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Two nonlinear fracture models, i.e., the electric and magnetic polarization saturation (EMPS) and electric
and magnetic breakdown (EMBD) models for penny shaped cracks in three-dimensional magnetoelectro-
elastic media are studied via the extended displacement discontinuity integral equation method. In the
EMPS model, the electric displacement and magnetic induction are constant respectively in the planar
electric yielding zone and magnetic yielding zone on the original crack plane, whilst in the EMBD model,
the electric and magnetic strengths are constant respectively in their planar yielding zones. Under the
electrically and magnetically impermeable conditions and uniformly applied mechanical-electric-mag-
netic loadings on the faces of the penny shaped crack, analytical solutions are derived for the sizes of elec-
tric and magnetic yielding zones and the field intensity factors. It is demonstrated that the fracture
behaviors can be predicted equivalently by both EMPS and EMBD models even though they are built
on two different physical grounds.

Extended displacement discontinuity
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© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Defects in materials, such as cracks, avoids, etc., can greatly
influence the safety and life of structures and systems. Analysis
of cracks is one of the main tasks in fracture mechanics. Various
nonlinear models have been proposed in dealing with nonlinear
behaviors of cracks in elastic-plastic materials and structures.
Among these models, the Dugdale model (Dugdale, 1960) is one
of the most famous ones in nonlinear fractures.

In 1960, Dugdale proposed a model to analyze yielding of steel
sheets containing slits, in which the stress at the crack tip should not
be infinite, thus the coefficient of the singular term must vanish. The
strip yielding zone size was also determined from the non-singularity
condition. Up to now, Dugdale model has been receiving intensive
study and it is now widely utilized in fracture mechanics. For example,
Janson (1977) analyzed the influence of continuous damage on the
stress ahead of the crack and on the plastic zone length using the Dug-
dale model. Wu et al. (1992) established a model for fracture crack
growth based on the Dugdale model along with the damage accumu-
lation concept introduced by Budiansky and Hutchinson (1978). Mou
and Han (1994) derived the size of the damage zone via the Dugdale
model by considering the interaction between the macrocracks and
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microcracks. Collins and Cartwright (2001) derived an analytical solu-
tion for two equal-length collinear strip-yield cracks based on the Dug-
dale model. Crapps and Daniewicz (2010) derived the weight function,
also based on the Dugdale model for mixed-mode crack problems with
arbitrary crack surface tractions. Xu and Wu (2012) derived the weight
functions to analyze three collinear cracks with the strip-yield model.
Chang and Kotousov (2012) studied analytically and numerically the
strip yield model for two collinear cracks.

The nonlinear fracture behaviors of multiferroic materials are
attracting more and more attentions. Gao and Barnett (1996) and
Gao et al. (1997) extended the classical Dugdale model and pro-
posed a strip polarization saturation (PS) model in piezoelectricity
by assuming that the electric displacement is constant on a strip
adjacent to a crack tip. The PS model treats piezoelectric ceramics
as mechanically brittle and electrically ductile, and takes advantage
of the fact that the constitutive relations between electric displace-
ment and electric field strength are similar to that between stress
and strain in the Dugdale model. Prediction of the piezoelectric
fields and fracture features based on the PS model are in general
agreement with experimental observations. Based on the complete
constitutive equation and the PS model, extended analysis was con-
ducted by Ru and Mao (1999), Ru (1999), Wang (2000), Zhang et al.
(2002), Jeong et al. (2004), Beom et al. (2006a,b), and Loboda et al.
(2008). Li (2003) re-examined the saturation-strip model for a pie-
zoelectric crack in a permeable environment. Lapusta and Loboda
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(2009) and Loboda et al. (2010) considered a plane problem for a
limited (or semi-) permeable crack in a thin interlayer between
two piezoelectric semi-infinite spaces. Very recently, Fan et al.
(2012) derived a semi-analytical solution for a semi-permeable
crack in a 2D piezoelectric medium based on the PS model.

McMeeking (2001) reconsidered the relation among the electric
displacement, electric field and the polarization, and their effect on
the fracture mechanics of the brittle piezoelectric material. It was
found that the PS model corresponds to a mechanical Dugdale
(1960) model in which the strain remains a constant value as the
stress increases. For this reason, Zhang and Gao (2004), Zhang
(2004) and Zhang et al. (2005) proposed the strip dielectric break-
down (DB) model, which is exactly analogous to the classical Dug-
dale model from the energy point of view. The electric field
strength on a strip adjacent to a crack tip is taken to be the dielec-
tric breakdown strength. Except for the slight difference between
the values of the J-integrals derived from the PS and DB models,
these two models are qualitatively consistent in the predication
of the effect of electric fields on the fracture behavior. Later, Gao
et al. (2006) extended the DB model to a conductive crack. Fan
et al. (2009) developed a non-linear hybrid extended displacement
discontinuity-fundamental solution (NLHEDD-FS) method for the
numerical analysis of 2D finite piezoelectric cracks based on both
the PS and DB models where the crack surface is under imperme-
able and semi-permeable electric boundary conditions. Zhang and
Gao (2012) studied the strip DB model for a conductive crack in an
infinite electrostrictive material by means of the complex variable
method.

Based on the similarities between the electric and magnetic
quantities, the existing electric yielding models (e.g., the PS
and DB model) and the magnetic yielding models, Zhao and
Fan (2008) proposed the strip electric-magnetic breakdown
(EMBD) model to study the non-linear fracture behaviors of an
electrically and magnetically impermeable crack in magnetoelec-
troelastic (MEE) materials. In the strip EMBD model, the electric
field in the strip of the electric breakdown zone ahead of the
crack tip is equal to the electric breakdown strength, while the
magnetic field in the strip of the magnetic breakdown zone is
equal to the magnetic breakdown strength. Fan and Zhao
(2011) developed a strip electric-magnetic polarization satura-
tion (EMPS) model to study the electric and magnetic yielding
effects on a crack in an infinite or finite MEE medium. The ana-
lytical solution of this strip EMPS model for a crack in the infi-
nite MEE medium was obtained using an integral equation
approach. The equivalence between the proposed strip EMPS
model and the existing strip EMBD model was demonstrated.
The NLHEDD-FS method was extended to analyze the nonlinear
fracture problem in the finite MEE medium. Recently, Bhargava
and Gupta (2012) developed a magnetic, electric and mechanical
yield model for a cracked piezoelectromagnetic ceramic narrow
strip subjected to anti-plane mechanical and in-plane electric
and magnetic loads.

For the 3D elastic-plastic problems, Danyluck et al. (1995) esti-
mated the plastic zone for a penny-shaped crack in a thick trans-
versely isotropic layer due to a radial shear employing the
Dugdale hypothesis. Chaiyat et al. (2008) used analytical and
numerical approaches to solve an axisymmetric crack problem
with a refined Barenblatt-Dugdale approach, where the original
Dugdale’s condition, Tresca yield condition and von Mises criterion
were imposed. Li et al. (2012) studied the penny-shaped Dugdale
crack embedded in a power-law graded elastic infinite medium.
The validity of the solutions was examined both analytically and
numerically. Zhao et al. (1999) used the displacement discontinu-
ity boundary integral equation method to study the PS model of a
penny-shaped crack in a 3D transversely isotropic piezoelectric
medium.

So far, however, the two nonlinear fracture models are still lim-
ited to 2D MEE materials. Would be the corresponding 3D nonlin-
ear fracture behaviors different than those based on the 2D model?
What are the difference and similarity between the EMPS and
EMBD models in 3D? Answering these questions is important for
fracture analysis in 3D MEE materials. Motivated by this, in this pa-
per, we study a penny shaped crack in 3D MEE media based on
both the EMPS and EMBD models via the extended displacement
discontinuity integral equation method we introduced previously.
The paper is organized as follows: In Section 2, we discuss the
EMPS model; In Section 3, the EMBD model is presented. Both
models are also discussed and compared to each other. Conclusions
are drawn in Section 4.

2. Electric and magnetic polarization saturation model for a
penny shaped crack in a 3D magnetoelectroelastic medium

Consider a penny shaped crack S of radius a in the oxy plane
centered at the origin o in a 3D MEE medium where the oxy plane
coincides with the plane of isotropy and the polarization direction
is along the z-direction, as schematically shown in Fig. 1. Uniformly
distributed mechanical, electric and magnetic loadings are applied
on the crack faces S= {0 <r <a; 0 <0 <2mn} and they have the
same value but opposite directions on the upper (S*) and lower
(S7) crack face (see Fig. 2a), which read

p(r) = —0,(r,0") = py,
w(r) = —D,(r,0%) = wy,
P(r) = =B, (r,0") = 7y,

where a,(r,07), D,(r,07) and B,(r,0") are the components of stress,
electric displacement and magnetic induction in the z-direction,
respectively.

It is observed that due to the given material and crack orienta-
tions and the applied loads, the problem to be solved is obviously
axisymmetric. Based on the EMPS model for MEE media (Fan and
Zhao, 2011), we assume that the piezoelectric displacement and
the magnetic induction reach their saturated values Ds and B,
respectively, in the annular electric polarization saturation region
{a<r<c; 0<0<2n} and magnetic induction saturation region
{a <r<b; 0<0<2r}in front of the crack tip on the crack plane
(Fig. 2). Thus, the electric loadings on the equivalent electric crack
Sc={0<r<c; 0<0<2r} can be rewritten as

0<r<a, (M

Poling direction

X

Fig. 1. A penny-shaped crack in the isotropic plane of an infinite solid of a
transversely isotropic MEE material.
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Fig. 2. (a) The EMPS model of a penny shaped crack under applied loadings on its
surface where b > ¢ > a. (b) The EMPS model of a penny shaped crack with the
annular yielding zones on the crack plane.

o(r) = wo, 0<r<a,
-Ds, a<r<c,

@)

and the magnetic loading on the equivalent magnetic crack
Ss={0<r<b;0<0<2m} are

[ v 0<r<aq,
y(r)—{_Bh a<r<b.

3)
By using the extended displacement discontinuity Green’s function
and the extended Somigliana relation, the integral equations that

govern the extended displacement discontinuities are derived as
(Zhao et al., 2007)

/ Lar Wl 25 1asenm + / Lz 9l 5 1 asen) /L33||w|\ ds(en)
—p(x,y), (x,y) €S, 4)

/ Lot [w| 3ds )
= (7

/ Lallo] 3d5(q " / Ll o5 Lasce.n)
), (%,¥) €Sc (5)

1 1 1
[Lswl g dstem + [ Lalglgdsem + [ Lalwldsin
s R Se R Sp R

= —7*.Y), (X,Y) € Sp, (6)

where the material-related constants L; are given in Appendix A.
The extended displacement discontinuities are the elastic displace-
ment discontinuity in the z-direction, the electric potential and the
magnetic potential discontinuities across the crack faces, namely

[w(r)|| = w(r,0") —w(r,0"),
()] = @(r,07) — ¢(r,07), ()
(N = ¥(r,07) = y(r,07),
and
=8+ -n’ (8)

Depending upon the relation between b and c, we solve the EMPS
model for the following two different cases.

21.Case1: b = ¢

Equation (6) can be rewritten as the Abel type integral equation
(Chen and Tang, 1997; Zhao et al., 1999)

oo " plLsi W]l + Lsa | @] + Lss[lwl]) 4
4/0 " +t2)3/2 |:/t (0% — t2)3/2 dp|dt

0<r<b, 9

=7(n),

with its solution being found as (Chen and Tang, 1997; Zhao et al.,
1999)

Lsi|w]l + Ls2|| @l + Lss[|WI| = Lssfy (1),

where

0<r<b, (10)

Lssf, dp|dt

)= 722[\/%2 /[\/—pz

1 b 2 a2
- {yox/w =048 [ . ,/mdt} S

From the EMPS model, we have

[wlj=0, fora<r<c, (12)

[wl=0, [l¢[|=0 forc<r<b, (13)

Then, we obtain

Lsall@]l + Lss |yl = Lsafy (r), a<r<c, (14)

vl =fu(r), c<r<b, (15)

Introducing the dimensionless parameters

LA D )

x=fo xn=g yi=gh (16)
1

I(X,Xh}ﬁ):ﬁ{}H\/X%_Xz_(}’l + Dlo(%,X1) ], (17)
X1 52 -1

lo(x. %) = / e 18

0( ]) max (x,1) 52 — X2 ¢ ( )

Eq. (11) can be rewritten as

Ls3fy (x) = aBsI(x, x1,y1). (19)

Based on the expression for the magnetic induction intensity factor
(Zhao et al., 2007)

K} = V2rmlim(Ls: [w] + Lsz| ]| + Lss [}/ VD T, (20
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and the condition that the magnetic induction intensity factor at
r = b should be zero, we obtain the magnetic yielding zone size as

X 1+,
1 =—F
V1+2y,

Equation (21) indicates that the magnetic yielding zone size is only
dependent on the applied magnetic loading and the magnetic yield-
ing property.

Now, we combine Eqgs. (5) and (6) to yield

* 1 % 1
/S Lis Wl S + / Ligl9ll 3 dS = ~0(r) + (Lex/Ls2)7(r),

(21)

0<r<c, (22)
where

Ly =Lai — (Las/Ls3)Ls;, 1=1,2, (23)
and the extended loading is

(1) — (La3/Ls3)y(r) = { f)DOS_-t-(Ezj;/LIf;))/B?; Oairriaé' (24)
Following the similar procedure above, we obtain

Lo Wl + Lip || @1l = (Ds — (Laz /Ls3)Bs)al (x,x2,y,), 0<r<c, (25)
where the dimensionless parameters are defined as

Xy =¢/a, Y, = (wo — (La3/Ls3)o)/(Ds — (Laz/Ls3)Bs). (26)
From Eq. (12), we have

Lill@ll = (Ds — (Las/Ls3)Bs)al(x, X,y,), a<r<c. (27)

It can be proven that function fy(x) in Eq. (14) induces no singular-
ity at x = x,. Then from Eq. (14), we have

L
Wl = [lell ~ fﬂnwn

where [[y[| = [[y(c)]l.

Based on the electric displacement intensity factor expressed in
terms of the extended displacement discontinuities (Zhao et al.,
2007)

K7 = Varalim(La [wl| + Lez|l@]| + Las (01| = [lWeD)/VE=T, (29

r—oc, (28)

and the condition that K?
tric yielding zone as

= 0 atr = ¢, we obtain the size of the elec-

o= tY2 (30)

V1+2y,

Equation (30) shows that the size of the electric polarization zone
depends on both the electric and magnetic loadings as well as on
the electric and magnetic saturated properties.

Finally, substituting Eq. (6) into Eq. (4) yields

[ Lwids+ [ Lol gas
—P() (L33/Ls3)7(r),

where
%
Ly = Lsi —

Ogrga, (31)

(L33 /L53 )L5i
From Eq. (22), we have
/L41||wu i+ [ Lollol s

—(r) + (Laz /Ls3) (1),
From Egs. (31) and (33), we have

i=1,2, (32)

0<r<a, (33)

/ HWIIdS_ —Laop(r) + Ly, (1) + [Lyy (L33 /Ls3) — L3y (Laz/Ls3)](r)
L3115, — Lyl ’
0<r<a, (34)

Thus, we obtain

_ LipPo — L3 @0 — [Lyy(Lss/Ls3) — L3y (Las/Ls3)]yo @
Iwi = I S =
31%42 32741
vVi-x2 0<x<1. (35)
It can be proven that ‘!/x% —x2 and Iy(x,x2) induce no singularity at
x = 1. Then from Eq. (25), we have
@l = ll9all = = x—1, (36)
where ||¢,| = ||@(a)].It can also be proven that function f, (x) in Eq.

(10) induces no singularity at x = 1. Substituting Eq. (36) into Eq.
(10) leads to

%

HV’H*H%H“*(LSI*LSZL )ku/m, x 1, (37)

where [y ]| = [l (a)].
Substituting Egs. (35)-(37) into the expression of the stress

intensity factor at the mechanical crack tip (Zhao et al., 2007)

K = V2rrlim(Ls: || + Ls2 (1| @1| = ||l ) + Lss (|| = [WalD]va =T,

(38)
gives the local stress intensity factor
a
KF = 2\[#190 + Liao + Lesyy), (39)
where the constants are
L; L3pLa3 — L33l
Lpp = — 32 [py = 22487 33042 40
2 L," 77 Lplss - Lals 49

This result demonstrates that the local stress intensity factor at the
crack tip is related to the applied mechanical, electric and magnetic
loadings, but independent of the electric and magnetic yielding
zones, similar to the corresponding 2D results (Ru, 1999). Further-
more, the electric displacement and magnetic induction intensity
factors are zero.

22.Case2:c=b
Based on the similar solution procedure for Case 1, we

obtain the dimensionless sizes of the electric and magnetic
yielding zones

Xy = 7@7 (41)
14y,

X1 = \/T—2h7 (42)

where

X, =c/a = y/Ds, (43)

x1=b/a, y,= (w0~ (Laa/Ls2)7g)/(Ds — (Lsz/Ls2)Bs). (44)

In this case, the electric yielding zone is dependent only on the elec-
tric loading, while magnetic yielding zone is dependent both on the
electric and magnetic loadings. Furthermore, it is interesting to find
that the local intensity factor at the mechanical crack tip is still gi-
ven by Eq. (39).
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3. Electric and magnetic breakdown model for a penny shaped
crack in a 3D magnetoelectroelastic medium

In the electric and magnetic breakdown model of the penny
shaped crack (Zhao and Fan, 2008), the electric breakdown region
is also annular denoted by a <r <c and the annular magnetic
breakdown region denoted by a < r < b, in which

E,=E,, a<r<c, (45)

H,=H,, a<r<bh, (46)

where E, and H,, are the electric and magnetic breakdown strengths,
respectively. By using the extended displacement discontinuity
Green'’s functions (Zhao et al., 2007), the extended displacement
discontinuity boundary integral equations are derived

1 1 1
/SLglnwnﬁdﬂ/SCL32|\<p||FdS+/SbLaawuﬁds:—po,
0<r<a, (47)

1 1 1
[ Lawlgds+ [ Lalgl s+ [ Lol ds = -on.
s R Se R Sy R
0<r<a, (48)

1 ' 1 1
[ sl as + [ Lalol s+ [ Ll gsds = 7o
0<r<a, (49)

1 1 1
/1<41uwu—3ds+/ 1<42||<p\|—3ds+/ Kas ||| =5 dS = Ey,
s R Sc R Sp R

a<r<ec, (50)

1 1 1
[ Kailwl5ds+ [ Keallglln5ds+ [ Keall] 25dS = H,
s R Se R Sp R

1 1 1
/K51||W\|—3d5+/ 1(52||qo||—3d5+/ K53||1,DH—3dS:—H0,
s R Se R Sp R
0<r<a, (56)
where

Eo = —(Ks1P + K42Q + K43T),

57
Ho = —(K51P + K52Q + Ks3T). (57)

Similar to the EMPS model in Section 2, we discuss the following
two cases for the EMBD model.

3.1.Case1:b > c

Form Egs. (51) and (56), we obtain

Ks1|w|l +Ks2 [l @]l + Kss W[l = K538,(r), 0<r<b, (58)
where

Ks3g, (x) = aHpl(x,X1,Ys), (59)
¥s = Ho/Hp. (60)
Then we have

Ks2|lpll + Kss ||| = Ks3g, (1), a<r<c, (61)
Il =g, (r), c<r<b, (62)

Applying the condition K = 0 at r = b to the above equation gives
1+ys

V1+2ys

Since the loading H, is dependent on py, (g, y,, the magnetic yield-
ing zone size is dependent on the applied mechanical, electrical and
magnetic loadings and the magnetic yielding property.

We now combine Egs. (50), (51), (55), and (56) to obtain

X1 = (63)

' 1
/(1<21\|W\|+K22\|<P\I)Ed5:*E(r)+(1<43/1<53)H(r)7 0<r<c, (64)
Sc

a<r<b, (531
where where
4 4
K4j = 72191]315,’, K5j = 72’(9,’jC,’S,‘, j =1,2,3, (52) KZ; =Kai - (K43/K53)K5i7 i=1,2, (658)
i=1 i=1
<r< <r<
with s;,B;,C; and 9 being all material-related constants given in E(r) = { kb, Osr<a, H(r) = { Ho, Os<r=a, (65b)
Zhao et al. (2007). -E, a<r<g, —Hp, a<r<b.
Solving Eqgs. (47)-(49) gives
/5 | %ds _ —(LaaLs3 — LasLsy)pg + (L3aLss —AL33L52)U)0 — (LsaLaz — L33Laz) ), —P,
/5 o] %ds _ (Lalss — LasLs1)Po — (E31Ls3 *AL33L51)600 + (E31las — Laslar)yo Q. (53)
/ Wl %dS _ —(LaiLsy — LapLs1)po + (L31lsa — LsoLs1)o — (L31La — L3aLar)Vy _ T. 0O<r<a
Js, R A
where Following the similar procedure as above, we obtain
L3 Lz I3 Ko Wl + Ky ll@ll = (Ep — (Kas/Ks3)Hp)al(X,X2,¥), 0<T
A=|Ly Ly Ly (54) <c, (66)
Lsi Lsz Lss where the dimensionless parameters are defined as
Making use of Eq. (53), we obtain the following dual boundary Vs = (Eo — (Ka3/Ks3)Ho)/(Ey — (K43 /Ks3)H). (67)
equations from Egs. (50) and (51)
Then, we have
Kiall@ll = (Es — (Kas/Ks3)Hp)al (x.%2,y5), a<r<c. (68)

1 i 1 " 1
/ K ||w]| = dS + / Kao| ]| = S + / Kas || =5 dS = —Eo,
s R Jse R Js, R
0<r<a, (55)

It can be proven that function g, (x) in Eq. (61) induces no singular-
ity at x = x,. Then from Eq. (61), we have
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K
Il = el ~ == llpll, T —c. (69)
53

Based on the electric field intensity factor expressed in terms of the
extended displacement discontinuities

Ki = vV2rrlim(Ka || + Kazl| @ + Kas (11| = [Well)/v/e =T,
(70)

and the condition that K¥ = 0, the size of the electric yielding zone
is derived as
1+Ye

V1+2ys

From Eq. (53), we obtain

Xy = (71)

_ Lyypo — L3y o — [Lyy(Laa/Lsz) — L3y (Laz/Ls3)] g im
L Ly — Ly, La T 7
0<r<a. (72)

The displacement discontinuity ||w|| is the same as that predicted
based on the EMPS model as given in Eq. (35). It can be proven that

X3 —x2 and Io(x, x;) induce no singularity at x = 1. Then from Eq.
(66), we have

Ky
191 19all ~ 2w

x—1, (73)

Similarly, from Eq. (58), we have

%

K
W]l = ol = —( K51 — Ks2 2" ) [W]| /K53, x— 1, (74)
Ky

Finally, the local extended factors at the mechanical crack tip are
derived as

a
KF = 2\/%(651 Do + Grao + Grs)y), (75a)
a
KP = 2\/%(6[,1 Do + Gpa®o + GpsYy). (75b)
a
KP = 2\/%(031 Do + Gaao + Gz, (75¢)
where the constants are
Gr1 = =i (K3 (La1K — LK) — L (Ksn Ky — K52 Ky )],
Gr2 = ~2Gr,
42
Grs = — 15 (Lss ~ Lis )G,
(76)
Gon = (it Ko (LK — LaoK'y) — Lus (Ksi Ko — Koy ),
Goz = —22Gpy,
42

GD3 =—71 (L33 - L43 %) GDl ’

Ls3

(77)
L * * * *
Gpr = Tl Lol Kok [Ks3(Ls1Ky, — Ls2Kyy) — Ls3 (K51 Ky, — Ks2K3y) ],
G =~ G,
Go =~ (Lss ~ Laa 2 G,
(78)

It can be observed clearly from Eqs. (75)-(78) that the field intensity
factors depend only on the material properties and the applied

loads, and are independent of size of the yielding zone. This feature
is similar to that based on the 3D EMPS model as presented above
and to that using the corresponding 2D EMBD model (Zhao and
Fan, 2008).

We also point out that even though the expression for the stress
intensity factor given by Eq. (39) based on the EMPS model looks
different than that given by Eq. (75a) based on the EMBD model,
we would suspect they should be very close to each other based
on the existing 2D analyses (e.g. Zhang et al., 2005; Fan et al.,
2009). To numerically verify this point, we take the MEE medium
as an example, which is made of the composite BaTiO3—CoFe,04
with CoFe,0,4 as matrix and BaTiOs as inhomogeneity, with the vol-
ume fraction of the inhomogeneity being V; = 0.5 (Zhao et al,,
2007). For this MEE material, we have

L, = 8.71989 x 108, Lpz = 9.22607 x 10°, Gp; = 0.981534,
Gr, = 8.55887 x 108, Gp; = 9.05570 x 10°. (79)

Substituting these parameters into Eq. (39) and Eq. (75a) gives the
stress intensity factor

Kf = 2,/2(po +8.71989 x 10%w, + 9.22607 x 10°7, ),

K = 2\/%(0.981534;70 +8.55887 x 10%wp + 9.05770 x 105y0).
(80)

As we can see obviously that they are very close to each other.
Also for this MEE composite, we find that the other constants in
Eqs. (77) and (78) are

Gpr = 1.92514 x 107",  Gp, = 0.016787, Gps

=0.0000177615, G =1.82033 x107°, Gp,
=1.58731, Gp; =0.00167945. (81)

Substituting the obtained extended intensity factors into the local J-
integral (Zhao and Fan, 2008), it is found that the local J-integral is
dominated by the stress intensity factor Kt and the contribution of
the electric and magnetic intensity factors to the local J-integral can
be neglected. In this sense, the EMPS model and the EMBD model
are equivalent to each other in the analysis of fracture behaviors
in MEE materials.

32.Case2:c>=b

In this case, the dimensionless size of the electric yielding zone
is given by

1+y,
Xy = ——2T 82
= (62)
where

c E
Y=g V=g (83)

The dimensionless size of the magnetic yielding zone is given by

1+yg
X = —, 84
Ve o
in which
x1=b/a, yg=(Eo— (Ks2/Ksz)Ho)/(Ep — (K42/Ks2)Hp). (85)

4. Conclusions

Analytical solutions are derived for the fracture problem of a
penny shaped crack in 3D MEE media based on the nonlinear EMPS
and EMBD models and using the extended displacement disconti-
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nuity method. Based on our solutions, the following conclusions
can be drawn.

(1) The sizes of the electric and magnetic yielding zones are dif-
ferent based on the two nonlinear models. They depend on
the applied mechanical-electric-magnetic loadings, as well
as on the polarization saturations and breakdown strengths.

(2) The local extended intensity factors along the crack front
based on EMPS or EMBD model are equal whether if the
electric yielding zone is larger than the magnetic yielding
one, and are independent of the electric and magnetic yield-
ing zones and the yielding properties of the MEE materials.
Furthermore, the stress intensity factor based on the EMBD
model is very close to that based on the EMPS model.

(3) Since the local J-integral can be calculated from the field
intensity factors, the J-integral criterion J = J, can be used
to predict the fracture behavior of MEE materials under
applied mechanical-electric-magnetic loadings. Based on
the two nonlinear models, our analytical solutions show that
the local J-integral is dominated by the stress intensity factor
K,F . Thus, the K-criterion is equivalent to the J-criterion. Fur-
thermore, since the stress intensity factor based on the EMPS
model is very close to the one based on the EMBD model, the
two nonlinear models are equivalent to each other in the
analysis of fracture behaviors in MEE materials.
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Appendix A. Material related constants

The material-related constants in Egs. (4)-(6) are given by
4
L3 = —Zﬂn [—c13D; + (c33Ai — e33B; —faaci)si],
i=1

4
L3y = =) Vi[—esiD; + (es3Ai + £33Bi + g33Ci)sil, (A1)

i-1
4

L33 = —Zﬁn [—f31D;i + (f33A; + &33Bi + 33Ci)sil;
i-1
4

Ly = —2191‘2[—('13Di + (c33Ai — e3B; — f33C)sil,
i-1

4
L ==Y Vin[—esiD; + (es3hi + £33Bi + g33Ci)sil, (A2)

P
4

Ly = =Y V[~fuDi+ (fi3Ai + 823Bi + pi33C)sil;
i1
4

Lsi = = dis[—C13Di + (C33A; — ex3Bi — fa3Ci)sil,
P
4

Ls; = —2191-3[—631[)1 + (833Ai + &33B; + g33ci)5i]: (AB)
P

4
Lss = =Y Vis[~fuDi+ (fr3Ai + €33Bi + pi33Ci)sil.

i=1

where s; are the roots of the material characteristic equation, 9y, A;,
B;, C; and D; are all material-related constants given in Zhao et al.
(2007).
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