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a b s t r a c t

The conventional displacement discontinuity method is extended to study a vertical crack under

electrically impermeable condition, running parallel to the poling direction and normal to the plane of

isotropy in three-dimensional transversely isotropic piezoelectric media. The extended Green’s

functions specifically for extended point displacement discontinuities are derived based on the Green’s

functions of extended point forces and the Somigliana identity. The hyper-singular displacement

discontinuity boundary integral equations are also derived. The asymptotical behavior near the crack

tips along the crack front is studied and the ordinary 1/2 singularity is obtained at the tips. The

extended field intensity factors are expressed in terms of the extended displacement discontinuity on

crack faces. Numerical results on the extended field intensity factors for a vertical square crack are

presented using the proposed extended displacement discontinuity method.

& 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Owing to the coupling effects between mechanical and electric
properties, piezoelectric materials are finding more and more
applications in modern technological fields such as electronics,
lasers, supersonics, sensors, actuators, transducers and micro-
waves [1,2]. In practice, however, defects (such as inclusion, void/
crack, etc.) in such materials and related structures are unavoid-
able and these defects greatly affect the integrity and reliability of
the structures. For this reason, analysis of cracks in piezoelectric
materials has been always important [3–10].

For some piezoelectric materials, when temperature is higher
than the Curie point, spontaneous polarization phenomenon
occurs and the hysteresis loop of the polarization P versus the
electric field strength E also occurs; meanwhile, the formative
aligned electric dipoles remain in the material microstructure.
Therefore, the linear constitutive relationship is concerned with
the poling direction, and, thus, different poling directions affect
the material properties and fracture behavior. A conductive crack
(with the crack cavity filled with silver paint) with different
poling direction under purely electric loading was studied in
[11]. Results showed that the direction of the electric field and the
poling direction both could affect the fracture and breakdown

resistance of piezoelectric materials. For an arbitrarily oriented
crack in a piezoelectric medium [12], the polarization direction
plays an important role in the fracture behavior of piezoelectric
materials. By carrying out a four-point bending test on a specimen
with cracks parallel, perpendicular and inclined to the poling
direction under both mechanical and electric field loadings,
Banks-Sills et al. [13] and Motola et al. [14] showed that neglect-
ing the piezoelectric effect in calculating stress intensity factors
may lead to errors. For a crack normal to the poling direction of a
two-dimensional (2D) ferroelectric ceramics [15], crack growth
can be retarded under electric and mechanical loadings. There are
numerous studies on cracks lying within the plane of isotropy in
three-dimensional (3D) transversely isotropic piezoelectric media
[16–26]. However, the corresponding problem where the cracks
are normal to the isotropic plane has never been investigated.
This motivates the work presented in this paper.

The displacement discontinuity boundary integral equation
method or boundary element method proposed by Crouch [27]
has been demonstrated to be a good framework in handling
fractures in elastic and piezoelectric media [6,19,22,25–28]. In the
boundary element method [28–34], an important role is played
by the Green’s function corresponding to a point force or
displacement discontinuity. In the present paper, the method
proposed by Zhao et al. [35] is extended to derive the extended
displacement discontinuity fundamental solutions for the case
where a crack is vertical to the isotropic plane and parallel to the
electric poling directions in a 3D transversely isotropic piezo-
electric medium. These fundamental solutions are then applied to
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obtain the boundary integral equations, and calculate the
extended field intensity factors of an arbitrarily vertical crack in
terms of the extended displacement discontinuity on the crack
face. The extended displacement discontinuity boundary element
method is also presented, and the finite element method is
further utilized to verify the accuracy of the developed method.

2. Basic equations

In the absence of the body force and electric charge, for a 3D
piezoelectric medium with the poling direction along the z-axis in
the Cartesian coordinates (x, y, z), the equilibrium equations, Eq.
(1a), the kinematic equations, Eq. (1b), and the constitutive
equations, Eq. (2), are given as [4,6]

sij,j ¼ 0, Di,i ¼ 0, ð1aÞ

eij ¼
1
2ðui,jþuj,iÞ, Ei ¼�j,i, ð1bÞ

sij ¼ Cijklekl�ekijEk, ð2aÞ

Di ¼ eikleklþkikEk, ð2bÞ

where sij, eij, Di and Ei denote the stress, strain, electric displace-
ment and electric field strength, respectively; ui and j are the
elastic displacements and electric potential, respectively; and Cijkl,
eijk and kij stand, respectively, for the elastic, piezoelectric and
dielectric coefficients.

3. Boundary integral expressions of extended displacements

For a transversely isotropic piezoelectric infinite medium, we
again set up the Cartesian coordinate system oxyz such that the
plane of isotropy coincides with the oxy plane, and the poling
direction is along the z-direction. An arbitrarily-shaped vertical
crack S lies in the oyz plane, as shown in Fig. 1. The two faces of
the crack S are denoted by Sþ and S� , respectively. The outward
normal vectors of Sþ and S� are respectively given by

fnigSþ ¼ f�1,0,0g, fnigS� ¼ f1,0,0g: ð3Þ

Then, making use of the extended point-force Green’s func-
tions [36] and the Somigliana identity for piezoelectric media
[37], the elastic displacements and the electric potential at any

internal point (x, y, z) can be expressed by the following integrals:

uiðx,y,zÞ ¼�

Z
Sþ
½PF

ijJujJþO
F
i JjJ�dS,

�jðx,y,zÞ ¼ �

Z
Sþ
½PD

j JujJþO
D
JjJ�dS, ð4Þ

where PF
ij and OF

i , are, respectively, the induced tractions and the
electric displacement boundary value on the crack surfaces when
a unit point force is applied in the ith direction; PD

j and OD are
those corresponding to a unit point electric charge. In Eq. (4), JujJ

and JjJ denote, respectively, the elastic displacement and electric
potential discontinuities across the crack face, defined as

JuiJ¼ uiðS
þ
Þ�uiðS

�
Þ,

JjJ¼jðSþ Þ�jðS�Þ, ð5Þ

which are called the extended displacement discontinuities.
Inserting the extended point-force Green’s functions [36] into

Eq. (4) yields the following explicit expressions for the elastic
displacement ((u, v, w)¼(u1, u2, u3)�(ux, uy, uz)) and electric
potential
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Eq. (6) indicates that the extended displacements at any internal
point (x, y, z) can be expressed in terms of the extended
displacement discontinuities across the surface of the vertical
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Fig. 1. A transversely isotropic piezoelectric infinite medium with an arbitrarily-

shaped crack in the oyz plane.
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crack, where

zi ¼ siz, Bi ¼ siB ði¼ 1,2,3,4Þ,

Ri ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þðZ�yÞ2þðBi�ziÞ

2
q

,

~Ri ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þðZ�yÞ2þðBi�ziÞ

2
q

�ðBi�ziÞ, ð7Þ

and si are the roots of the material characteristic equation, while
oij, xi, Ai, Bi and Di are material-related constants given in [32]. It
is noted that the constants Di are different to the electric
displacements defined in Eqs. (1) and (2).

4. Green’s functions for extended displacement
discontinuities

We assume that the vertical crack S is of a square shape with
side length 2b¼2d centered at the origin of the coordinate
system, as shown in Fig. 2. First, when the size of the crack
approaches zero, we then have the Green’s functions or the
fundamental solutions corresponding to a unit extended point
displacement discontinuity. Therefore, these Green’s functions
should satisfy the governing equations of piezoelectric media
subjected to the following conditions:

lim
b-0

Z
S
fJuJ,JvJ,JwJ,JjJgdS¼ f1,0,0,0g, ð8aÞ

lim
b-0

Z
S
fJuJ,JvJ,JwJ,JjJgdS¼ f0,1,0,0g, ð8bÞ

lim
b-0

Z
S
fJuJ,JvJ,JwJ,JjJgdS¼ f0,0,1,0g, ð8cÞ

lim
b-0

Z
S
fJuJ,JvJ,JwJ,JjJgdS¼ f0,0,0,1g: ð8dÞ

Making use of the method in deriving the extended point-
displacement discontinuity Green’s functions [35], we obtain the
extended point-displacement discontinuity Green’s functions
satisfying Eqs. (8a)–(8d) for the case where a crack is vertical to
the isotropic plane and parallel to the electric poling directions in
a 3D transversely isotropic piezoelectric medium in Appendix A.

Now we assume that there is a rectangular element Se of length
2b�2d in the oyz plane centered at the origin with its sides parallel
to the axes of the coordinate system, as schematically shown in Fig. 2.
The uniformly distributed extended displacement discontinuities
JueJ, JveJ, JweJ and JjeJ are applied on the element. Integrating
the extended point-displacement discontinuity Green’s functions
given in Appendix A on the element, we can obtain the extended
Crouch fundamental solution due to the uniformly distributed
extended displacement discontinuities as given in Appendix B.

5. Extended displacement discontinuity boundary integral
equations

Based on the Green’s functions for unit extended point
displacement discontinuities obtained in the previous section,
the boundary integral equations of the vertical crack of arbitrary
shape will be derived in this section and furthermore the nature
of the singularity of the extended stresses along the crack front
will be studied in the next section.

If the applied extended tractions on the crack faces satisfy

pi9Sþ ¼�pi9S� , o9Sþ ¼�o9S� , i¼ 1,2,3 or x,y,z, ð9Þ

and in the absence of the body force and electric charge, by using
the Somigliana identity for a 3D piezoelectric medium [37] and
the boundary conditions in Eq. (9), we obtain

pi ¼

Z
Sþ
ðPJUJ

ij :uj:þO
JUJ
i JjJÞdS,

o¼
Z

Sþ
ðPJFJ

i JuiJþO
JFJ

JjJÞdS, ð10Þ

where (Pij, Oi) and (Uij, Fi) denotes, respectively, the extended
traction and the extended displacement due to a unit extended
point displacement discontinuity in the ith direction, and the
superscripts :U: and :F: denote the Green’s functions corre-
sponding to the displacement discontinuity and electric potential
discontinuity, respectively.

Substituting the displacement discontinuity Green’s functions
obtained in the last section into Eq. (10), we obtain the extended
displacement discontinuity boundary integral equations for an
arbitrarily-shaped vertical crack
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Fig. 2. A rectangular crack in the oyz plane centered at the origin of the coordinate

system.
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where

ri ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðZ�yÞ2þðBi�ziÞ

2
q

,

~r i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðZ�yÞ2þðBi�ziÞ

2
q

þðBi�ziÞ ði¼ 1,2,3,4Þ, ð12Þ

and the material-related constants Li
kl are given by

L4
11 ¼D4c66c66, Li

12 ¼Dic66c11, Li
13 ¼Dic66c12,

Li
14 ¼Dixic11, Li

15 ¼Dixic12, Li
16 ¼ ðAic13�Bie31Þc66si,

Li
17 ¼ ðAic13�Bie31Þxisi, Li

2j ¼Dioijc66,

L4
31 ¼D4c66c44s4, Li

34 ¼ c66ðc44Disiþc44Ai�e15BiÞ,

L4
4i ¼D4c44o4is4, Li

5j ¼oijðc44Disiþc44Ai�e15BiÞ,

L4
32 ¼D4c66e15s4, Li

35 ¼ c66ðe15Disiþe15Aiþe11BiÞ,

L4
6i ¼D4e15o4is4, Li

7j ¼oijðe15Disiþe15Aiþe11BiÞ: ð13Þ

Of particular interesting is the fact that the displacement
discontinuity in the normal direction :u: appears only in Eq.
(11a). In other words, it is decoupled from the other extended
displacement discontinuities and dependent only on the normal
traction px. On the other hand, the other three extended displace-
ment discontinuities :v:, :w: and :j: are clearly coupled in Eqs.
(11b)–(11d). This feature is fundamentally different to that
associated with a horizontal crack (or a crack in the isotropic
plane [6,22]) where the displacement discontinuities :u: and :v:
on the crack faces are coupled, and the displacement disconti-
nuity :w: and the electric potential discontinuity :j: are
coupled. As such, it is important to investigate the fracture
mechanics of the vertical crack in a transversely isotropic
piezoelectric solid.

6. Singular behavior and field intensity factors

Knowing the singular behavior of fields near the crack tip and
calculating the field intensity factors are the key tasks in fracture
mechanics. Due to the complexity of the three-dimensional
problem, only the singular behaviors near some special points
are investigated in the present paper.

Consider the special point on the smooth portion of the crack
front G where z reaches the minimum value, we place a Cartesian
coordinate system oxyz such that the y-axis and z-axis are,
respectively, tangential and normal to G, while the x-axis is
normal to the crack plane S, as depicted in Fig. 3a.

We define the infinitesimal e as the radius of a circle
P

centered at point o on crack S as shown in Fig. 3a. Based on the
elastic fracture theory [38], the extended displacement near the
crack tip o can be obtained by superposing the extended in-plane
and anti-plane displacements. Therefore, at the neighborhood of
point o, the extended displacement discontinuities can be
expressed asymptotically as

:u:¼ AxðoÞBax , :v:¼ AyðoÞBay , :w:¼ AzðoÞBaz , :j:¼ AjðoÞBaj ,

ð14Þ

where Ax, Ay, Az, Aj are coefficients to be evaluated at the origin o,
and ax, ay, az, aj are the so-called singular indices of the extended
displacements with values lying between (0,1).

Substituting Eq. (14) into Eq. (11), letting e be sufficiently
small and taking the limit z-0, and further making use of the
finite-part integral theory, we obtain the conditions for the
existence of a non-trivial solution

cotpax ¼ cotpay ¼ cotpaz ¼ cotpaj ¼ 0: ð15Þ

Therefore, we obtain the singular indices

ax ¼ ay ¼ az ¼ af ¼ 1=2: ð16Þ

Eq. (16) indicates that near the crack front, the field behaves the
same way as in the classical fracture mechanics with singularity
Oð1=

ffiffiffi
r
p
Þ, which is further identical to the singularity when the

crack is along the isotropy plane [6,22].
Substituting Eq. (16) into Eq. (14), and using Eq. (10), we

obtain the following extended stress components at point
(0,0,�r):

sxx ¼ k11AxðoÞp=
ffiffiffiffi
r
p

,

sxy ¼�k12AyðoÞp=
ffiffiffiffi
r
p

,

sxz ¼�
X3

i ¼ 1

½Li
51AzðoÞþLi

71AjðoÞ�
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17Þ,

k12 ¼ L4
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1

s2
4

: ð18Þ

Substituting Eqs. (17) and (14) into the definition of the field
intensity factors

KF
I ¼ lim

r-0

ffiffiffiffiffiffiffiffiffiffi
2pr

p
sxxð0,0,�rÞ,

KD
I ¼ lim

r-0

ffiffiffiffiffiffiffiffiffiffi
2pr

p
Dxð0,0,�rÞ,
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II ¼ lim
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2pr

p
sxzð0,0,�rÞ,

KF
III ¼ lim

r-0

ffiffiffiffiffiffiffiffiffiffi
2pr

p
sxyð0,0,�rÞ, ð19Þ

the extended field intensity factor at a crack tip along the
horizontal front of the vertical crack can be finally expressed in
terms of the extended displacement discontinuities as

KF
I ¼

ffiffiffiffiffiffi
2p
p

plim
z-0

k11JuJ=
ffiffiffi
z
p

,

KD
I ¼�

ffiffiffiffiffiffi
2p
p

plim
z-0

X3

i ¼ 1

½Li
52JwJþLi

72JjJ�
1

s2
i

=
ffiffiffi
z
p

,

y

z

Γ

Σ

o y
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�

�

Fig. 3. (a) Local coordinate system at the crack tip of its lower front of the vertical

crack in the oyz plane of the oxyz system. (b) Local coordinate system at the crack

tip of its left front of the vertical crack in the oyz plane of the oxyz system.
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KF
II ¼�

ffiffiffiffiffiffi
2p
p

plim
z-0

X3

i ¼ 1

½Li
51JwJþLi

71JjJ�
1

s2
i

=
ffiffiffi
z
p

,

KF
III ¼�

ffiffiffiffiffiffi
2p
p

plim
z-0

k12JvJ=
ffiffiffi
z
p
: ð20Þ

Similarly, for a crack tip along the left front of the vertical
crack as schematically shown in Fig. 3b, the extended field
intensity factors in terms of the extended displacement disconti-
nuities can be found as

KF
I ¼

ffiffiffiffiffiffi
2p
p

plim
y-0

k21JuJ=
ffiffiffi
y
p

,

KD
I ¼�

ffiffiffiffiffiffi
2p
p

plim
y-0
½k63JvJþk53JwJþk33JjJ�=

ffiffiffi
y
p

,

KF
II ¼�

ffiffiffiffiffiffi
2p
p

plim
y-0
½k61JvJþk51JwJþk31JjJ�=

ffiffiffi
y
p

,

KF
III ¼�

ffiffiffiffiffiffi
2p
p

plim
y-0
½k62JvJþk52JwJþk32JjJ�=

ffiffiffi
y
p

, ð21Þ

where the material-related constants are given by

k21 ¼
2

s4
L4

11þ
X3

i ¼ 1

½3Li
12�Li

13�Li
14þLi

15�2Li
16�

1

si
,

k31 ¼
1

s4
L4

32þ
X3

i ¼ 1

2

si
Li

35, k32 ¼
1

s4
L4

61þ
X3

i ¼ 1

1

si
Li

71,

k33 ¼
1

s4
L4

62þ
X3

i ¼ 1

1

si
Li

72, k51 ¼
1

s4
L4

31þ
X3

i ¼ 1

2

si
Li

34,

k52 ¼
1

s4
L4

41þ
X3

i ¼ 1

1

si
Li

51, k53 ¼
1

s4
L4

42þ
X3

i ¼ 1

1

si
Li

52,

k61 ¼
2

s4
L4

11þ
X3

i ¼ 1

2

si
Li

11, k62 ¼
1

s4
L4

21þ
X3

i ¼ 1

2

si
Li

21,

k63 ¼
1

s4
L4

22þ
X3

i ¼ 1

2

si
Li

22: ð22Þ

Eqs. (20) and (21) show that for a vertical crack, the mode I
stress intensity factor KF

I is only related to the normal displace-
ment discontinuity :u:. It is further observed that, for the vertical
crack case, the electric displacement intensity factor KD

I and the
mode II stress intensity factor KF

II at the crack tip of the vertical
crack front depend on the displacement discontinuities :w: and
:j:, as well as on :v:. These features again demonstrates that the
relations between the extended field intensity factors and the
extended displacement discontinuities for a vertical crack are
remarkably different to the situation where cracks are located in
the plane of isotropy of the piezoelectric media [6,22].

7. Extended displacement discontinuity boundary element
method

Following Zhao et al. [35], an extended displacement disconti-
nuity boundary element approach is adapted to numerically
analyze the vertical crack behaviors in transversely isotropic
piezoelectric 3D media.

If the uniformly distributed extended displacement disconti-
nuities :ue:, :ve:, :we: and :je: are applied on the element or a
rectangular element Se in the oyz plane, as schematically shown in
Fig. 2, the extended stress fields are given in Eq. (B1), which can
be rewritten in the following compact form:

se
i ¼

X4

j ¼ 1

Te
ij:ue

j :, i,j¼ 124 ð23Þ

where Te
ij are the Green’s functions or the extended Crouch

fundamental solutions of the rectangular element, and se
1 ¼ se

xx,
se

2 ¼ se
xy, se

3 ¼ se
xz, se

4 ¼De
x , ue

1 ¼ ue, ue
2 ¼ ve, ue

3 ¼we, ue
4 ¼je.

The domain of the crack is divided into N square elements. The
geometric centroid of the eth element is denoted by (ye, ze). From
the extended Crouch fundamental solution, the extended stresses
at the centroid of element q can be obtained by superposing the
contribution of all elements. Using the boundary conditions on
the crack faces, one obtain

XN

e ¼ 1

X4

j ¼ 1

Te
ijðyq�ye,zq�zeÞ:ue

i :¼ s
0
i ðqÞ, q¼ 1,2,. . .,N, ð24Þ

where s0
i are the applied extended loadings on the crack face.

Solving Eq. (24), we obtain the extended displacement dis-
continuities on the crack faces. With these, the extended field
intensity factors can be calculated by using Eqs. (20) and (21).

8. Numerical results and discussion

We consider a square crack of side length 2a in an infinite
piezoelectric medium in the oyz plane. The material is BaTiO3

with the following coefficients:

c11 ¼ 16:6� 1010 Nm�2, c12 ¼ 7:7� 1010 Nm�2, c13 ¼ 7:8� 1010 Nm�2,

c33 ¼ 16:2� 1010 Nm�2, c44 ¼ 4:3� 1010 Nm�2,

e31 ¼�4:4Cm�2, e33 ¼ 18:6Cm�2, e15 ¼ 11:6Cm�2,

k11 ¼ 112� 10�10 CðVmÞ�1, k33 ¼ 126� 10�10 CðVmÞ�1: ð25Þ

Fig. 4 shows the variation of the elastic displacement discon-
tinuity :u: at the crack center as a function of the uniform loading
Px applied to the crack surface, whilst Fig. 5 displays the variation
of the extended displacement discontinuities :v:, :w: and :j: at
the crack center vs. the uniform surface loading Dx. The results
show that there is only elastic displacement discontinuity :u:
under pure mechanical loading, whilst the extended displacement
discontinuities :v:, :w: and :j: exist at the crack center under
the uniform electric loading Dx. These results also demonstrate
the special coupling behavior of the extended displacement
discontinuities in the boundary integral equations (11). In both
cases, other loads on the crack surface are assumed to be zero.
These results are calculated by the extended displacement dis-
continuity method using N¼15�15 elements. It is observed from
these two figures that with only 225 constant elements, very
accurate results can be obtained as compared to the results using
the finite element software ANSYS (Figs. 4 and 5).
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Fig. 4. Variation of the displacement discontinuity :u: at the center of the square

crack with the applied mechanical load Px on the crack surface (other loads on the

crack surface are zero): present paper (via the extended displacement disconti-

nuity boundary element method) vs. finite element method.
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Fig. 6 shows the normalized mode I stress intensity factor FI

along the crack front due to the uniform force Px applied on the
crack surface

FI ¼
K I

Px

ffiffiffiffiffiffi
pa
p , ð26Þ

along the crack front, where the subscripts ‘‘z’’ and ‘‘y’’ denote,
respectively, the crack front parallel to the z- and y-axis. It is
observed that, under this mechanical loading, the only nonzero
intensity factor along the crack fronts is FI, which is symmetrical
with respect to the midpoint of each side and reaches its
maximum value at the midpoint. Since the poling direction is
along the z-axis and vertical to y-axis, the stress intensity factor
along the crack front parallel to the y-axis is larger than that along
the crack front parallel to the z-axis.

Fig. 7a and b plot the nonzero extended normalized field
intensity factors FD, FII and FIII along the crack front parallel to
the y- and z-axis, respectively. The uniform shear load on the
crack surface is Pz¼10 MPa while other loads are assumed to

be zero. The extended field intensity factors are normalized by

FD ¼
KD

wPz

ffiffiffiffiffiffi
pa
p , FII ¼

K II

Pz

ffiffiffiffiffiffi
pa
p , FIII ¼

K III

Pz

ffiffiffiffiffiffi
pa
p , ð27Þ

where w¼k33/e33. Fig. 7a demonstrates that the extended normal-
ized field intensity factors FD and FII along the crack front parallel
to the y-axis are symmetrical, and FIII is anti-symmetrical, with
respect to the middle point of the crack front. However, due to the
effect of the poling direction, these symmetric properties dis-
appear along the crack front parallel to the z-axis as shown in
Fig. 7b.

Fig. 8a and b show the nonzero extended normalized field
intensity factors FD, FII and FIII along the crack fronts under the
mechanical shear loading Py¼10 MPa while other loads are zero.
Similarly, the normalized field intensity factors are defined by

FD ¼
KD

wPy

ffiffiffiffiffiffi
pa
p , FII ¼

K II

Py

ffiffiffiffiffiffi
pa
p , FIII ¼

K III

Py

ffiffiffiffiffiffi
pa
p : ð28Þ

It is noticed from Fig. 8a that, along the crack front parallel to
the y-axis, FIII is symmetrical, whilst FD and FII are anti-symmetric.
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Fig. 5. Variation of the extended displacement discontinuities :v:, :w: and :j:
at the center of the square crack with the applied electric load Dx on the crack

surface (other loads on the crack surface are zero): present paper (via the

extended displacement discontinuity boundary element method) vs. finite ele-

ment method.
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On the other hand, along the crack front parallel to the z-axis,
these extended field intensity factors posses no symmetric
feature (Fig. 8b) due to the poling direction selected.

Fig. 9a and b plot the nonzero extended normalized field
intensity factors FD, FII and FIII along the crack fronts under the
electric loading Dx¼0.1 C m�2 with the mechanical loads being
zero. These intensity factors are normalized by

FD ¼
KD

Dx

ffiffiffiffiffiffi
pa
p , FII ¼

wK II

Dx

ffiffiffiffiffiffi
pa
p , FIII ¼

wK III

Dx

ffiffiffiffiffiffi
pa
p : ð29Þ

It is observed that while along the crack front parallel to the y-
axis, these intensity factors exhibit either symmetric or anti-
symmetric behaviors (Fig. 9a), those along the crack front parallel
to the z-axis are not symmetric due to the poling direction chosen
(Fig. 9b).

9. Concluding remarks

The conventional displacement discontinuity method has been
extended to analyze vertical cracks in transversely isotropic

piezoelectric 3D media. The Green’s functions or extended Crouch
fundamental solutions corresponding to the extended elastic
displacement discontinuities have been derived by making use
of the fundamental solutions of an extended point force and the
Somigliana identity. The hyper-singular displacement discontinu-
ity boundary integral equations and the extended field intensity
factors in terms of the extended displacement discontinuities on
the crack faces have been derived. For the special crack orientation
studied in this paper, the following conclusions can be drawn:

(1) Special coupling behavior has been found in the boundary
integral equations: the normal displacement discontinuity
:u: is decoupled from the other extended displacement
discontinuities, which is fundamentally different from that
for the crack in the isotropic plane.

(2) The singularity index near the vertical crack tip is still 1/2.
However, the expressions of the extended stress intensity
factor show the anisotropic property.

(3) The mode I stress intensity factor KF
I is related only to the

displacement discontinuity or the mechanical loading in the
direction normal to the crack plane, whilst the other field
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intensity factors are coupled together, with their features
depending on the crack tip location and the poling direction.

The displacement discontinuity method has been coded to
calculate the extended displacement discontinuities on the crack
surface and the field intensity factors along the crack fronts. The
program has been validated by the commercial code ANSYS.
Numerical results have demonstrated further that the poling
direction (with respect to the crack surface) can significantly
influence the fracture mechanics behavior of the cracks in piezo-
electric 3D media.
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Appendix A. Green’s functions for extended unit point
displacement discontinuities

A.1. Green’s function satisfying Eq. (8a)
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where

Ri ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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A.2. Green’s function satisfying Eq. (8b)
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A.3. Green’s function satisfying Eq. (8c)
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A.4. Green’s function satisfying Eq. (8d)

The Green’s functions satisfying Eq. (8d) can be obtained from
Eq. (A4) by simply replacing oi1 by oi2.

Substituting the obtained extended displacements into the
constitutive equations (2), the extended stress can be obtained.

Appendix B. Extended Crouch fundamental solutions

When the uniformly distributed extended displacement dis-
continuities :ue:, :ve:, :we: and :je: are applied on a rectan-
gular element Se of length 2b�2d in the oyz plane, as
schematically shown in Fig. 2, the extended Crouch fundamental
solution can be expressed as
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where the functions are given by
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where Fi
kl, Gi

kl and Mi
kl are the fundamental functions listed below:
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