I,=-
i) | v —i(hyyr — ¢k)]

P=P i L
27 lsiEn(r 2 + 8 (1~ 20

p—p {mhk—ug

hy —i(1 —ip)ryei®i
hy —i(1 —ip)ryei
(116)

_ ip)rkei‘ﬁkﬂ

+

i1+ p2) | ", Zi —ipyree

where the indicator functions y}, 2, x: and y{ are defined by

1, if sign(ry)arg®: < 0 and z € ek,
Xll<: gn(re) arg Wak < 1 ) (117)
0, else;
M k
Xf/%i = { 1, ifarg=y hy —i(1-ip)rce <0, z €€, (118)
0, else;
1, zeek
4 ’ 1 5
N 119
s {O, else (119)

A special case of the Jordan curve is a semicircular arc dwy con-

necting two parallel sides such that
1 1

Ck = j(ka + Y1) Te= ) [Vare1 — Yl (120)
which can be considered and will be shown as an example in the
next Section. In this case, due to the abnormity of the branch struc-
ture, the conditions of the two middle indicator functions y2, y;
should be changed to

—i(1-ip)re k1

Xﬁ/xi — 1, 1farg hf—i(1- ip)ryek
0, else

Another extreme case, which would be interesting from a theo-
retical point of view, can be carried out if we take the sign defini-
tions of arc radii in Egs. (97) and (120), inversely.

In the case of a Jordan curve, the singularity analysis of the
eigenfunction f(z) around the end point y; is very intricate, but di-
rect numerical calculations show that, other than the logarithmic
singularity of the polygon around its vertices, there is no singular-
ity at the boundary of an inclusion bounded by a Jordan curve.

<-m/2 (121)

6. Numerical examples and discussion

As applications, we present a couple of numerical results on the
induced fields by the extended eigenstrain in the inclusion of dif-
ferent shapes. These include the polygonal inclusion in full and half
planes, and an inclusion made of both curved and straight line seg-
ments in the bimaterial plane.

For the sake of easy demonstration, the dimensions of extended
stress/strain are rescaled, based on the dimensions of elastic, elec-
tric displacement, and magnetic induction constants in 10! Pa,
10 C m~2, and 10> Wb m~2. Thus the extended constitutive relation
becomes
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(10" Pa) C e g &
p(1ocm?) | =|e -k —d||¢,107°Vm™)|.
B;(10° Wbm™?) q -d' -u)|@,10°Am™")

(122)

6.1. Some fundamental features

Before presenting the numerical results, we first analyze some
of the important features associated with the problem.

In the frame of the extended Stroh formalism, the extended
strain and stress are completely determined by Egs. (43) and (44)
where A, B and p; (I =1,2,3,4,5) are related to the material proper-
ties in the reference plane. The spatial variances of the physical
fields are simply controlled by the five eigenfunctions fi(z;)
(I=1,2,3,4,5), which have different expressions for different prob-
lems, say, indicated by Eq. (45) for a full-plane problem, Eq. (A6)
for a half-plane one, and Eq. (70) for a bimaterial one. Since y® is
the characteristic function of the inclusion domain « that equals
to 1 (0) if z is an inner (outer) point of w, we find that, besides the
two coefficients ¢; and d; and some other derived material parame-
ters, say Bin Eq. (A6) and C., C:, D. in Eq. (70), which are all indepen-
dent of the spatial coordinates, the five eigenfunctions fi(z;) can be
ascribed to a set of essential eigenfunctions g. It is easy to count
the number of different essential eigenfunctions, namely 5 (g(p;; z;),
1=1,2,3,4,5) for the full-plane case, 30 (g(p;z), &®;z),
1.J=1,2,3,4,5) for the half-plane one, and 50 (g(p;; z;), &(bs;2),
I,J=1,2,3,4,5) for the bimaterial case. From this analysis, we can ob-
serve that: (1) the effects of the inclusion shape and material inter-
faces are controlled by the essential eigenfunction set {g}, whilst the
couplings between different physical fields by the two coefficients ¢;
and d; (2) when the essential eigenfunction set {g} and the coeffi-
cients ¢;and d; are fixed, the combinations to form different physical
fields are stably controlled by the material matrices A and B as
shown in Eqgs. (43), (44), (A6), and (70); (3) according to the expres-
sion of g in Eq. (71), only for the full-plane problem, the size and
position of the inclusion have no influence on the induced field.

The two coefficients ¢; and d; are linearly related to the extended
eigenstrain as below:

T 7 T =
PiByé — Byép

By, — By,
g=-Y " d=- -
= = T h

— 123
1] D — D 1] (123)

where ¢, is defined by Eq. (26). For instance, a hydrostatic elastic
eigenstrain €11 = & = 0.5 results in

¢ - —05BPBy g o5PiB By
pi—Di br—Di

Using property Eq. (17), the results can be further simplified to

(124)

1+piprpr 1+pipspr
¢=-05——=-B,, d=05——"B,, 125
1 p—p w4 pi—p o (125)
where, for the material considered in Section 6.2 below, we have
—0.3661682 + 0.4807980i

—0.7544860 + 0.1823175i
—0.7574741 + 0.1825447i
—0.3379321 — 0.8959268i

0.6047747 + 0.3394896i

(Bar) =

Since there are different essential eigenfunctions g correspond-
ing to different p; and p; for the given problem, we prefer to present
the induced elastic strain and E-/H-fields instead of the set of g
though the latter may be more fundamentally associated with

X

v

Q

—

|,________-_________

|
/

e -SSR

Fig. 3. Regular N-side polygons inside a unit circle in a full plane or a half plane. For
the half-plane case, the center distance of the circle to the surface of the half plane
equals 2.

the geometry of the problem. Therefore, in the following numerical
examples, we calculate the invariants of the extended strains as
below: the hydrostatic strain (&, = &11 + &;2), the deviatoric strain

&4 =1/(&11 — 822)2 +4¢?,, the anti-plane strain magnitude &, =
2,/€2, + &2, and the E-/H-fields E, = \/E; + E5 and Hy = /H3 + H;.

6.2. An N-side polygon in a full and half multiferroic plane

The inclusion is a regular N-side polygon inside a circle with
unit radius (Fig. 3), which is in a full plane or a half plane, as in
Pan and Jiang (2006). In the half plane case, the center distance
of the inclusion to the surface is 2. The multiferroic composite
material properties (50% of BaTiOs; and 50% of CoFe,0,4) are listed
in Property column of Table B1 in Appendix B (Xue et al., 2011).
The rescaled material properties are listed in the Rescaled column
of Table B1 in Appendix B. This composite, as well as its corre-
sponding decoupled cases (piezoelectric with g;; = 0 and piezomag-
netic with e;=0) are all analyzed to investigate the effect of
different couplings on the eigenstrain-induced fields.

For a circular inclusion, we have a constant essential eigenfunc-
tion g inside the inclusion

1-ip

8(piz) =3 in;’ (126)
For regular polygons with N vertices defined by
Y= k=1,2,...N, (127)
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Table 1a
Invariants of extended strains under eigenstrain &;; = 1 in N-side polygonal inclusion embedded in a multiferroic composite full plane.
N Area en (1071) & (1071 £q (1071) 84 (1071 En(1072) E, (1072) Hy (107%) H, (104
3 1.30 -2.27 -2.26 3.57 3.48 4.24 4.23 9.55 3.25
4 2.00 -2.29 -2.26 4.63 3.05 4.60 4.08 17.2 2.98
5 2.38 -2.27 -2.27 3.52 3.52 4.23 4.23 2.38 1.81
6 2.60 -2.27 -2.27 3.56 3.53 424 423 7.42 3.51
10 2.94 -2.27 -2.27 3.52 3.52 4.23 4.23 234 2.04
=20 3.14 -2.27 -2.27 3.52 3.52 4.23 4.23 1.99 1.99
Table 1b Table 2b

Invariants of extended strains under eigenstrain &;, = 1 in N-side polygonal inclusion
embedded in a multiferroic composite full plane.

Invariants of extended strains under eigenstrain &;, = 1 in N-side polygonal inclusion
embedded in a piezomagnetic full plane.

N ea(107) & (107" En(10%)  E, (102 Ha(107) [, (10°3)
3 791 7.99 3.01 2.94 3.67 3.05
4 5.80 8.86 217 3.31 2.33 3.79
5 796 7.96 2.97 2.97 3.32 3.29
6 792 7.95 3.00 2.98 3.57 3.38
10 7.96 7.96 2.97 2.97 3.32 3.31
=20 7.96 7.96 297 297 3.30 3.30
Table 1c

Invariants of extended strains under eigenstrain E; = 1 in N-side polygonal inclusion
embedded in a multiferroic composite full plane.

N £a(107") & (107") En(107%) E, (1072) Ha(107%) [, (1074
3 364 3.53 5.25 5.25 453 8.84
4 439 324 5.18 5.28 5.70 7.11
5 3.8 3.58 5.25 5.25 6.93 7.15
6 3.62 3.59 5.25 5.25 5.25 6.57
10 358 3.58 5.25 5.25 6.95 7.06
>20 3.58 3.58 5.25 5.25 7.08 7.08
Table 1d

Invariants of extended strains under eigenstrain H; = 1 in N-side polygonal inclusion
embedded in a multiferroic composite full plane.

N £a(107%) & (107%) En(107°) E, (1073 Ha(107") f, (10°1)
3 106 7.22 4.44 5.15 3.57 3.40
4 144 6.54 3.61 531 3.87 3.32
5 872 8.57 4384 487 3.48 347
6 101 9.02 456 4.77 3.55 3.49
10 870 8.63 484 4.86 3.47 347
>20 861 8.61 486 4.86 3.47 3.47
Table 2a

Invariants of extended strains under eigenstrain &;; = 1 in N-side polygonal inclusion
embedded in a piezomagnetic full plane.

N e (107) 8, (107 & (107) & (107") Hp(107%) J, (104
3 -2.09 -2.08 3.86 3.78 3.71 8.40

4 -2.08 -2.09 492 3.35 10.6 8.03

5 -2.08 -2.08 3.82 3.81 3.07 3.61

6 -2.09 -2.09 3.85 3.82 1.70 2.00
10 -2.08 -2.08 3.82 3.81 3.11 3.39
>20 -2.08 -2.08 3.81 3.81 3.44 3.44

the center and average values of g(p;; z;) can be calculated using Eqs.
(85) and (92) in Section 4.2 with the circular inclusion case (N — oo)
being calculated using Eq. (126). For the non-zero eigenstrain
g, =1,¢&,=1, E; =1, and H] =1 respectively, we calculate the
following invariants of the extended strains: the hydrostatic strain

N 3 4 5 6 10 >20
£ (1071 8.08 5.90 8.10 8.08 8.10 8.10
& (107 8.11 9.02 8.10 8.09 8.10 8.10
Hp (1073) 3.96 2.54 3.60 3.85 3.60 3.58
Hy (107%) 332 4.09 3.57 3.66 3.58 3.58
Table 2c

Invariants of extended strains under eigenstrain E; = 1 in N-side polygonal inclusion
embedded in a piezomagnetic full plane.

N 3 4 >5

En (1072) 5.15 5.11 5.15

E, (1072) 5.15 5.17 5.15
Table 2d

Invariants of extended strains under eigenstrain H; = 1 in N-side polygonal inclusion
embedded in a piezomagnetic full plane.

N 3 4 5 6 10 =20

£4(1072) 10.5 14.3 8.58 9.90 8.57 8.48

84 (1072) 7.10 6.37 8.43 8.88 8.49 8.48

Hy (1071 3.58 3.87 3.48 3.55 3.48 3.47

H, (1071) 3.40 3.32 3.47 3.50 3.47 347
Table 3a

Invariants of extended strains under eigenstrain &;; = 1 in N-side polygonal inclusion
embedded in a multiferroic composite half plane.

N Area & & € & Ep Ep Hy, Hy,
(107 (107" (107 (107" (107%) (10-2) (107 (1074)

3 130 -233 -2.14 3.40 2.27 4.26 3.32 6.84 164
4 2.00 -238 -226 438 2.71 4.64 3.98 13.0 4.24
5 238 -237 -216 322 3.41 428 4.08 2.62 0.701

6 260 -238 -2.14 324 2.68 4.29 3.79 1.95 1.00
10 294 -239 -213 3.17 3.26 430 3.98 3.85 0.899
20 3.09 -240 -2.12 3.16 3.22 431 3.94 4.53 1.46
30 312 -240 -2.11 3.6 3.21 431 3.93 4.59 2.08
>100 3.14 -240 -2.11 3.16 3.21 431 391 4.64 2.96

&p, deviatoric strain &;, anti-plane strain magnitude &,, and the E-/
H-fields Ej, and Hj,.

It is observed that for the present eigenstrain problem, ¢, is
identically zero, and that some of the other quantities are zero un-
der different eigenstrain and different coupling conditions. Fur-
thermore, when the polygon side number N > 20, the results for
these quantities approach the same as those of a circular inclusion.

Listed in Tables 1a-1d are the center and average (with a hat)
values of the induced fields in the N-side polygonal inclusion
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Table 3b
Invariants of extended strains under eigenstrain &;, = 1 in N-side polygonal inclusion
embedded in a multiferroic composite half plane.

N € (107) & (107) En(107) E, (102 Ha(107) £, (1072
3 797 15.2 3.04 5.82 3.74 7.07
4 595 9.28 2.22 3.55 2.45 434
5 817 5.46 3.05 2.02 3.48 2.04
6 8.18 4.49 3.10 1.64 3.75 1.54
10 830 432 3.10 155 3.54 137
20 834 5.09 3.11 1.86 3.53 1.79
30 834 5.52 3.11 2.03 3.54 2.04
>100 835 6.20 3.11 2.30 3.54 2.44

(N=3, 4, 5, 6, 10, and 20), by the nonzero eigenstrains ¢j; =1,
&, =1,E =1, and H = 1, respectively. The area of each polygon
is also listed, and the matrix is assumed to be a full plane made
of fully coupled multiferroic composite (Table B1). It is observed
that, under ¢}, = 1, the induced hydrostatic strain and its average
are all the same (=—2.27) for different N, except for N=3 and 4.
However, the deviatoric strain, the E- and H-fields are different
for different N, and that for a given N, their center and average val-
ues are also different. This is particularly true for the H-field, where
the difference between its center and average values can be over 5-
times (for N =4). Under eigenstrains ¢, =1, E; =1, and H; =1,
the center and average values of the induced hydrostatic strain
are identically zero. The center and average values of the other in-
duced fields depend slightly on N, and for fixed N, small difference
between the center and average values can be observed (Tables
1b-1d).

We have also calculated the center and average values of the in-
duced fields in the N-side polygonal inclusion in the corresponding
piezoelectric full plane. For this case, since there is no coupling be-
tween the piezoelectric and magnetic fields, it is obvious that un-
der eigenstrains &j; =1, &, = 1 and E] = 1, the induced H-field is
identically zero, and under Hj = 1, the only induced nonzero field
is the H-field. It is interesting, however, that the center and average
values of the induced nonzero fields in the piezoelectric full plane
are nearly the same as those in the corresponding multiferroic
composite full plane. In other words, the effect of the magnetic
coupling coefficients g; on the induced fields is very small.

Table 3c

1695
A
X2
(-3,1) 3D
Material #1
X1
0 >
Material #2 i
c D
(-3,-4) G4

Fig. 4. An inclusion with its boundary made of straight and curved lines in material
#2 (x, < 0) of the bimaterial plane (a square with side length 2 plus two half disks
with radius 1). The center of the inclusion is at (x1,X,) = (0,—-2), and the domain for
the numerical calculation is —3 <x; <3, —4<x,<1.

-2 R

Fig. 5a. Contour of ¢, in the multiferroic bimaterial plane due to the eigenstrain
£;; = 1 in the inclusion made of a square plus two half circles (dash lines denote
negative values).

Invariants of extended strains under eigenstrain E; =1 in N-side polygonal inclusion
embedded in a multiferroic composite half plane.

N & (107%) & (1072) £q (1071 &4 (107") En(1071) E, (1071 Hy (107%) Hy (107%)

3 —0.0129 —-1.31 3.14 4.00 4.98 4.49 293 8.92

4 0.00 0.00 4.04 3.14 4.98 5.30 3.94 5.82

5 —0.00136 -0.276 3.15 3.82 5.01 4.66 4.82 7.15

6 0.00 0.00 3.14 4.00 4.98 4.49 293 8.92

10 0.00 0.00 3.02 4.00 4.95 445 429 8.27

20 0.00 0.00 2.98 3.92 493 4.63 427 8.32

30 0.00 0.00 297 3.86 493 4.71 4.24 8.24

>100 0.00 0.00 2.97 3.77 493 4.84 422 8.04

Table 3d
Invariants of extended strains under eigenstrain H; = 1 in N-side polygonal inclusion embedded in a multiferroic composite half plane.

N &n (1072) & (1072) £4(1072) 8, (1072) Ex (1073) E, (1072) Hp(10°1) Hy (1071

3 0.00 —-1.94 9.73 7.15 4.59 6.56 3.51 334

4 0.00 0.00 13.0 7.08 3.86 5.13 3.76 3.28

5 0.00 —0.0366 7.01 10.8 5.14 3.68 3.35 331

6 0.00 0.00 8.18 12.1 4.89 2.85 3.40 3.17

10 0.00 0.00 6.55 11.2 5.23 3.31 3.32 3.23

20 0.00 0.00 6.33 10.7 5.27 3.58 3.30 3.26

30 0.00 0.00 6.31 104 5.28 3.93 3.30 3.28

>100 0.00 0.00 6.29 9.84 5.28 3.98 3.30 3.28
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-3 -2 -1 0 1 2 3
Fig. 5b. Contour of ¢4 in the multiferroic bimaterial plane due to the eigenstrain
&;; = 1 in the inclusion made of a square plus two half circles.
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Fig. 5c. Contour of ¢, in the multiferroic bimaterial plane due to the eigenstrain
£;; = 1 in the inclusion made of a square plus two half circles.

Fig. 5d. Contour of E, (x10~'°V/m) in the multiferroic bimaterial plane due to the
eigenstrain ¢j; = 1 in the inclusion made of a square plus two half circles.

Listed in Tables 2a-2d are the center and average (with a hat)
values of the induced fields in the N-side polygonal inclusion in
the corresponding piezomagnetic full plane. Similar to the piezo-
electric half plane case, that under eigenstrains ¢j; =1, ¢}, =1
and Hj =1, the induced E-field is identically zero, and under
E; =1, the only induced nonzero field is the E-field. However,
the center and average values of the induced nonzero fields in
the piezomagnetic full plane are substantially different to those
in the corresponding multiferroic composite full plane (Tables 2a
and 2b vs. Tables 1a and 1b), or apparent difference between them
can be observed (Tables 2¢ and 2d vs. Tables 1c and 1d). In other
words, the effect of the piezoelectric coupling coefficients e; on
the induced fields is important.

Listed in Tables 3a-3d are the center and average (with a hat)
values of the induced fields in the N-side polygonal inclusion
(N=3, 4,5, 6, 10, 20, 30, and 100), respectively, by the nonzero
eigenstrains &, =1, &, =1, E; =1, and H; = 1. The matrix is
now assumed to be a half plane made of fully coupled multiferroic
composite (Table B1 in Appendix B), and the distance of the center
of the N-side polygon to the surface is 2. On the surface of the half
plane, the extended traction is assumed to be zero. From Tables
3a-3d, the following features can be observed: (1) Due to the effect
of the free surface, the center and average values are both more
sensitive to N when N is large. (2) In general, the center and aver-
age values are much different in the half-plane case as compared to
the full-plane case (these values could be increased or decreased).
(3) For example, comparing Tables 3a to 14, it is observed that un-
der &j; = 1, the magnitude of the hydrostatic strain at the center is
increased in the half-plane case, whilst its average is decreased. (4)
Under E] = 1 or H; = 1, the center and average value of the hydro-
static strain is nonzero when N = 3 and 5 (Tables 3c and 3d), a fea-
ture again different to the corresponding full-plane case.

6.3. Inclusions bounded by both straight and curved lines in a
bimaterial plane

In strain energy band engineering, the self-assembled or self-
organized quantum-wires can be in various shapes (Faux et al.,
1997; Pan and Jiang, 2004; Maranganti and Sharma, 2007),
bounded by straight and curved line segments. Therefore, as a
new example, we consider now that there is an inclusion bounded
by both straight and curved lines in the lower half plane of the
bimaterial system as shown in Fig. 4. The inclusion is actually com-
posed of a square with side length 2, and two half circles of unit
radius on both sides of the square. The distance of the center of
the inclusion to the interface is equal to 2. The material properties
in both half planes are taken from Pan (2002), and the correspond-
ing rescaled values are listed in Table B2 and B3 in Appendix B.

Again, we are interested in the behavior of the combined Eshel-
by tensor components, that is, the hydrostatic, deviatoric and anti-
plane strains (&, &4, €4), and the E-/H-fields (Ej,, Hy). Under the ap-
plied non-zero eigenstrain &;; = 1 and ¢;, = 1 respectively, the in-
duced fields are calculated in the region —3 <x; <3, -4<x,<1 (as
shown by the dashed rectangle in Fig. 4). This region covers both
inside and outside of the inclusion, as well as both half planes. Be-
fore the numerical calculation, the solution was checked to satisfy
the continuity conditions along the interface of the bimaterial
plane.

First, under the nonzero eigenstrain ¢;; = 1, the contours of ¢,
€4, € En, and Hy are shown, respectively, in Figs. 5a-5e. Fig. 5a
shows that there is a large compressive hydrostatic strain inside
the inclusion; however, outside, this field is positive, particularly
near the interface in the lower half plane. Strain concentrations
can be also observed near the left and right ends of the inclusion.
Fig. 5b shows that the deviatoric strain is much larger inside than
outside. Compared to the in-plane strain field in Figs. 5a and 5b,
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Table 4.1a
Center and average values of the field quantities in the inclusion induced by the nonzero eigenstrain ¢j; = 1 in a multiferroic bimaterial plane (Fig. 4).
Shape  Area & (107) £ (107)  &(107) 8 (107 (1077 (107 E(107%) g (102 Hi(107)  f, (102)
Square 4.000 -3.717 -3.591 3.934 4.904 3.681 5.445 6.714 4.817 10.04 10.26
—3.908 —4.898 3.337 2.046 6.106 4.787 0.3151 —0.1009
0.4441 0.2364 —1.555 —5.047 2.792 —0.5404 10.03 10.26
L-half 1.571 —0.2226 —2.776 2.264 2.295 1.347 3.376 0.9110 3.530 3.953 5.311
—2.264 —2.293 —0.2798 —-0.1313 —0.7783 3.530 —0.7074 0.3630
0.005177 0.08315 -1.318 -3.373 0.4734 0.02099 3.889 5.299
R-half 1.571 —-0.3847 —2.769 1.997 2414 3.231 3.349 0.9833 3.750 3.893 5.371
-1.973 -2.312 1.744 —3.348 0.7160 3.749 1.096 0.3535
0.3087 0.08267 —2.721 —0.07260 0.6739 0.09506 3.736 5.359
Sum 7.142 —4.324 —4.437 8.181 7.397 7.371 9.157 7.214 5.435 17.67 14.32
—8.145 —7.389 4.801 0.8638 6.044 5.420 0.7039 0.7541
0.7580 0.3231 —5.594 -9.1116 3.939 0.3965 17.66 14.30
-3 -2 -1 0 1 2 3
L 0.21 1 1
0.2 1
0.19 0.95
0.18 0.9
0 B8 017 0 0 0.85
0.16 0.8
0.15 0.75
0.14 0.7
K 0.13 Rl -1 0.65
0.12 0.6
0.11 0.55
0.1 0.5
% 0.09 . g 0.45
2 0.08 2 2 i
0.07 0.35
0.06 0.3
0.05 0.25
-3 0.04 -3 -3 0.2
0.03 0.15
0.02 0.1
0.01 0.05
3 2 A 0 1 2 3¢ My 43 -2 - 0 1 2 3

Fig. 5e. Contour of Hy, (x10~® A/m) in the multiferroic bimaterial plane due to the
eigenstrain &j, = 1 in the inclusion made of a square plus two half circles.
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Fig. 6a. Contour of ¢, in the multiferroic bimaterial plane due to the eigenstrain
&}, = 1 in the inclusion made of a square plus two half circles (dash lines denote
negative values).

the anti-plane strain is much smaller as shown in Fig. 5c. The con-
tour of the E-field magnitude Ej, (x10~'° V/m) is shown in Fig. 5d.
In contrary to the strain feature, a large E,-field is observed in the
matrix, instead of in the inclusion. More interestingly, there are

Fig. 6b. Contour of ¢4 in the multiferroic bimaterial plane due to the eigenstrain
&, = 1 in the inclusion made of a square plus two half circles.
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Fig. 6¢. Contour of ¢, in the multiferroic bimaterial plane due to the eigenstrain
&, =1 in the inclusion made of a square plus two half circles.

four concentrations around points A, B, C, and D marked in Fig. 4.
As for the magnetic H,(x10~8 A/m)-field, large values are all lo-
cated inside the inclusion, just as for the strain distribution. In all
these figures, the values in the upper half plane are very small as
compared to those in the lower half plane.
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Fig. 6d. Contour of Ej, (x107'°V/m) in the multiferroic bimaterial plane due to the
eigenstrain &;, = 1 in the inclusion made of a square plus two half circles.
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Fig. 6e. Contour of Hy, (x10~% A/m) in the multiferroic bimaterial plane due to the
eigenstrain ¢;, = 1 in the inclusion made of a square plus two half circles.

The center and average (with a hat) values in the inclusion are
listed in Table 4.1a, separately for the square, the two half circles,
as well as for the entire inclusion. Also in this table, for the devia-
toric strain &4, anti-plane strain magnitude &,, E-field E;, and H-field
Hp, the upper and lower subrows are, respectively, their corre-
sponding components (&11—&3) and 2&;,, 2&37 and 2és3,, E; and Ej,
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and H; and H,. It is interesting to note that the values of ¢ &4, &g,
E,, and Hy, at the center of the inclusion equals, respectively, the
summation of its individual center values; however, the corre-
sponding average values have no such superposition property.

Similarly, under the nonzero eigenstrain &;, = 1, the contours of
&n, €4, €y En, and Hp, are shown, respectively, in Figs. 6a-6e. It is
interesting to observe from Fig. 6a that the distribution of the
hydrostatic strain ¢, is anti-symmetric with respect to the two
symmetry lines of the inclusion (horizontal and vertical lines),
and that again there are four concentrations around points A, B,
C, and D as marked in Fig. 4. Also, under this eigenstrain, the in-
duced hydrostatic strain is much larger outside! The induced devi-
atoric strain (Fig. 6b) shows concentrations along the interface
between the inclusion and matrix, and also concentrations com-
pletely within the matrix. Two large concentrations can be ob-
served near points B and C. Four concentrations at points A, B, C,
and D are also observed for the contours of ¢, (Fig. 6¢), Ep
(Fig. 6d), and Hj, (Fig. 6e).

The center and average (with a hat) values in the inclusion are
listed in Table 4.1b, separately for the square, the two half circles,
as well as for the entire inclusion. Similarly, it is observed that the
values of ¢y, &4, €4, Ep, and Hy, at the center of the inclusion equals,
respectively, the summation of its individual center values, whilst
the corresponding average values have no such superposition
property.

7. Concluding remarks

In this paper, we have proposed a comprehensive and unified
approach to solve the Eshelby’s inclusion problem in an anisotropic
multiferroic bimaterial plane. The solutions are not only general
but also in explicit analytical forms. The inclusion can be of an arbi-
trary shape, described by a Laurent polynomial, a polygon, or the
one bounded by a Jordan curve. Our solutions contain further the
results in the corresponding half plane and full plane. We have also
identified the essential eigenfunctions by which the induced fields
can be simply determined. Numerical results are presented to
investigate the features of these eigenfunctions as well as the
strain, electric and magnetic fields (components of the extended
Eshelby tensor). Particularly, we presented the values of these
fields at the center of the N-side regular polygonal inclusion and
also the average values of these fields over the inclusion. The effect
of the half-plane traction-free surface condition and the effect of
various couplings on the induced fields are discussed in detail.
For the N-side regular polygonal inclusion, we found that, when
the inclusion is in the full plane, both the center and average values
of the induced fields are independent of N, except for N = 4. We also
showed that the piezoelectric and piezomagnetic coupling coeffi-
cients could significantly affect the Eshelby tensor. This feature

Table 4.1b
Center and average values of the field quantities in the inclusion induced by the nonzero eigenstrain &j, = 1 in a mulitferroic bimaterial plane (Fig. 4).
Shape Area e (1072) 2, (1072) £ (107" & (107" £,(107%) £ (10°%) Eq (107%) Ep (1072) Hy (107%) Hy, (1072)
Square 4.000 4.729 0.3400 7.055 3.968 4.977 1.998 14.95 7.880 8.695 2.359
-1.195 -0.1782 —4.395 1.282 —3.896 0.8725 —8.495 —1.908
—6.953 —3.964 2.336 -1.533 -14.43 —7.832 1.852 1.387
L-half 1.571 —-0.9870 —0.7842 0.2364 3.905 1.276 2.198 2476 7.180 1.863 0.7398
—-0.05897 0.01428 —0.9933 1.128 —0.1445 0.06666 —-1.706 -0.5611
0.2290 —3.902 —-0.8013 —1.886 —2471 -7.179 —0.7489 0.4822
R-half 1.571 2.692 0.7893 0.9423 3.926 1.740 2.140 1.087 6.863 2271 0.7925
-0.6911 0.1455 1375 1.053 —0.5009 —0.03369 —0.8665 —0.6416
0.6406 -3.923 1.067 —1.862 0.9646 —6.863 2.099 0.4652
Sum 7.142 6.435 1.220 6.387 3.816 4.783 6.733 16.57 10.04 11.52 2.219
-1.945 0.2440 -4.014 5.310 —4.542 -0.2271 -11.07 —1.682
—6.083 —3.808 2.601 -4.139 -15.94 -10.03 3.203 1.448
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should be useful in controlling the Eshelby tensor for the design of
better multiferroic composites. Typical contours of the field quan-
tities in and around the inclusion bounded by both straight and
curved line segments in a multiferroic bimaterial plane are also
presented.

Acknowledgments

The authors acknowledge the financial supports from NSFC
(Grant Nos. 10872086, 11072105, and 11172273) and from Henan
Province, which are greatly appreciated.

Appendix A. Solution of the Eshelby’s inclusion problem in a
multiferroic half-plane

From the bimaterial-plane solutions given in Section 4, we can
obtain the solution in the corresponding half plane. We assume
that the inclusion is in the lower half-plane, and that its surface
is (extended) traction free. In other words, the conditions in Eq.
(56) are changed to

¥=0, (A1)

We can derive the half-plane solution with the extended trac-
tion-free boundary condition as

on x, =0.

f(z)=f*(2) +f'(2), (A2)
with the relation
Bf’(x;) + Bf’(x;) = —Bf*(x;) — Bf*(x,). (A3)

From the Cauchy formulae and the property f?(co) = 0, we can

find that
1 f<@) . B'B [*fx(t)
b - Jp— —_— —_—
f(z)72m' ,xtfzd“_ 27 /,mtfzdt’ (A4)
namely
Table B2

1699
BBy d Vo
b _ 1K K% J
fI (Zl)_% 27 ff,y]iz’dyﬁ
B'Byd dy
b _ 1K PKIY J
R (A5)

Combining the basic part in Eq. (45) with Eq. (A5), and making
use of Eq. (71), we finally have

fi@) =£"@) + @)

=c” +dig(p;z) + By Bydig(py: z1)- (A6)
KJ

Appendix B. Multiferroic material properties in full, half, and
bimaterial planes

Table B1

Material coefficients for the BaTiO3-CoFe,04 multiferroic composite, 50% of BaTiOs
and 50% of CoFe,04 (Xue et al., 2011). In the Property column, the units are: elastic
constants G in 10° N/m?, piezoelectric constants e in C/m?, piezomagnetic constants
gi; in N/Am, dielectric constants x; in 107° C>/N m? magnetic constants w; in
10~*Ns?/C2. In the rescaled column, the dimensions of the elastic stress, electric

displacement, and magnetic induction fields are, respectively, in 10" Pa, 10 Cm 2,

and 10°Wbm™2 and the electric and magnetic fields are in 107'°Vm~' and
10°%Am .
Property Rescaled Property Rescaled
C1h 225 2.25 31 =32 290.2 0.2902
Cy2 125 1.25 q33 350 0.35
Cis 124 124 Qis=Goa 275 0275
Cs3 216 2.16 K11 = K22 5.64 5.64
Caq 44 0.44 K33 6.35 6.35
€31 =3 22 ~022 L = 1 297 297
es3 9.3 0.93 33 0.835 8.35
€15 =€ 5.8 0.58

The rescaled extended material property matrix in the upper half plane of the bimaterial case (the dimensions of the elastic stress, electric displacement, and magnetic induction
fields are, respectively, in 10" Pa, 10 C m~2, and 10> Wb m~2, and the electric and magnetic fields are in 10-'°Vm~" and 108 Am™").

1.66 0.77 0.78 0 0 0 0 0 -044 0
0.77 1.66 0.78 0 0 0 0 0 -044 0
0.78 0.78 1.62 0 0 0 0 0 1.86 0
0 0 0 043 0 0 0 1.16 0 0
0 0 0 0 043 0 1.16 0 0 0.55
0 0 0 0 0 0445 0 0 0 0
0 0 0 0 116 0 -11.2 0 0 0
0 0 0 116 0 0 0 -11.2 0 0
-044 -044 186 0 0 0 0 0 -126 0
0 0 0 0 055 0 0 0 0 -0.5
0 0 0 055 0 0 0 0 0 0
0.5803 0.5803 0.6997 0 0 0 0 0 0 0

0.55

0
0
0

0.5803
0.5803
0.6997

(=N e NN NN Nl

Table B3

The rescaled extended material property matrix in the lower half plane of the bimaterial case (The dimensions of the elastic stress, electric displacement, and magnetic induction
fields are, respectively, in 10" Pa, 10 C m 2, and 10> Wb m 2, and the electric and magnetic fields are in 10°'°Vm " and 10 8 Am™ ).

0.8674 —0.0825 02715 —0.0366 0 0 1.71 x 1072 0 0 0 0 05803
~0.0825 1.2977 —0.0742 0.057 0 0 ~1.52x 1072 0 0 0 0 05803
02715 —0.0742 1.0283 0.0992 0 0 ~1.87x 10 0 0 0 0  0.6997
—0.0366 0.057 0.0992 0.3881 0 0 6.7 x 1073 0 0 0 055 0
0 0 0 0 0.6881 0.0253 0 1.08x102 -761x10°> 055 O 0
0 0 0 0 0.0253 0.2901 0 -95x10°3 6.7 x 1073 0 0 0
1.71x 1072 -1.52x1072 —187x107> 67x1073 0 0 ~3.921 x 1072 0 0 0 0
0 0 0 0 1.08x1072 -95x103 0 -3962x102 -86x107* 0 0 0
0 0 0 0 -761x102 6.7x1073 0 —86x10% —4042x102% 0 0 0
0 0 0 0 0.55 0 0 0 0 —05 0 0
0 0 0 0.55 0 0 0 0 0 0 -05 0
0.5803 0.5803 0.6997 0 0 0 0 0 0 0 0 -1
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