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Abstract

In this paper, we derive the analytical solutions for two types of surface loadings over an
anisotropic magnetoelectroelastic half-space: a uniform and an indentation-type load. Our
solutions in terms of the simple line integral over [0, 7] contain various decoupled materials
and materials with high symmetry as special cases. Furthermore, the surface results of the
solutions of the half-space are also provided. It is shown that on the surface: (1) for the
uniform loading, the integrands for the extended displacements are continuous whilst those for

the extended stresses have two weak singularities of order 1/r

1/2

along the integral interval

[0, ], which are integrable in the sense of Cauchy principal value and (2) for the
indentation-type loading, the order of the singularity in the extended stress is exactly Cauchy
type of 1/r, which can also be integrated via the Cauchy principal value. For a general
anisotropic magnetoelectroelastic half-space, numerical examples in the vertical plane are
presented for a uniform horizontal/vertical load and a vertical indentation-type load. The
physical quantities presented are the magnitude of the elastic displacement vector, the electric
and magnetic potentials, the hydrostatic and effective stresses, and the magnitudes of the
electric and magnetic field vectors. These numerical results not only show some distinguished
features associated with the loadings, but also can serve as benchmarks for future numerical

endeavors in this field.

(Some figures may appear in colour only in the online journal)

1. Introduction

Solutions to the problem of surface loading over an elastic
half-space are important in various engineering and science
fields. Since the exact closed-form solutions of a vertical
and horizontal point-force loading on the elastic isotropic
half-space by Boussinesq and Cerruti (see Love 1944),
a variety of extensions have been pursued. On the one
hand, these point-force solutions can be applied to find

0964-1726/12/075003+12$33.00

more complicated surface loading distributions by simple
integration where solutions to the uniform load within a
circle and even a triangle can be exactly found (i.e. Li and
Berger 2001). On the other hand, the half-space materials
were extended to the case of transverse isotropy with different
loadings and even with material layering (see Wang et al 2005,
Hanson 1999, Ding et al 2006, Yue et al 2005).

Since the work by Willis (1966, 1967) and Barnett and
Lothe (1975), surface loading over a general anisotropic

© 2012 IOP Publishing Ltd Printed in the UK & the USA
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elastic half-space has received a great deal of attention
in the mechanics community due to its connection to
indentation (Yu 2001) and inversion of material properties of
solids. Representative works in this new direction are those
by Vlassak and Nix (1993, 1994), Gao and Pharr (2007),
Wang et al (2008), Chen et al (2010), Chu et al (2011).

The magnetoelectroelastic (MEE) material belongs to
the category of multi-phase materials where different phases
within the materials can interact with each other for the
best output (Nan e al 2008). It is particularly important for
the energy conversion among the mechanical, electric and
magnetic ones, and thus it has potential application in energy
harvesting using this type of material (e.g. Pan and Wang
2009, Wang et al 2010).

This paper is organized as follows: in section 2, we
present the basic equations and describe the problem. In
section 3, we derive the solution in the Fourier-transformed
domain. The physical-domain solutions are given in section 4.
Numerical results are presented in section 5, and conclusions
are given in section 0.

2. Basic equations and problem description

Under the static deformation, the governing equations for a
linear, anisotropic MEE solid can be summarized in terms of
the extended notations below (Pan 2002).

The equilibrium equations without internal source can be
recast into

oi,i = 0. (D

In this and other equations, a subscript comma denotes
the partial differentiation and a repeated lower-case (upper-
case) index takes the summation from 1 to 3 (5). Also,
in equation (1) the extended stresses are defined as

O,’j J=j=1,2,3
o] = Dl' J=4 (2)
B; J=5

with o5, D; and B; being, respectively, the stress, electric
displacement and magnetic induction.

The individual constitutive relation as well as the
extended one can be written as

Oij = CijmVim — €kijEx — qrijHi

D; = ejkyir + &iE; + a;;H; (3a)
Bi = qijtyjk + @jiEj + juiiH;
0iJ = CiJKIYKI (3b)

where cjjim, ejjk, gijk and aj; are, respectively, the elastic, piezo-
electric, piezomagnetic and magnetoelectric coefficients, and
¢jj and u;; are, respectively, the dielectric permittivities and
magnetic permeabilities. It should be noted that, in general,
the magnetoelectric coefficients «;; are not symmetric. The
extended strains in equation (30) are defined as

Vi = 3 (i + i) I[=i=1273
vi=3y"E =09, =4 4)
~Hi=y; =5

Surface loading

Figure 1. Sketch of an anisotropic MEE half-space subjected to
uniform surface loads within a circular area. Two types of loadings
are considered: uniform and indentation-type loads.

with y;;, E; and H; being, respectively, the elastic strain,
electric field and magnetic field, and u;, ¢ and i being,
respectively, the elastic displacement, electric potential and
magnetic potential.

Comparing equations (35)—(3a), we find that the extended
material coefficients in equation (3b) have the following
expression:

Cijkl J,K=j,k=1,2,3
ejjj J=j=1,2,3; K=4
eikl J=4, K=k=1,2,3
qiii J=j=1,2,3; K=5
CiJKI = Y ®)
qiki J=5 K=k=1,23
—aijr/ay J=4, K=5/K=4, J=5
—&jl J,K=4
—[Lil J,K=5
We also introduce the extended displacement as
u; I=i=1,2,3
ur= 3¢ =4 (6)
v I=5
and the extended traction as.
oiin; J=j=12,3
ty = oyn; = 3 Din; J=4 (@)
B,‘n,' J=5

where n; is the normal vector of a prescribed plane.

We assume that the anisotropic MEE half-space is
subjected to a general traction on the surface. The loading is
applied over a circular area with a radius r = R. The center
of the circular area is denoted as O. The Cartesian coordinate
system is introduced to describe the problem. We let the x| Ox>
plane be the surface of the half-space. The half-space occupies
the domain x3 > 0, see figure 1. We consider two types of
surface loadings as listed below. That is, on the surface x3 = 0,
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we have (for ¢ = 0 and 1/2)

910 = /R r<R
ER ®)
0; r > R.
It is clear that ¢ = O corresponds to a uniform load and the
case ¢ = 1/2 corresponds to the common indentation load
when the traction has only a vertical component (Gao and
Pharr 2007).

3. Fundamental solutions in the transformed
domain

We first briefly review the Fourier-domain solutions as they
are needed in the subsequent analysis. While the process is
straightforward, more details can be found in Ting (1996)
for the purely elastic solid and in Pan (2002) for the general
magnetoelectroelastic solid.

We define the following two-dimensional (2D) Fourier
transforms:

Flkr ko xs) = / / For 52, k) @) G dey (9)

where i = 4/—1 is the imaginary unit. Therefore in the

transformed domain, equation (1) in terms of the extended

displacement becomes

Caikpkakpiix +1(Caixz + Ciixa)kalik 3
— C3ix3uk 33 =0 (10)

where «, B = 1, 2. We now introduce the polar coordinates
(n, 6) which are related to the Fourier variables (k{, k) as

ki [y cos 6
ky | = nm, m=|my| =|sin6 |,
0 0 0
_ (11)
0
n=10
1_

where m and n are the two normal vectors which enter into
the Stroh formalism. The general solution of equation (10)
can then be expressed as

(ki ky, x3) = ae™ V" (12)

with p and a satisfying the following extended Stroh
eigenrelation:

[Q+p(R+RY +p*Tla=0 (13)
where the superscript t denotes the matrix transpose and

Oix = Cjigsmjm, Rix = Cjigsmjng,

(14)
Tk = Cjgsnjn.
We introduce (Ting 1996)
1
b= R +pha = _E(Q + pR)a (15)

where the new Stroh vector b is actually related to the
extended traction (as in equation (20) below). Then the
quadratic Stroh eigenrelation (13) can be changed into the
following linear Stroh eigenrelation:

MR

N, =-T'R!, N>=T"",
N3 =RT'R' - Q.

(16)
where
(17)

Equation (16) is the extended MEE Stroh eigenrelation
in the oblique plane spanned by m and n defined in
equations (11). We point out that the eigenvalues of
equation (16) are either complex or purely imaginary (Ting
1996). Once the eigenvalue problem is solved, the extended
displacements in the Fourier-transformed domain are then
obtained from equation (12).

In order to find the extended stresses in the Fourier-
transformed domain, we start with the physical-domain
relation. In the physical domain, the extended traction vector
t on the x3 = constant plane and the extended in-plane stress
vector s are related to the extended displacements as

t
t = (031, 032, 033, D3, B3)

= (Caikiuk,1, C3okiuk 1, C33kiuk. i, Caakiuk, i,

Csskiuk,1)' (18)
s = (011, 012, 022, D1, D2, By, By)'
= (Crikiuk 1, Crakiuk 1, Cookiuk i, Clakiug 1,
Coakiuk 1 Ciskiuk,i» Coskiuk,1)"- (19)

Taking the Fourier transform, we then find that the
transformed extended traction and in-plane stress vectors can
be expressed as

i = —inbe P (20)
§ = —ince P13 (1)

with
¢ =Ha (22)

where the matrix H is defined by

[Cii1amy + pCi113 Cr12eme + pCii123
Ci21aMe + pCi213 Cr22amy + pCi223
Co21aMe + pCo213 Coooama + pCan23
Cia1aMg + pCira13 Craoamy + pCia23
Cog1aMg + pCra13 Coanamy + pCas23
Cis1amy + pCis13 Cisaame + pCis2s

| Cosiamy + pCasiz Caspaime + pCasos
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Ci13amq + pCr133
C1230Mme + pCi233
Coo3aMg + pC2233
Crazamg + pCi433
Coazamg + pCoa3s
Ci530mg + pCis33
Cas3amy + pCas3s

Ci14amg + pCi143
Cr246Mmg + pCi243
Coaamy + pCr243
Cragamy + pCiaq3
Craaamy + pCoaa3
Cis4amy + pCis43
Co54aMg + pCasa3

Ciisamg + pCri537]
Ci25amg + pCias3
Coo5aMa 4+ pCr253
Ciasamg + pClass
Coa5aMg + pCaas3
Ci550mg + pCisss
Cas550mg + pCasss

(23)

witha =1, 2.

Since the eigenvalues cannot be real (Ting 1996), we let
p1,ay, and by (I = 1-5) be the eigenvalues and the associated
eigenvectors, with the following arrangement:

Im(py) > 0,

biis=b;

Pi+5 = DJ, a5 =ay,
J=1273,4,5)

(2
B = [b1, by, b3, b4, bs]
C =|[c1,¢2,¢3,¢4,¢5,¢6,€7].

4)
A =la,az,a3,a4,as],

In equations (24), Im stands for the imaginary part and the
overbar denotes the complex conjugate. The general solutions
in the transformed domain can be obtained by superposing the
ten eigensolutions of equation (16), that is

ik, ko, x3) = in A (e TP g + inT A (e TIP3 g
;(k],kz,x3) — B(e—iﬁwxs)q +B<e—ip*WX3)q/
S(ky, k2, x3) = é‘(e*if?*ﬂ)q)q + C(efip*nx3>q/

(25)

where g and ¢’ are two arbitrary complex vectors which can
be determined by the boundary conditions on the surface and
the radiation condition at infinity. Also in equations (25), the
diagonal matrix is defined as

(e—ip* 3 )

— diag[eflpl nx3 , e*IPZ nx3 , e*IPS nx3 , e*1p4i7x3 , e*IPS VIX3]. (26)

It is noteworthy that, besides their obvious dependence on
the material properties, the vectors g and ¢/, and the Stroh
eigenvalues p; and matrices A, B, C are also functions of
the unit vector m. It is further noted that, due to the special
arrangement on the eigenvalues p; in equations (24), the
general solutions associated with the first terms on the
right-hand side of (25) are finite in the half-space x3 > 0 and
the second terms are finite in the half-space x3 < 0. Thus, in
the present half-space occupying x3 > 0, only the first terms
on the right-hand side of (25) should be included. Specifically,

we have
ﬁ(kl 5 k2, x3) = in_lA (e—iﬁ*nx_g>q
;(kl, k2, x3) = B(e*iﬁ*rp@)q
E(k] 5 k2, x3) = C(e_iﬁ*’IXS >q

@7

In the following, the boundary conditions are introduced
to determine the unknown vector g. On the surface x3 = 0, the
expression for the transformed extended vector becomes

t(ki, ky, 0) = Bq. (28)
Thus, the unknown vector can be solved as
g = B) "i(ki. k2. 0). (29)

We assume that the region of the traction loadings is
a circle. To handle the double infinite integral, the polar
coordinate transform will be employed so that the infinite
integral with respect to the radial variable can be performed
exactly and the solution in the physical domain can be
obtained in terms of the regular line integrals over [0, ].
Below, we first present the general relation between the
Fourier and Hankel transforms, and then, for the two loading
cases, we derive the exact closed-form expressions in the
transformed domain.

3.1. A general relation between the Fourier and Hankel
transforms

For a point (r, ) in the polar coordinate system within
the horizontal (x1,x2) plane, it can be transformed to the
Cartesian coordinates as

X| = rcos, Xy = rsin . 30)
Also from equations (11), we have
ki =ncosb, ko = nsiné. (€18

We now look at a 2D function f(x1, x2) in the horizontal
(x1, x2) plane. Utilizing equations (30) and (31), we find that
its 2D Fourier transform can be written as

[e9) 27
flk, k) = / rdr / Fr, e sV =0 gy (32)
0 0

We further assume that this function f(x1,x2) can be
expanded in terms of a multipole series as

f@m) =) = i fn(r)e™. (33)
Let ¢ = ¥ — 6, we then have :
flk ko) = ; /0 S rar /0 ” Fn(r)el™V el eos=0) gy,
— ; elm? /0 h rdrfy(r) /0 : elmPelnreos? qg
=2 3 e [ s ar (34)
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where J,,,(nr) is the first-kind Bessel function of order m.
Equation ((34)) provides the 2D Fourier transform result
when the function f(x,x;) is expanded as a multipole
series equation (33).

3.2. Double Fourier transforms of the two types of surface
loadings

Applying equation (34) to the uniform and indentation
loadings, we then have the following exact closed-form
expressions for the extended traction vectors applied on the
surface.

(1) When g = 0 (uniform loading case)

o0
t(k1, k2, 0) =21 / t(r)Jo(nr)rdr
0

k Ji(nR

= 270 / Jotnryrdr = 2rRILR) 0 (35)

0 n
(2) When g = 1/2 (indentation loading case)
» o
tki, kr,0) =27 / t(r)Jo(nr)rdr
0
R si R
= 2mf” f _Snr R0
o [1=(@/R)?]1/? n
(36)

4. Fundamental solutions in the physical domain

Having derived the general solution in the transformed
domain, we can apply the inverse Fourier transform
to equation (27) to obtain the solutions in the physical domain.
We discuss the two types of loadings separately.

4.1. Uniform traction

For a uniform traction £ applied within the circle » = R on the
surface of the half-space, the solution in the physical domain
can be expressed as

u(xy, x2,x3) o [In7'A
1 ! L
tx1,x2,Xx3) | = — de B G
27 0 0 -
s(x1, X2, X3) c

X Jl (nR)e—ir](xl cos 6+xp Sin@)R(B)_ltO d?’] (37)

Or, equivalently, equation (37) can be rewritten as
i [T - — 1
u(xy, x2,x3) = = A(Q1(x1,x2,x3))(B) £ do
0
l 7 = =\ —1 0
t(x1, X2, X3) = P B(Qx(x1,x2,x3))(B) ¢°do (38)
0

1 (7 - — 10
st 0,0) = /0 C(02x1. x2.33))(B) ' a6

where the periodic condition has been used to reduce the
integral in the interval from [0, 2] to [0, 7], and the two

diagonal matrices are defined as

o0
<Q1(—x1 , X2, x3)) — / <efi1_)*7]xg)efi77()61 C059+X2 sine)
0

x RJ (nR)n~" dn
o0

(39)
<Q2(.X] , X2, )C3)> — / (e—iﬁ*r])Q)e—iT](xl 0059+x2 sin@)
0
X RJ1(nR) dn.
Using the following results (Watson 1996)
00 /a2 4+ b2 —
/ e T (b dr = va t+b—a
0 b
[Re(a) > 0, Im(b) = 0]
/Ooe—atJ (bt)dl‘ \/(12+b2—(1 (40)
1 = T
0 bva? + b?

[Re(a) > 0, Im(b) = 0]

exact closed-form expressions of the diagonal matrices
in equation (39) can be obtained as

(O1(x1,x2,x3)) = <\/R2 — (x1 €086 + x2 $in 6 + x3p4)?
— 1(x1 cos@ + xp sinf + x3py))
(Q2(x1, X2, x3)) = <<\/R2 — (x1 0080 + x2 8in 0 + x35,)?

— i(x; cos @ + x2 sin @ + x3px))

—1
X (\/R2 — (x1cos8 + x sin 6 +x3[7*)2) >

(41)

On the surface x3 = 0 of the half-space, these two
diagonal matrices are matrices with a proportional factor, as
given below:

(O1(x1, x2)) = [\/R2 — (x1 cos @ + x3 sin )2
— i(x1 cos @ + x2 sinf)]1

(O2(x1,x2)) = [(/RZ — (x1 cos 6 + x sin 0)2
— i(x1 cos @ + xp sinf))
X (\/R2 — (x1¢cos0 + xp sin@)z)_l]l

(42)

where I is the 5 x 5 identity matrix.

It is observed from equations (38) and (42) that, while
the integrand for the extended displacements are regular, the
one for the extended stresses on the surface has two weak and
integrable singularities located at R+ (x1 cos @ +x, sin0) = 0.

4.2. Indentation-type traction

Similarly, for the indentation-type traction within the circle
r = R on the surface of the half-space, the solution in the
physical domain is expressed as

. 13

1 2 00 1_77 A
[
T _
0 0 C

x (e IP+13) sin(nR)e 1 cosTTx D RBY 10 dpy (43)

u(xy, xp,x3)
t(x1, x2, X3)
s(x1, x2, x3)
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Equation (43) can be recast as

. .
u(xy, xp, x3) = ;/ A(P(x1,x2,x3))(B)” £ do
0

1
L(x1,x2,X3) = ;/
0

1 [7 _\ 10
s, x2,x3) = — [ C(Pa(x1, 3, x3))(B) £7d6
0

Vg

B(Py(x1,x2,x3))(B) ' do (44)

where the two diagonal matrices are defined as

o0 o=
(P1(x1,x2,x3)) = (e P13

0
x e—irl()q cos f+x; sinb) p sin(nR 1 d
o 0 (nR)n~"dn s)
(Pa(x1, x2,x3)) = (e iBam3)
0
« g1 cosO+xzsin0) p sin(nR) dn.

Noticing that (Watson 1996)

* —at . —1 _ C_l
/0 e “sin(bt)r " dt = arccot ( b)
[Re(a) > 0, Im(b) = 0]

00
—at .- _
/(; e sin(bt) dt = m
[Re(a) > 0, Im(b) = 0]

(40)

equation (45) can be rewritten simply as

i(xg cos O + xp sin 6 + x3py) >
R

(P1(x1,x2,x3)) = <Rarccot

R2
R? — (x] cos 6 + x;sinf + )C3]_7*)2> '
47)

(Pa(x1,x2,x3)) = <

On the surface x3 = 0, these two diagonal matrices are
reduced to

. : -
(P1(x1, x2)) = [Rarc cot](xl Cos 6 + xp Sin )]I

R
(48)

R2
- 1.
R? — (x] cos O + xosin6)?

Similar to the uniform loading case, it is observed
that the integrand for the extended displacements due to
the indentation-type load is regular. However, the integrand
associated with the extended stresses on the surface due to
the indentation-type load has a high-order singularity, actually
the Cauchy-type singularity, at R £ (xj cos 6 + x sinf) = 0.
Such singularities can be easily treated using various existing
integral approaches based on the Cauchy principal value.

(Pa(x1,x2)) = [

5. Numerical examples

We have first checked our formulation for the transversely
isotropic BaTiO3 case with the poling axis in the vertical
direction of the half-space and compared our numerical results
to those in Chu et al (2011). It shows that our results are the
same as those in Chu ef al (2011) under a uniform vertical
load within a circle over the half-space.

X3

X2

Figure 2. Geometric relation between the global (x;, x2, x3) and
local (y1,y2, y3) coordinates.

We now use the 50% MEE transversely isotropic material
data by Xue et al (2011) (see the appendix) and rotate this
local coordinate system ((y1y2y3) with y3 axis parallel to the
poling axis) with respect to the global (x1x2x3) coordinates as
shown in figure 2 by the following transform:

X1 —sinacos B cosa sinasinf yi

—cosacos B —sina cosasinf | | y2 | .(49)

cos B ¥3

X2 | =

X3 sin 8 0

The transform matrix between these two systems and
the corresponding global material matrices in (xjxpx3)
coordinates for « = 60° and B = 45° degrees are given in
the appendix. For easy presentation of the numerical results
below, the global coordinates (x1x2x3) are denoted by (x, y, 2).

For loading within the circle of »r = R (=1 m),
numerical results are presented for the following examples:
a uniform horizontal load in the x direction (¢ = 0 and
t =(1,0,0,0,0) MPa), a vertical load (g =0 and ¢ =
(0,0, 1,0, 0) MPa) and an indentation-type vertical load (¢ =
1/2 and tg = 1 MPa). The following quantities are used
to show the response: the magnitude of the whole elastic
displacement u, the electric potential ¢ and magnetic potential
Y, the hydrostatic stress oy, the effective stress oe, the
magnitude of the electric displacement D and the magnitude
of the magnetic induction B. The definitions for u, oy, ge, D
and B are

Oxx + Oyy + 0
w=Jul+ul+u; Oh= "3

Oe = (%[(Uxx - ny)Z + (Uyy - Uzz)z + (0 — Uxx)2]

+3(0g + oy + o)
D =,/D; +Dj + DZ; B =,/Bi + B} + B2

Under the uniform horizontal load in the x direction
within the circle of r = R (R = 1 m), figures 3(a)—(c) show

(50)
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Figure 3. Contours of the elastic displacement # (in m = 10~% m)
in (a), electric potential ¢ (in kV = 10? V) in (b) and magnetic
potential ¢ (in Vs m~! = A) in (c), in the plane y = 0, induced by a
uniform horizontal load in the x direction (with density equals

1 MPa = 10° Pa) within the circle of R = 1 m on the surface.
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Figure 4. Contours of the hydrostatic stress oy, (in MPa) in (a) and
effective stress o, (in MPa) in (b), in the plane y = 0, induced by a
uniform horizontal load in the x direction (with density equals

1 MPa) within the circle of R = 1 m on the surface.

the magnitude of the elastic displacement, and the electric
and magnetic potential in the vertical y = O plane within the
domain of x < 2.5R and z < 2.5R. While figures 4(a) and (b)
show the corresponding results of the hydrostatic and effective
stresses in this region, figures 5(a) and (b) are the magnitude
of the electric displacement and magnetic induction. It is
noticed that the pattern of the elastic displacement and
electric/magnetic potentials are very similar: all reach their
maximum magnitude at the center of the surface (the center
of the circle), with their maximum values being 16.6 um,
—9.3 kV and —6.6 V s m™!, respectively, for the elastic
displacement, electric potential and magnetic potential. While
not shown here, we noticed that, for this given half-space
material and surface loading, the magnitude of u, is about
one order larger than wu; and u; in turn is about one
order larger than u,. As such, the magnitude of the whole
displacement is nearly the same as that of its component u,. It
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Figure 5. Contours of the electric displacement D (in ©C m~2) in
(a) and magnetic induction B (in mT = 1073 T) in (b), in the plane
y = 0, induced by a uniform horizontal load in the x direction (with
density equals 1 MPa) within the circle of R = 1 m on the surface.

is observed from figures 4(a) and (b) that the distributions of
the hydrostatic and effective stresses are different than those
of the elastic displacement and electric/magnetic potential.
More specifically, the field concentration for the former case
is now at x = R, i.e. on the edge of the circular loading, with
the concentration being 1.3 and 2.8 MPa, respectively, for the
hydrostatic and effective stresses. The field concentration is
also at the same edge location for both electric displacement
and magnetic induction as shown in figures 5(a) and (b), with
their maxima being respectively 141 ©C m~2 and 6.2 mT.
Furthermore, the contour shapes of the electric displacement
and magnetic induction are very similar to each other.
Figures 6(a)—(c) are the contours of the magnitude of
the total elastic displacement, and electric and magnetic
potentials under a uniform vertical load. Compared to the
corresponding horizontal loading case, it is noticed that not
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Figure 6. Contours of the elastic displacement # (in um) in (a),
electric potential ¢ (in kV) in (b) and magnetic potential ¥ (in

V s m~!)in (c), in the plane y = 0, induced by a uniform vertical
load in the z direction (with density equals 1 MPa) within the circle
of R = 1 m on the surface.
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Figure 7. Contours of the hydrostatic stress oy, (in MPa) in (a) and
effective stress oe (in MPa) in (b), in the plane y = 0, induced by a
uniform vertical load in the z direction (with density equals 1 MPa)
within the circle of R = 1 m on the surface.

only the contour shapes are different but also the field
magnitudes are different. For instance, the magnitude of the
elastic displacement under vertical loading is smaller than
that under the horizontal loading (13.0 um for vertical load
versus 16.6 um for horizontal load). It is further noticed
that, under a uniform vertical load, the magnitude of u;, is
about one order larger than u,, and u, in turn is about one
order larger than u,. Compared with figures 6(b) and (c),
we further notice that the contours of electric and magnetic
potentials are different: while the electric potential reaches its
maximum value —8.6 kV at x = 0.5 m on the surface, the
maximum value for the magnetic potential 9.4 V s m~! is
located at x = 0.2 m on the surface. While figures 7(a) and (b)
show the hydrostatic and effective stresses, the corresponding
electric displacement and magnetic induction are shown in
figures 8(a) and (b). It is noted from figure 7(a) that the
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Figure 8. Contours of the electric displacement D (in ©C m~2) in
(a) and magnetic induction B (in mT) in (b), in the plane y = 0,
induced by a uniform vertical load in the z direction (with density
equals 1 MPa) within the circle of R = 1 m on the surface.

hydrostatic stress is constant immediately under the circular
loading, implying that the three normal stresses are all equal
to 1 MPa there. (It has been checked to be true by looking
at these three components.) It is also observed that the
contours of the effective stress are different to those of the
hydrostatic stress, where the former has a singularity on the
edge x = R and a concentration of 0.6 MPa in the center at
z = 0.65 m. The electric displacement and magnetic induction
in figures 8(a) and (b) are all very different. For instance,
the electric displacement has two concentrations, at 9.8 and
73.8 uC m~2 located at (x,z) = (0.5,0.05) and (x,z) =
(1.05,0), and the magnetic induction has concentrations at
2.0, 1.26, 1.23 and 0.8 mT located at (x, z) = (0, 0), (x,z) =
(1,0), (x,z) = (0.6, 0.5) and (x, z) = (0.8, 0.1).

The field distributions by an indentation-type surface load
are shown in figures 9—11. It is observed that, similar to
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Figure 9. Contours of the elastic displacement « (in um) in (a),
electric potential ¢ (in kV) in (b) and magnetic potential ¥ (in

V s m~!) in (c), in the plane y = 0, induced by an indentation-type
vertical load in the z direction (with tg equals 1 MPa) within the
circle of R = 1 m on the surface.
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Figure 10. Contours of the hydrostatic stress oy, (in MPa) in (a) and
effective stress o, (in MPa) in (b), in the plane y = 0, induced by an
indentation-type vertical load in the z direction (with tg equals

1 MPa) within the circle of R = 1 m on the surface.

the uniform vertical loading case, the magnitude of the three
elastic displacement components also follows about the same
trend: the magnitude of u; is about one order larger than u,
and u, in turn is about one order larger than u,. However,
for the indentation case, the magnitude of the displacement
is larger than that for the uniform vertical load case, and also
the displacement component u, is observed to be constant
immediately under the circular indenter, a well-known feature
in flat-end circular indentation. Figures 9(b) and (c) show
that the electric and magnetic potentials reach their maximum
values on the surface at x = 1 m (—16.5 kV for electric
potential and —16.3 V s m~! for magnetic potential).
Comparing figures 10(a) and (b), we observe their complete
different contour features. In particular, while the hydrostatic
stress shows only one concentration at x = R (R = 1 m), the
effective stress has two concentrations: one minimum at x = 0
with value 0.13 MPa and one maximum at x = R with value
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Figure 11. Contours of the electric displacement D (in £C m~2) in
(a) and magnetic induction B (in mT) in (b), in the plane y = 0,
induced by an indentation-type vertical load in the z direction (with
tg equals 1 MPa) within the circle of R = 1 m on the surface.

2.6 MPa. The electric displacement and magnetic induction
under indentation load also show interesting features, which
are different than the uniform vertical loading case. In
particular, the magnitudes of the electric displacement under
indentation are about three times larger than those due to the
uniform vertical load.

6. Conclusions

An analytical and rigorous solution is presented for the
circular surface loading over an anisotropic magnetoelectroe-
lastic half-space. The solution is expressed in terms of the
line integral over [0, 7], with the integrand being the Stroh
eigenvalues and eigenvectors. Under uniform horizontal and
vertical loads and vertical indentation, the surface response
is also derived where the involved singularity within the

11

integrand is identified as integrable. The numerical results not
only show some interesting features associated with different
surface loads, but also could serve as benchmarks for future
numerical methods where indentation research is involved.
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Appendix

(1) The local material coefficients for the BaTiO3—CoFe;O4
MEE composite with 50% of BaTiO3, or called 50%MEE
where the poling axis is along the third axis.

(1) Elastic constants

(225125 1240 0 0 ]
225 1240 0 O
2160 0 O 9 )
[c] = (10° Nm™2).
440 0
symm. 44 0
- 50_
(2) Piezoelectric constants
0 0 0 0 580
[el=|0 0 0 580 0| (Cm™?).

-22-22930 0 O

(3) Dielectric permeability coefficients

5640 0
[e]=]0 5640 a0?cv'm™.
0 0 635

(4) Piezomagnetic constants

0 0 0
0 0 0
290.2 290.2 350 0

0 2750
2750 0| (NA~'m™).
0 0

[q] =

(5) Magnetoelectric coefficients « (i, j) = 0 (fori,j = 1, 3) (in
Nsv-1lch
(6) Magnetic permeability coefficients

2970 0
k=10 2970 (107° N s> C7?).
0 0 835

(2) The global material property of 50% MEE (with
rotation angles o = 60°, § = 45°).

For this case, the global and local coordinate transform
is given by the two orientation angles in equation (49). For
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fixed « = 60° and 8 = 45°, we have the following coordinate
transform matrix and global material matrices.

(1) Coordinate transform matrix

X1 —0.61 0.50 0.61 | |y
x| =1-0.35-0.87035] |y
X3 0.71 0 0.71 | | y3
(2) Elastic constants
[217.64 125.3 127.31 1.34 —2.87 —1.437

222.02 12544 —=2.72 0.49 —-2.35
216.25 —1.13 —1.95 1.62

4731 0.54 —1.68
symm. 47.94 0.09
47.8
x (10° Nm™?).

(3) Piezoelectric constants

573 —1.35—1.38 —0.02 4.07 2.04
[e] = | —0.79 332 —0.80 4.09 —0.02 3.54
—1.58 —1.56 6.61 2.03 3.52 —0.02
x (Cm™?).

(4) Dielectric permeability coefficients

6.000 035
0 5640 U

[e] = 1072Ccv'm™).
0350  6.00

(5) Piezomagnetic constants

401.95 140.19 27.62 —75.05 64.47 32.24

[q] = | 37.61 275.39 15.95 151.13 —75.05 130.88
75.22 161.87 420.8 10.57 18.31 —75.05
x (NA™'m™).

(6) Magnetoelectric coefficients « (7, j) = 0 (fori,j = 1, 3) (in
Nsv-lch.
(7) Magnetic permeability coefficients

19025 0 —106.75
nl= 10 297 0 (107° N2 C7?).
—106.75 0  190.25
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