Analysis of an arbitrarily oriented crack in
a finite piezoelectric plane via the hybrid
extended displacement discontinuity-
fundamental solution method

CuiYing Fan, MingHao Zhao, JiaPeng
Wang & Ernian Pan

Computational Mechanics

Solids, Fluids, Structures, Fluid-
Structure Interactions, Biomechanics,
Micromechanics, Multiscale Mechanics,
Materials, Constitutive Modeling,
Nonlinear Mechanics, Aerodynamics

ISSN 0178-7675
Volume 51
Number 4

Comput Mech (2013) 51:567-580
DOI 10.1007/s00466-012-0754-2

*@ Springer

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Springer-
Verlag. This e-offprint is for personal use only
and shall not be self-archived in electronic
repositories. If you wish to self-archive your
work, please use the accepted author’s
version for posting to your own website or
your institution’s repository. You may further
deposit the accepted author’s version on a
funder’s repository at a funder’s request,
provided it is not made publicly available until
12 months after publication.

@ Springer



Comput Mech (2013) 51:567-580
DOI 10.1007/s00466-012-0754-2

ORIGINAL PAPER

Analysis of an arbitrarily oriented crack in a finite piezoelectric
plane via the hybrid extended displacement
discontinuity-fundamental solution method

CuiYing Fan - MingHao Zhao - JiaPeng Wang -
Ernian Pan

Received: 28 February 2012 / Accepted: 27 June 2012 / Published online: 11 July 2012

© Springer-Verlag 2012

Abstract In this paper, we analyze an arbitrarily oriented
crack in a finite two-dimensional piezoelectric medium with
the polarization saturation model near the crack tip. We first
derive the extended Green’s functions corresponding to the
extended point-displacement discontinuities of an arbitrarily
oriented crack based on the Green’s functions of the extended
point forces and the Somigliana identity. Then, the extended
field intensity factors and the local J-integral near the crack tip
are expressed in terms of the extended displacement discon-
tinuity on crack faces. Finally, the nonlinear hybrid extended
displacement discontinuity-fundamental solution method is
proposed to analyze an electrically nonlinear crack in a finite
piezoelectric medium. Numerical examples are carried out
for both linear and nonlinear fracture models of the crack
under electrically impermeable boundary conditions. The
influence of the crack orientation and geometric size on the
fracture behaviors of the crack is investigated.

Keywords Piezoelectric medium - Arbitrarily oriented

crack - NLHEDD-FS method - PS model - Extended field
intensity factor - Local J-integral

1 Introduction

Along with the wide use of piezoelectric ceramics in smart
structures, research in fracture of these materials has been
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receiving a great deal of attention [1-4]. Previous studies
were mostly limited to cracks lying in the plane of isotropy
in transversely isotropic piezoelectric media. In reality, how-
ever, the cracks distributed in the structure could be in any ori-
entation. As such, the corresponding problem where a crack
is oriented arbitrarily is of theoretical significance and appli-
cation value.

Research of an arbitrarily oriented crack in elastic media
can be traced back to 1974 when the problem of a crack arbi-
trarily oriented with respect to the interface of a bimaterial
plane was solved by Erdogan and Aksogan [5]. Later, Erdo-
gan and Arin [6] solved the problem of a crack arbitrarily
oriented with respect to the interface of a strip and half-plane
materials. For piezoelectric media, Tian and Chau [7] stud-
ied an arbitrarily oriented crack near the interface of piezo-
electric bimaterials, and the stress intensity factors and the
electric displacement intensity factor at the crack tips were
evaluated by the dislocation density function method. Using
a dielectric crack model, Wang et al. [8] studied the effects
of the crack orientation and the applied loads upon the frac-
ture behavior of the crack in piezoelectric materials. Chue
and Weng [9] found that a negative electric field impeded
the crack growth whereas a positive electric field enhanced
it and that the driving force and the crack propagation angle
were significantly influenced by the polarization direction.
Ang and Athanasius [10] studied the dynamic problem of
multiple arbitrarily oriented planar cracks in a piezoelectric
space under a transient load. The fracture behavior of a crack
in a piezoelectric medium could be nonlinear, yet, there are
only very few reports on this issue.

As is well known, the extension of the current fundamen-
tal fracture concepts or criteria in pure elasticity to piezo-
electricity is not straightforward since the coupling between
the mechanical and electric fields is complicated [1,3]. Gao
et al. [11] extended the classical Dugdale model [12] to a
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strip polarization saturation (PS) model in piezoelectricity
by assuming that the electric displacement is constant in a
strip adjacent to a crack tip. Zhang et al. [ 13] proposed a strip
dielectric breakdown (DB) model assuming that the electric
field strength be constant in a strip adjacent to a crack tip. It
is found that the DB model gives the same results as the PS
model in predicting the effect of an applied electric field on
the fracture of piezoelectric media [13]. Later, piezoelectric
fracture analyses based on the PS and DB models were also
conducted by Ru and Mao [14], Beom et al. [15], Gao et al.
[16], Loboda et al. [17], among others.

Analytical solutions are usually difficult to obtain, espe-
cially for the nonlinear fracture problem in a finite domain.
Recently, in order to study the effect of the electric boundary
condition on the field quantities, Fan et al. [18] and Zhao et al.
[19] developed a numerical method, the nonlinear hybrid
extended displacement discontinuity-fundamental solution
(NLHEDD-FS) method, where both the PS and DB models
can be considered. This method was also used to study the
linear and nonlinear fracture of magnetoelectroelastic media
[20,21]. In this method, the extended point-force fundamen-
tal solutions and the extended Crouch fundamental solutions
with extended displacement discontinuities play an impor-
tant role. Therefore, in order to study an arbitrarily oriented
crack in a finite piezoelectric plane, we first, in this paper,
derive the extended point-displacement discontinuity funda-
mental solution for an arbitrarily oriented crack by using
the Green’s functions of the extended point forces and the
Somigliana identity. Then the extended Crouch fundamen-
tal solutions are obtained. Furthermore, the extended field
intensity factors near the crack tip and local J-integral are
expressed in terms of the extended displacement disconti-
nuity on crack faces. Finally the NLHEDD-FS method with
an iterative approach is developed to study the piezoelectric
fracture behavior of an arbitrarily oriented crack.

2 Basic equations

For a two-dimensional (2D) piezoelectric medium in the
coordinate system oyz, in the absence of the body force and
electric charge, the equilibrium equations, kinematic equa-
tions and constitutive equations are given by

0ij,j =0, Di; =0, (1
1

sij = 5 (wij +uji), Ei=—¢i @

0ij = Cijrieri — ekij Ek, (3a)

D; = ejpien + Kik Ex, (3b)

where o;;, ¢;;, D; and E; denote the stress, strain, elec-
tric displacement and electric field strength, respectively;
u;((uy, u2) = (v, w)) and ¢ are the elastic displacements and
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electric potential, respectively; and C;jx (= ¢;j), eiji (= eif)
and «;; stand for the elastic, piezoelectric and the dielectric
constants, respectively.

3 Boundary integral expressions

We assume that there is a straight line crack S lying in the
oyz plane, as shown in Fig. 1. The poling direction of the
piezoelectric material is along the z-direction. The crack is
oriented arbitrarily with respect to the y-axis by angle 8. The
upper and lower faces of the crack S are denoted by S* and
S, respectively. The outer normal vectors of ST and S~are
respectively given by
{n;}T ={sinp, —cos B}, {n;}” ={—sinB,cosB}. (4
Making use of the extended point-force Green’s functions
[22] and the Somigliana identity for piezoelectric media, the
elastic displacements and the electric potential at any point
(v, z) can be expressed by the following integrals

wiv.2) = = [ [P5 ]+ 25 ol s,
st

AZ

Fig. 1 An arbitrarily oriented straight line crack S in a piezoelectric
rectangle and one of the elements along it. While 2c is the crack length,
2d represents one of the elements along the crack surface, ST and S~
denote the upper and lower faces of crack S



Comput Mech (2013) 51:567-580

569

o2 == [ [PP ] + 2 o] as. )
S+

where P5 and QF, are, respectively, the induced tractions
and electric displacements on the crack surfaces when a unit
point force is applied in the ith direction; PJD and QP are
those corresponding to a unit point electric charge. In Eq.
(5), |uj “ and ||¢|| denote, respectively, the elastic displace-
ment and electric potential discontinuities across the crack
face, defined as

luill = ui (ST) — ui(S7),
loll = @(ST) —e(S7), (6)

which are called the extended displacement discontinuities.

Inserting the extended point-force Green’s functions [22]
into Eq. (5) yields the following explicit expressions for the
elastic displacement and electric potential

3
—2(g; — zi)cos B
= ' Dl-
y /{nvn(gwl IS p——.
S+ -
2Un — .
+(c11 —c12 — &)D; (n—y)sinB )

=2+ (5 — z)?

3
2(n — y) cos B
+ llw] (ZﬁnDi
= (= %+ (5 — z)?

2(¢i — zi)sin B )
i1 D;
e =2+ (5 —z)?
3
2(n —y)cos B
+ Wiz Dj
el (Z‘ o=yt (6w
2(gi — z;)sin B

+wi2 D;

=2+ (g — zi)z)] dS(m,si), (7a)

3
w = / [Ilvll (Z(Cn —c12 — &)
i=1

S+
 2(ci —zi)sinf
"= 2+ (i —2i)?
2(n — y)cos B )
+ wi14;
@il =2+ (si —z)?

3
2(gi — zi) cos B
+ ||lw Hi14;
| ”(; a "=+ (5 —z)?

—2(n — y)sin B )
i1A;
Fen =)+ (si —z)?
3
2(gi —zi)cos B
+ Vin A
el (; =9+ G-
—2(n —y)sinp

+wiz A;

(=72 + (5 — Zi)z)} 450, <, (76)

3
—€0=/[||U|| (Z(Cu —c12—§&)

A i—1
 2(ci —zi)sinf
"=+ (i —w)?

2(n — y)cos B
=2+ (si — Zi)z)

3
2(ci — zi)cos B
+ flw Vi1 Bi
” ”(§ =T+ G —w)?

+ w1 B;

—2(n —y)sin B )
+wi1B;
=Y + (6 —u)?
3
2(g;i — zi) cos B
+ Vi2 B;
||<p||(; ? =2+ (si —z)?
—2(n—y)sin

+ w2 B;

s, ci). (70
=2+ (s —zl-)2)] ’
Equation (7) indicates that the extended displacements at
any point (y, z) can be expressed in terms of the extended
displacement discontinuities across the surface of the crack,
where

(i=1234), (®)

i =S8id, G = 8i6,

and s; are the roots of the material characteristic equation,
whilst w;;, &, A;, B; and D; in Eq. (7) are material-related
constants givenin [18]. Itis noted that constants D; are differ-
ent to the electric displacements defined in Egs. (1) and (3b).

4 Green’s functions and the extended Crouch
fundamental solution for extended displacement
discontinuities

We assume that the length of the straight line crack § is 2¢
centered at the origin of the coordinate system, as shown
in Fig. 1. When the size of the crack approaches zero,
the Green’s functions or the fundamental solutions corre-
sponding to a unit extended point displacement discontinu-
ity is obtained. Therefore, such displacement discontinuity
Green’s functions should satisfy the governing equations of
piezoelectric media subjected to the following conditions,
respectively

alig})/{llvll Awls llel}ds = {1, 0, 04, (%a)
s

(}i_)mo/{llvll Awls llel}ds = {0, 1, 0}, (9b)
S

L}i_r)r})/{llvll Awls llelidS = {0, 0, 1}. %)
s
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Making use of the method in deriving the extended point-dis-
placement discontinuity Green’s functions [23], we obtain
the extended point-displacement discontinuity Green’s func-
tions satisfying Eq. (9a)

Zi cosﬁ ysin B
v_22(wz1D - —(cr—ci2 — Sz)Dzy2+

g 3
os B zi sin 8 UyZ=2Z{|:sinl8”ve“L y21+COS:3”w ||Lfy3l
:_zz w1 Aj I +(c11—C12 s,)A,y2+ (10b) i1

+ sin o Ly | 61
+ [sinﬂ [ve| Li‘yyZZ +cos B |w’| L;‘yy32

), (10a) + cos B o] Llfyy42] GZ} : (12a)

Y

l

+ cos 16°] Lipur] 61
@ —22(00113, T +(611 —ci2—§&)B; j;s_l:)zﬁz) (10¢)

1

+ [Cosﬁ “ve ” Lf-fyZZ +sing ” w* ” Lify32

Similarly, the extended point-displacement discontinuity + sinp ”(pe || Lif),42] Gz} , (12b)
Green’s functions satisfying Eq. (9b) can be expressed by

N

3
of, =23 {[cos B[] Lipay +sin B |we | L,
_

yco B zi sin B i
=-2 Di—— +wnDi—— |, 11 .
v Z( il Z,-z wi1 ly2+Zl-2) (ITa) + sin B ||| sz41] G
Z cosﬂ ysin B + [sin,B ve| Ly, + cos B |wé| L
wz_zz( AT o] L+ o8 Ju | L

+ cos B o° | Lirip ] G2} (12¢)

i i

zj cos 8 ysin 8
=2 B—— —wnBi—— |. 11 . .
’ Z(” ‘y2+z2) MO e — 23 ([ 1o Ly + cos ] L
i=1

~

Green’s functions for unit point electric potential disconti- )
e L
nuity satisfying Eq. (9c) can be obtained simply by replacing + cos B ” 4 ” Ldy4]] Gi
the material related constant ;1 in Eq. (11) by 9. Then ol bi . el bi
substituting Egs. (10) and (11) into the constitutive equa- + [COS‘B “U ” Layn +sinp ||w “ Lay3
t1.0n i.e., Eq. (3), yields the corresponding stress and electric + sinf ” o° ” LZ }742] Gz} (12d)
displacement fields.

We consider a straight line element of length 24, inclined . 3 el +i ) el +i
with respect to the y-axis by the angle S, centered at point D; = ZZ {[cosﬁ ”U ” Loy +sin B Hw ” La3
(n, ¢), as shown in Fig. 1. Along the element, we apply i=l1 .
uniformly distributed displacement discontinuities ||v¢]| in + sinB | ¢°|| L;M]] G
y-direction, [[w®]||in z-direction and the electric potential ) ol i ol i
discontinuity ||¢¢|| . Integrating the extended point-displace- + [sm B |v° | Lz + cos B | we| Lys,
ment discontinuity Green’s functions along the element gives el vi ] }
the extended Crouch fundamental solutions + cosp ”(0 ” Law| G2y (12¢)
oy =2 Z {[COS B v Lifyy2l +sin B |w| L,ifyy3l where L! ;1 are the material-related constants given in Appen-
i=1 dix A, and
G zicos B+ si(y —2d cos B) sin B
1= =
[ 1+(1 — 57 )sm ,3] [d2 (1 — sin ,3(1 — 57 )) +y? +z —2d (ycos B+ s;z; sm,B)]
n zicos B+ s;i (y +2ccos B)sin B (13a)
[ 1+(1 — 5 )sm ﬂ] [d2 (1 — sin ,3(1 — 5 )) +y2 +z +2d (ycos B + iz sm,B)]
d[1—sin’B (1 +57)] — ycos B+ siz; sin B
Gy = 2) «in2 2
[-1+ (1—s?)sin? B][d? (1 —sin® B (1 — 57)) + y2 + 2} — 2d (y cos B + s;z; sin B)]
—d [1 —sin? B (1 +s2)] — ycos B + s;z; sin
[ B (1+57)] — ycos B+ sizsin (13b)

[ 1+(l—s)sm ﬂ][dz(l—sm /S(l—s ))+y +z +2d(ycosﬂ+s,zlsm,3)]
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5 Extended field intensity factors and local J-integral

Based on the extended displacement discontinuity Green’s
functions in Sect. 4, the extended stresses at any point (y, z)
can be expressed in terms of the integral of the extended

displacement discontinuity on the entire crack faces
oyy (¥, 2)

=2i/ {[COSﬂ vl L%,

i=1 S

o+ sin B wll Ly, +sin B gl Ly | Vi

+ [sin B 110l Ly, 00 + cos B lwll Ly, 5

+ <03 B llpll Ly, | V2] dS@r, i, (14a)
oyz(y, 2)
3
_ 22/ {[sinﬁ loll Lisy; +cos B llwll L3,
i=1 S
+ cos B ol Ly | Vi
+[cos B 10l Ly 0p + sin B 1wl L5
+ sin B gl Ly | Va} dsar, . (14b)
02(y,2)
3 . .
= 22/ {[cosﬂ lv]] Llle + sin 8 ||w| L’f31
i=1 S
+sin B llgll Ly, | Vi
+[sin B 10l Ly, +cos B lwl L3
+ cos B llgll L | V2 dSn, o). (140)
Dy(yv Z)
3
- 22/ {[sin B 101 Liyr +cos B 1wl L3y
i=1 S
+ <03 B gl Liy | Vi
+[cos B 10l Ly + sin B 1w Ly
+ sin B llgll Ly | V2} dSar. 5. (14d)
D,(y,2)
3 . .
:22/{[00sﬂ|lv|| Lin, +sin g lwl Lis,
i=1 S
+ sin B ol Ly |V
o+ [sin B 10l Lipy + cos B il L
+ cos B llgll L | V] S0, i), (140)

571
where
o 2(y —m(zi — si)
(v —m?+ (i — )
N2 (0 -2
o—m"— (i —si) (15)

2T -2 H G- o)’

It has been proven that the extended stress field has the
classical singularity of order 1//r near the crack tip in the
2D piezoelectric media. Thus, the extended displacement dis-
continuities at the neighborhood of the right crack tip (v, z¢)
on the crack line can be expressed
lvll = A,v/s,

lwll = A8, gl = A8, (16)

where § is the distance from the crack tip and the coefficients
Ay, A; and A, are constants to be determined.

In the local polar coordinate system (r, #) with the origin
coinciding with the right crack tip, a point near the crack tip
can be expressed by

Yy —Y.=rcosh, z;—sizc=sirsinf, r 1. a7

Substituting Eqgs. (16) and (17) into Eq. (14) introducing
function f}; and f»; for the following integrals

0
5 / 2(cos® — g cos B)(s; sin6 — s; g sin B)
[(cos@ — g cos B)2 + (s; sinf — s; ¢ sin B)2]2
—0o0

x(=§)7dg = fi(.0). (182)
; (cos® — g cos B)> — (s; sin6 — ;¢ sin B)?
[(cos® — g cos B)? + (s; sin6 — s; ¢ sin B)2]?
x(=§)1dg = f(B.0). (18b)

the extended stresses at an arbitrary point near the crack tip
can be expressed by

3
1 ; . i
Oy = ﬁ Z {[cos ,BAyL’fyy21 + sin IBAZL.lfyy?yl
i=1

+ sin ,BAwLifyyM] J1i(B,0)

+ [sin ,BAnyf-yy22 + cos ;BAZL’fyy32

+ cos BAGLYy 0| i (B0} (192)
1< , .
Oy, = 7 Z {[sin ,BL’fy21Ay + cos ,BL‘fy31AZ
r i=1
+ cos BLY 41 Ay | £i1(B.0)
+ [cos ﬂLffyzsz + sin ﬂLffy”AZ
+ sinBLYy A | f2(8.0)) (19b)
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3
1 . _ .
7= S {[cosﬁL’leAy +sin LY Ay
i=1

+ sin ,3Lif41Arp] f1i (B, 0)
+ [sin :BLifzsz + cos ,BLif32Aw

+ cos BLYp A | fa(B.0)] (190)

3
1 ) ;
D, = ﬁ i_El {[sm BLgy21 Ay

+ cos ,3L21y31 Az +cos IBLézym Aw] S1i(B,0)
+ [cos BLY 204y + sin BLY 3 A

+ sin BLYy A | £ (8.0 (19d)
1 3
D, = — > {[cos BLip Ay +sin BLYy, A,
ﬁ i=1

+ sin ALy Ay | f11(B.6)
+ [sin BLipA, + cos BLY3 AL
+ cos ,BLZ42A¢] Foi (B, 9)} . (19)
When 6 = B, we define the extended intensity factors
KIF = lim v/ 27 ro{(r, 0),
r—0
Kf = 111% V2rrof(r, 0), (20)
r—
KP = lim V2mrD{(r, 0).
r—

where o, o] and Dy stand for the extended stresses along
the crack line

0f = oyy sin’ B 4 o, cos® B — 20y, sin B cos B,

ofy = (07 — 0yy) sin B cos B + oy, cos 2,

Dy = —Dysin B + D, cos B. (1)

Inserting Egs. (19) and (21) into Eq. (20) gives

. A2m
K1 = rlgr})—r ki o]l + ki lwll + ki3 llell], (22a)

Jr

. A2m
K = lim —[kay [v|l + ko2 lwll + k23 lle|l], (22b)
r—0 ﬁ

L W21
Kp = }ER) —r[k31 loll + k32 lwll + k33 llell], (22¢)

7

where
3

ki1 = Z [[(sin B)? cos ﬂLifyy21 + cos’ ,BLl'f21
i=1

— sin2 sin ﬁL"fyz]] fii(B.0)
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k12 =

ki3 =

ko1 =

ko =

ky3 =

k31 =

+ [(sin ;3)3Lifyy22 + cos? B sin ;‘}L"f22

— sin28 cos ,BL;yzQ] 12 (B, 9)} ; (23a)
3

Z [[(sin /3)3L"fyy3] + cos? B sin ﬂL’.f31

i=1

sin 2 cos ,BLf'f}gl] fi(B,0)
+ [(sin B)? cos ﬁLifyy32 + cos® ,BL’}32
— sin2Bsin ,3Lffy32] F2i (B 9)} , (23b)

3
> {[(sin B Lis, 41 + cos® Bsin BLY,

i=1

— sin2p cos ﬂL}~y41] J1i (B, 9)

+ [(sin B)? cos ﬂL’}wn + cos’ ﬁLif42

— sin2Bsin /3Lify42] Foi (B 9)} , (23¢)

3
Z {[sinﬂ cos” B (Lff21 — Lifyy21)

i=1

+ cos2psin ,BL;yz[] J1i (B, 9)
+ [cos B sin® B (Lifzz - Lifyy22)

+ cos2fcos ﬁL"fm] fzi(,B,G)}, (23d)
3

Z {[cos B sin? B (L.’-f31 - L?fyy3l)

i—
+ cos 2 cos ,BL"fym] J1i (B, 0)
+ [Sin B cos B (Lff32 - Lifyy32)

+ cos2Bsin 5Ll'fy32] fzi(,s,e)}, (23¢)
3

Z {[cosﬁ sin? B (Lif41 — L"fyyéu)

i=1
+ cos2p cos ,BL"fy41] J1i(B,6)
+ [Sin B cos? IB(L.if42 - L?fyy42)

+ cos2Bsin BLY | £2(8.0)). (23f)

3
Z {[cos2 ,BLfﬂl
i=1
— sin” BLi o | fii(B.6)
+ [cos B sin ,3Li,22

— sinBos BL | f2i(B.6)] (23g)
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k3 = 23: {[sin B cos ﬂLfm

i=1
— sin B cos ,BLflyM] 1 (B, 0)

+ [cos2 ,8L5132

— sin? Ll | (8.0} (23h)
3
k3z = Z [[sin BcosBLL,,
i=1
— sin B cos ,BLizym] f1i(B,0)
+ [0052 BL.4
— sin? ﬁL;W] i (B, 9)} . (23i)

Once the extended displacement discontinuities on the crack
faces are obtained, the intensity factors can be calculated
using Eq. (22). With these, the local J-integral can also be
obtained via

+H
J =K —K, (24)
4
where the matrix H can be found in Zhang et al. [3] and

K= (KH KIOKD)T. (25)

6 NLHEDD-FS method of a crack in a finite
piezoelectric medium based on PS model

We consider a piezoelectric medium occupying a finite
domain €2 enclosed by the outer boundary I" in a rectan-
gular coordinate system oyz as shown in Fig. 1. The polari-
zation direction of the piezoelectric medium is along z-axis.
A straight line crack S with length 2c¢ is oriented arbitrarily
with respect to the y-axis by an angle 8. Similar to the PS
model [11,18], the PS zone is a strip along the crack line,
with —cé and ¢/ denoting the strip electric yielding zones
respectively at the left and right crack tips.

There are two kinds of boundary conditions on the outer
boundary I': mechanical and electric boundary conditions.
The mechanical boundary conditions can be expressed as

v="v, w=w, only, (26a)
ty = oyny + Tyn, =1y, t; =Tyny+on; =1, only,
(26b)

where t,, and ¢, are the tractions along the y- or z-directions
respectively, with the overbar “-” denoting the prescribed
value on the boundary, and n; is the directional cosine of the
outward normal vector on the boundary. The electric bound-
ary conditions are

27¢)
(27d)

=9,
® = Dyny + D;n; = o,

onTy,

onl,,

where o is the boundary value of the electric displacement.

There are also two kinds of boundary conditions on the
crack face S in the PS model. For an electrically impermeable
crack, the mechanical boundary conditions on crack faces
are similar to those in Eq. (26b), whilst the electric boundary
condition is

Dyny + Don; =0, (28)

In both the left- and right-hand electric yielding zones, the
boundary conditions are given as

v(ST) =v(ST), w(ST) =w(s7), (29)

Dyny + D;n; 4+ w; =0, —<l<—c, c<i<,

w9

where superscripts “+” an are the quantities on the upper
and lower crack faces, respectively, wy is the electric displace-
ment saturation, and / is the length coordinate of the crack.

6.1 NLHEDD-ES for the PS model

Based on the NLHEDD-FS method for piezoelectric media
[18], we use N; collocation points on the outer bound-
ary I', with the equal number of source points N; being
located on the virtual boundary I'’, as schematically shown in
Fig. 1. The unknown extended concentrated loads Py; (k =
1,2,..., Ni; i = 1,2, 3) are applied at the kth source
point, where Py and Pip are the mechanical loads in
y- and z-directions respectively, and Py3 is the electric point
charge. The crack surface S is divided into N, constant
elements, and the unknown extended displacement discon-
tinuities [Jugj|l = u,jj —ug k= 1,2,..., Nos j =
1, 2, 3) are assumed to be uniform on each element, where
|l - || denotes the discontinuity of the extended displacement
across the crack. The left and right electric yielding zones
are discretized, respectively, into Né and N3’ constant ele-
ments (N3 = Né + N3), with the unknown electric potential
discontinuity ||¢x|| (k = 1,2, ..., N3) on each element.

Using the extended point-force fundamental solutions and
the extended Crouch fundamental solutions or constant ele-
ment fundamental solutions in Sect. 4, and the method of
superposition, we can express the extended displacement and
stress fields at any field point X(= (y, z)) around an imper-
meable crack in the finite domain due to given mechanical
and electric loadings as

N1 3

wiX) = D> uf; (X, Xp) Py

k=1 j=1

Ny 3
+ ZZM%(X, Xs) ””k.i ”

k=1 j=1
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N3

+ ZM,%(X, Xp) llgell G =1, 2, 3), (30a)
k=1

Ny 3

0i(X) = szﬁ;(x’ Xp) Pyj

k=1 j=1
Ny 3

+ D> 05X, Xs) [ui
k=1 j=1
N3

+ foicg(X, Xp) ekl (i=1,2,3,4,5), (30b)
k=1

where 01, 02, 03, 04 and 05 are the extended stresses oy, 07,
oyz, Dy and D, respectively; u3 is the electric potential
©; u:‘/ and al.’; are the above-mentioned fundamental solu-
tions corresponding to the extended point forces, and ufj and
oicj are the extended Crouch fundamental solutions derived
above; Xp, X5 and Xp denote, respectively, the source points
outside the domain, on the crack and in the electric yielding
zone (again each has two coordinates (y, z)).

Letting Eq. (30) satisfy the given boundary conditions at
the collocation points on the boundary I" and on the crack
and in the yielding zones, one can obtain 3(N1 + N2) + N3
linear algebraic equations for the unknown extended loads
Py; and the unknown extended discontinuity displacements
[lugjll. Solving these 3(N; + N2) + N3 equations determines
the unknown quantities.

Furthermore, by fitting the calculated extended displace-
ment discontinuity using the corresponding values at the
(N¢ — Dth, N.th and (N + 1)th elements from the crack
tip, one obtains the asymptotic behavior of the extended dis-
placement discontinuity near the crack tip

vl = ni1r'? + niar + ni3r’/?,
lwl = n1r'/? + noor + n3r’/?,
loll = m3o0 + narr/? 4 nzar + nasr®’?, (3D

where 7 is the relative distance of the point on the crack faces
from the crack tip, n;; fitting coefficients, and 130 represents
the effect of the electric potential discontinuity in the electric
yielding zone. Finally, the extended stress intensity factors
and local J-integral can be calculated based on Eqs. (22) and
(24).

6.2 Iterative approach for determining the electric yielding
zone

In the method presented above, the size of the electric yield-
ing zone is unknown, albeit related to the applied loadings
and geometry of the finite piezoelectric medium. To deter-
mine the electric yielding zone, the following supplementary
conditions on the electric displacement intensity factor must
be used

@ Springer

Kp = llim V2l —c")Dy =0, (32a)
—cr

Kb, = lim 27( +¢)Df =0. (32b)
[——¢

We assume that there are Né(l) and N3r D elements on the left-
and right-hand sides of the electric yielding zones. Then, by
using the solution derived in previous subsection, we can
obtain a numerical solution of the problem. Based on the
solution, we can calculate the electric displacement intensity
factor K{)S(Ng(l)) atl = ¢, and Kll)S(Né(l)) atl = —¢. If
Kl’)s(Ng (1)) > 0, one element is added to the right end of
the electric yielding zone, and a new value of N3r is obtained,
N;® = NV 41.0n the other hand, if K7, (N5") < 0, 0ne
element is removed from the right end of the electric yield-
ing zone, and N3r @ _ N3r M _ 1; The same iterative method
is used for the left-hand side electric zone. This process is
applied iteratively until the solution satisfies

Ky (¥5) - Kpy (15) <0
K]l)s (Né(nz—l)) . Kll)s (Né(nz)) <0, (33)

where n1 and ny are the number of iterations in the yielding
zones. Finally, one obtains the sizes of the yielding zones,

N = N 1,

R" =

" —c Kpq (Ng) )d

=N} -
c (”K]ss(Ng)—Kss(N;H) ¢’

Ny = N
/

¢ —c K]l)S (Né) ) d

= N+ z
c (3 K (N3) = K (N3 +1)

(34a)

-
(34b)

where d is the half length of one element in the yielding zone.

7 Numerical solutions

As numerical examples, we assume that there is a crack with
arbitrary angle B to the y-axis, centered at the origin of the
coordinate system, as schematically shown in Fig. 1. The
crack is further within a rectangular piezoelectric plate of
PZT-5H with the poling direction along z-axis. The problem
is analyzed by using the proposed NLHDD-FS method. Only
the mechanical load p and electrical load w are applied. The
details on selecting the collocation and source points and the
corresponding convergence issue in the NLHDD-FS method
are described in [18,19]. In this example, the element num-
bers are N1 = 200, N, = 100, and N3 is determined by the
electric yielding zone.
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Fig. 2 The crack sliding displacement ||v’|| at the middle point of the
crack versus the crack orientation § in an infinite piezoelectric medium
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Fig. 3 Crack opening displacement ||w’|| at the middle point of the
crack versus the crack orientation § in an infinite piezoelectric medium

7.1 Effect of the crack orientation on the elastic fracture

We first analyze a crack in an infinite plane. To simu-
late the infinite plane, we selected a very large plate with
a/c =100andb/a = 4 as in Fan et al. [18]. Under different
mechanical and electric loadings, Figures 2, 3 and 4 show the
crack sliding displacement ||v’|, the crack opening displace-
ment ||w’|| and the potential jump ||¢|| at the middle point of
the crack versus the crack orientation 8, where

[v'[| = llvll cos B + [wl| sin B,
|w'| = — llvll sin g + wl cos .

(35a)
(35b)

It can be seen that when 8 = 0°, the crack sliding dis-
placement equals to zero and the crack opening displace-
ment reaches a maximum. The crack sliding displacement
increases gradually and reaches its maximum at 8 =
45°, whilst the crack opening displacement decreases with
increasing angle S. Furthermore, the crack sliding displace-

0.015
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0.005 1

0.000 1

-0.005 1

— - —  p=10 MPa,=0.0 C/m®
—O— p=0.0 MPa,0=0.1 C/m?

p=10 MPa,m=0.1 C/m?

....... [

Electric potential discontinuity lloll/c

20 40 60 80 100 120 140 160 180
B/ (degree)

Fig. 4 Electric potential jump ||| at the middle point of the crack
versus the crack orientation 8 in an infinite piezoelectric medium

p=10 MPa, ©=0 C/m?

Normalized intensity factor F|,F,Fy

-0.8 T T T T T T T T
0 20 40 60 80 100 120 140 160 180

B/ (degree)

Fig. 5 Normalized extended intensity factors versus crack orientation
B under p = 10 MPa, @ = 0 C/m? in an infinite piezoelectric medium

ment and potential jump are anti-symmetric about 8 = 90°
whilst the crack opening displacement is symmetric.

The extended intensity factors under different loadings
are shown in Figs. 5, 6, 7. Figure 5 shows the normalized
extended intensity factors versus the crack orientation B

under pure mechanical load
p=10MPa, o =0C/m? (36)

where the normalized extended intensity factors Fi, Fi; and
Fp are defined by

F = K1 = Ku_ Fp = Ko 37
pJme’ pJme’ xpJme’

where

x = K33/e33. (38)

The crack sliding displacement leads to an intensity factor Fy
which reaches its maximum value at § = 45°. The results
also demonstrate that the intensity factor Fy is symmetric,
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Fig. 7 Normalized extended intensity factors versus crack orienta-
tion B under p = 10MPa, w = 0.1 C/m? in an infinite piezoelectric
medium

while the intensity factors Fj and Fp are anti-symmetric
about = 90°. The intensity factor Fp is very close to zero
under pure mechanical load.

Figure 6 shows the normalized extended intensity factors
versus the crack orientation 8 under pure electric load

p=0MPa, =0.1C/m? (39)

where the normalized extended intensity factors Fi, Fjr and
Fp are defined by

X K1 x K1 Kp
F= Fi=——, Ih=—7+=. (40)

= wJmc W4 W
It can be seen that the intensity factor Fp decreases with
increasing S and is further anti-symmetric about 8 = 90°.
It is also interesting to observe that the stress intensity fac-
tors F1 and Fyy are both small under pure electric load, with
F1 being symmetric and Fyp anti-symmetric about 8 = 90°.
It is further noted that F7 is negative even though the crack
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Fig. 8 Normalized stress intensity factor Fj versus crack length for
different crack orientations under fixed loadings p = 10MPa, w =
0.1 C/m? in a finite piezoelectric medium

opening displacement || w’ H is positive, i.e., the crack is still
opening. This striking feature is due to the inverse piezoelec-
tric effect.

Figure 7 shows the normalized extended intensity fac-
tors versus the crack orientation 8 under both electric and
mechanical loads

p=10MPa,  =0.1C/m?, (41)

where the normalized extended intensity factors Fi, Fj; and
Fp are defined by
K1 K Kp

Fil=— FH_p—\/ﬁ’ FD—wﬁ.
Under this combined loading, the extended intensity factors
F1, F11 and Fp show clearly the coupling effect where both
the mechanical and electric intensity factors have the same
magnitude, while still keeping their symmetric (F7) and anti-
symmetric (Fy and Fp) features about 8 = 90°. Therefore,
in the following examples, we concentrate on the combined
mechanical-electric loading case.

The normalized extended intensity factors versus the nor-
malized crack length for the inclined crack are plotted in
Figs. 8, 9, 10. It is shown that, for a given crack orientation,
the extended intensity factors Fi, Fi and Fp all increase with
increasing crack length, except for Fyj (Fig. 9) where it is zero
when the crack is horizontal (8 = 0°) or vertical (8 = 90°).

(42)

7.2 Effect of crack orientation on elastic—plastic fracture

Figure 11 shows the dependence of the electric displacement
intensity factor Kps on R, the parameter related to the elec-
tric yielding zone (or equivalently the number of elements
in the electric yielding zone). For the case studied here, the
size of the electric yielding zone on the right-hand side of the
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Fig. 13 Normalized local J-integral versus crack orientation 8 under
different electric loadings in an infinite piezoelectric medium

crack tip is equivalent to that on the left-hand side, namely
R=R.=R. Ny = % 5= %Né It should be pointed out
that only the special value of R for which Kps = 0 gives real
size of the electric yielding zone (as given in Eq. (32)).
Figures 12 and 13 show the real size (or length) of the
electric yielding zone R (where Kps = 0) and the local
J-integral, respectively, versus the crack orientation under
the combined mechanical/electric loads with fixed p = 10
MPa but varying w. The electric displacement saturation is
fixed at ws = 0.1 C/m? and the local J-integral is normalized

by
. o J(l)
= p
with ¢ = 1.0 GPa being the apparent elastic constant. The
length of the electric yielding zone and the local J-integral all

decrease with increasing crack angle 8. The larger the electric
loading is, the longer the electric yielding zone is (Fig. 12).

(43)
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The local J-integral shows also a similar trend with respect to
the crack orientation (Fig. 13). Also one can observe clearly
from these two figures that when B = 90°, the length of
the electric yielding zone and the local J-integral are both
become zero.

Under different mechanical loadings, the sizes of the elec-
tric yielding zone and the local J-integral versus the crack ori-
entation are displayed respectively in Figs. 14 and 15 for the
crack in an infinite piezoelectric plane. It is observed that, for
a fixed crack orientation, the local J-integral decreases with
increasing mechanical loading (Fig. 15) whilst the influence
of the mechanical loading on the electric yielding is very
small (Fig. 14) and can thus be ignored. The latter feature is
consistent with the analytical solution in Gao et al. [11].

Figures 16 and 17 plot, respectively, the size of the electric
yielding zone and the local J-integral versus the crack length
in a finite piezoelectric strip with different crack orientations
and mechanical loadings. These results demonstrate that both
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Fig. 19 Normalized local J-integral versus crack length with different
crack orientations and different electric loadings in a finite piezoelectric
medium

the geometric size and crack orientation can greatly affect
the electric yielding zone and the local J-integral, especially
when the crack angle is small. Under different electric load-
ings, Figures 18 and 19 display respectively the size of the
electric yielding zone and the local J-integral versus crack
length for different crack orientations. Similar to the differ-
ent mechanical loading case, the size of the electric yielding
zone and the local J-integral are more sensitive to the crack
length when the crack angle is small.

8 Concluding remarks

The conventional displacement discontinuity method has
been extended to analyze arbitrarily oriented electrically non-
linear crack in a finite 2D piezoelectric medium. By using
the derived extended Green’s functions corresponding to the
extended point displacement discontinuities of an arbitrarily
oriented crack, the extended field intensity factors near the
crack tip are expressed in terms of the extended displacement
discontinuity on crack faces. The NLHEDD-FS method com-
bined with an iterative approach has been used to study the
nonlinear fracture behavior in finite and infinite piezoelec-
tric media. Numerical results demonstrate that the proposed
method is efficient for the examples presented and that both
the finite size of the problem domain and the crack orienta-
tion could significantly influence the fracture features of the
inclined crack.

We point out that while the present analysis is for a homo-
geneous medium, it can be extended to the corresponding
bimaterial system to study the influence of piezoelectric
material mismatch or free surface on crack behaviors [24,25].
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Appendix A
The material related constants in Eq. (12) are given by

LifyyZl = wj1 [—c11D; + si(c134; — e31B;)],
Lifyy22 = (c11 —c12 — &) [en Di — si(ci3A; — e31Bi)],
L'ryia1 = it [en Di — si(c13A; — e31B)],

ifyy32 = 0i1 [c11D; — si(c134; —e31B))],
Lifyy4] =wjs [c11D; — si(c13A; — e31B;)],

“yyaz = Oi2[c11D; — si(c13A; — e31B))], (A1)
Ll = (e11 — 12 — &) [caaDisi + caaAi — e1sB;],
L'}yzz = wi1 [caaDis; + casA; — e15B;],

L'}y31 = i1 [caaDjsi + casAj — e15Bi],
Lf.fy32 = wj1 [—c44D;s; — ca4A; +e15B;],

ify41 =iz [caaDjsi + casAj — e15Bi],

Lf'fy42 = w2 [—c44D;s; — ca4A; +e15B;], (A2)

L’ﬁl = wj1 [—c13D; + si(c33A; — e33Bi)],

L’}zz = (c11 —c12 — &) [c13Di — si(c33Ai —e33Bi)],
Lif31 = wj1 [c13D;i — si(c33Ai —ex3Bi)],

Liysy = 6i1 [c13Di — si(c3Ai — e33Bi)],

L'ﬂl = wjz [c13D; — si(c33A; — e33B;)],

‘g =02 [c13D; — si(c33Ai — e33Bi)], (A3)
szyzl = (c11 —c12 — &) leisDisi + e1sA; + K11 B;],
Liiy22 = wj1 [e15D;s; +e15A; + K11 Bi],

Léym = 0;1 le1sD;s; +e15A; + K11Bi],

Liiy32 = w1 [—e15D;si — e15A; — K11B;],

ijy41 = 0i2 le15Djsi + e15A; + K11Bi],

Léyzu = wipp [—e15D;si — e15A; — K11B;], (A4)

= wi1 [—e31D; + si(ez3A; + K33B;)],
Ly, = (ci1 — c12 — &) [e13Di — si(e33A; + K33B))],
Lijs, = 6;1 [e31D; — si(e33A; + K33B))],
Ll = w1 [e31 D; — si(essAi + K33B))]1,
Ll = 02 [e31 Di — si(e33A; + K33B))]1,
L'y = wiale31 Di — si(ex3A; + K33B:)].

i
Loy

(AS5)
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