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The coupled elastic, electric and magnetic fields produced by an arbitrarily
shaped three-dimensional dislocation loop in general anisotropic magneto-elec-
tro-elastic (MEE) bimaterials are derived. First, we develop line-integral expres-
sions for the fields induced by a general dislocation loop. Then, we obtain
analytical solutions for the fields, including the extended Peach—Koehler force,
due to some useful dislocation segments such as straight line and elliptic arc.
The present solutions contain the piezoelectric, piezomagnetic and purely elastic
solutions as special cases. As numerical examples, the fields induced by a
square and an elliptic dislocation loop in MEE bimaterials are studied. Our
numerical results show the coupling effects among different fields, along with
various interesting features associated with the dislocation and interface.

Keywords: three-dimensional dislocation loop; extended Peach—Koehler
force; bimaterials; magneto-electro-elastic materials

1. Introduction

The magneto-electro-elastic (MEE) materials are a new kind of functional materials.
MEE materials are usually composites made of multi-phases or laminae and exhibit
magneto-electric coupling effect that is not present in the single-phase piezoelectric or
piezomagnetic material [1]. It is particularly important for the energy conversion among
the mechanical, electric and magnetic ones, and thus it has potential application as a
multifunctional device [2]. In MEE composite materials, the coupling fields are trans-
ferred through interfaces; so, the interfaces should have great influence on the properties
of MEE materials/devices. At the same time, MEE materials/devices usually contain
multi-phase or laminate crystal structures in which dislocations are common defects.
Besides mechanical properties, dislocations in them should have effects on their coupled
fields and other physical properties.

In the past decade, attention has been paid to predict the effective properties of MEE
composites according to the theories of micromechanics [1]. But, for dislocation problems
in MEE, relatively little work has been done. Until now, only one-dimensional
dislocations in such coupling materials were studied [3-5]. In reality, however,
dislocations usually form three-dimensional (3D) loops, and thus it calls for the analysis
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of 3D dislocations in MEE. Recently, the authors developed a method to analyse the fields
produced by 3D dislocations in MEE materials [6], in which the MEE materials are taken
to be homogeneous in an infinite space and no interface effects were considered.

The fields of dislocations and fracture in bimaterials are fundamental to understand
the interaction between a dislocation/crack and the interface in composites or hetero-
structures [7,8]. However, analytical solution is difficult and rare for the fields of 3D
dislocations interaction with interfaces. One approach is to use a point-force Green’s
function and derive the field produced by a dislocation loop in the corresponding mate-
rials by integration over the dislocation surface [9]. This method is general, no matter if
the dislocation is in a homogeneous or inhomogeneous, elastic or general MEE med-
ium, provided the corresponding point-force Green’s function is known [6]. In an infi-
nite homogeneous medium, using the spatial symmetry property of the Green’s
function, the surface integral can be reduced to a line integral for the field induced by a
dislocation loop [6,10,11]. In an inhomogeneous medium, however, there is no such
spatial symmetry in the Green’s function, and thus no line-integral solution is available
for a dislocation loop. Since area integration is time-consuming, efforts have been taken
for treating some special cases. For examples, Gosling and Willis derived a line-integral
expression for the stress field associated with an arbitrary dislocation in an isotropic
half-space [12]. Ghoniem and Han proposed an approximate line-integral expression for
the elastic field produced by dislocations in multilayered materials of elastic anisotropy
[13]. Akarapu and Zbib constructed line-integral expressions for the displacement and
stress fields induced by an arbitrarily shaped dislocation in an isotropic bimaterial and
derived analytical expressions for the stress field due to a straight dislocation segment
in it [14]. Tan and Sun obtained line-integral solutions for the stress fields induced by
dislocation loops in an isotropic thin film-substrate system and multilayered heteroge-
neous thin-film system [15,16]. Recently, the authors derived line-integral expressions
for the displacement and stress fields due to a 3D dislocation loop in an anisotropic
elastic bimaterial [17] and in a piezoelectric bimaterials [18]. There is, however, no
solution available for 3D dislocations in MEE inhomogeneous materials.

In the present paper, we will analyse the field induced by a 3D dislocation loop in an
MEE bimaterial system. First, by utilizing the Green's functions and their derivatives in
MEE bimaterials, we derive line-integral expressions for the coupled fields induced by an
arbitrary 3D dislocation loop in a general anisotropic MEE bimaterial system. Then, we
obtain analytical solutions for the dislocation loops made of piecewise straight lines and
elliptic arcs. Finally, numerical examples are presented for the fields induced by a square
and an elliptic dislocation loop in an MEE composite made of BaTiO3;—CoFe,0,/BaTiO;
bimaterial. Our results show clearly the important coupling effects along with
various interesting features on the mechanical, electric and magnetic fields and on the
dislocation—interface interaction.

2. Problem description and line-integral solutions

The problem of interest consists of a dislocation loop in two joined half-spaces with
dissimilar MEE (or piezoelectric/piezomagnetic) material properties, see Figure 1. We
will derive the fields induced by a dislocation loop in such a bimaterial system. We first
write the governing equations for a linear anisotropic MEE solid. Then, based on the
Green’s function in MEE bimaterials, we derive the dislocation-induced fields.
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Figure 1. Schematic for an arbitrary dislocation loop in MEE bimaterials.
The linear constitutive relations for the coupled MEE media can be written as [19]

Oy = CijtmVim — €riEx — Qi
D; = ey + &yE; + oyH; (1a)
Bi = gy + aE; + p;H;

where oy, D; and B; are the stress, electric displacement and magnetic induction,
respectively; y;, E; and H; are the strain, electric field and magnetic field, respectively;
Cijiim» €ijks Gy and a; are the elastic, piezoelectric, piezomagnetic and magnetoelectric
coefficients, respectively; and ¢; and u; are the dielectric permittivities and magnetic
permeabilities, respectively.

Using the extended notation of Barnett and Lothe [20], Equation (la) can be
rewritten in a compact form as [21-23]:

i

o = CuxiVgi (1b)

with a repeated lowercase (uppercase) index taking the summation from 1 to 3 (5) and
o5, Cuki, yxi being the extended stresses, elastic constants and strains, respectively.
Thereafter, for simplicity, the word “extended” will be omitted for all extended quanti-
ties, unless otherwise specified.

We now consider the field produced by an extended dislocation loop in an MEE
medium. The dislocation loop L is defined as the boundary of a surface S across which
the elastic displacement, electric potential and magnetic potential experience discontinu-
ities, which can be described by an extended Burgers vector b=[b,b,,b3, A¢, Al//]T.
The elastic displacement jump is the traditional dislocation; A¢ corresponds to an elec-
tric dipole layer along the surface S [20] and is called the electric potential dislocation
[24]; and Ay is called the magnetic potential dislocation [25]. The extended displace-
ment field produced by a dislocation loop in an MEE medium can be expressed as [6]:

up(y) = /S Cira (X) Giaar, (¥:%) by (X)1;(x)dS (x) (2a)
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where n is the unit normal to the surface S; Giy(y;x) are the Green’s functions in the
corresponding medium, i.e. the K-th displacement component at the field point x due to
the M-th unit “point force” component at the source point y; and a subscript comma
denotes the partial differentiation with respect to the coordinates, i.e.
Gy, = OGgar/Ox;. The Green’s functions and their derivatives in MEE bimaterials
are given in Appendix A.

Besides the displacement field, other field, such as the strain and stress, is also
important, which requires the derivative of the displacement field. The derivatives of
the displacement field can be expressed as:

Urty,.. (¥) = /S Cika (X) Gt yy,... (¥:X) by (X)n;(x)dS (x) (2b)

In MEE materials, due to piezoelectric and magnetoelectric effects, the strain field and
magnetic field can induce a polarization field P as:

Pi = ey + oyl = eyt + oyt (3a)

Furthermore, the gradient of P may induce an electronic polarization charge, with the
volume charge density being

p =V -P=eyu+ oyt (3b)

In order to obtain the strain/stress field, the polarization field P and polarization charge
field p, one would need the first and second derivatives of the dislocation-induced dis-
placement field. When a dislocation loop lies on a plane where the material properties
are constants or piecewise constants on the dislocation loop surface S, the displacement
field and its derivatives can be expressed in terms of the surface integrals as:

MM,p,.(y) = CiJKleni/ GKM,x,y,,___ (y;X)dS(X) (4)
s

Thus, the key issue is to convert the surface integrals into line integrals. In order to do
so, we first analyse the point-force Green’s functions involved and their derivatives in
Equation (4).

The point-force Green’s functions in MEE bimaterials can be separated into two
parts:

G(y;x) = G*(y:x) + G"™*= (y;x) (5)

where G (y;x) corresponds to the full-space part and G™*°(y;x) is called the image
or complementary part which is associated with the bimaterial interface. Correspond-
ingly, the derivatives of the Green’s function can also be separated into a full-space and
an image part. Thus, the integral fS Gy, (y:X)dS(x) can be also separated into two
parts as:

[ G 0380 = [ G, st + [ G vwise) @

N
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Substituting G5, (v;x) in Appendix A, for the case of a point force at y3>0, we
have

;1 T, ~ X i 0. x :
L )y A { / (G;?),x,..ldux)] (A)'d0, x5 <ys
with
1 ( (300 " <) = H dL(x)
St arey = S[h(e,p}L‘L((")_ " (8)
S @ ax) = Hﬁ’fs[h(e,p}) S(x =y

where H{ and H} are independent of x and y and their expressions can be found in
Appendix A.
Using G}gﬁe’(y ;X) in Appendix A, for the case of a point force at y;>0, we have

s [&] [ G, ast]ayan, x>0
[etrase =4 70 T ©)
S g [ 2] [ G0, ast]ayan, <o
with
n _m dL(x)
i ot =t | o (10)
dL(x)

fLB”(Gu/)u/ax’ - dL(x) = H;fs[_h(e,pﬁ) -x+h(0,p}) -y

where H{' and H} are different to those in Equation (8) and their expressions are also
given in the Appendix A.

For the case of a point force at y; <0, similar results can be obtained.

From Equations (6)—(10), it can be seen that the key problem is to solve the follow-
ing kind of integration over the dislocation loop surface S:

ds(x)
[—h(0,p,) - x+h(0,p,) - y|"

Fn(YaeaPl;pZ):/ n:27374 (11)
S

where p; and p, can be assigned to different eigenvalues according to the requirements
in the corresponding expressions of the Green’s functions.

In order to carry out the surface integration in Equation (11), we first transform the
global coordinate system (O:x,x5,x3) to a local one (x0:¢1,6,¢3) by [x — xo] = [D][€].
Then, the integration in Equation (11) becomes
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dé,dé,
n ’9’ - < n
Faly. 0.p) /SWy,e)il A0 15,0

with £ (y, 0) = —Dihi(0,p1), 00 = 1,2 and f3(y, 0) = yihi(0,p2) — xochi (0, p1) -
By introducing

n=23,4 (12)

= dé, 1 !
Ln ) = £ n = -
@i = | s (= DA(E AL +A) (1)
n=234

we arrive at

o aLn(élafZ) _ . _
nfl—ﬁgﬂmmflum&maf

n=2734

—1 / dé,
(n=DfJL (K& +hE L) (14)

Thus, the surface integrals over the dislocation surface S are reduced to the line inte-
grals along the dislocation loop line L.

3. Analytical solutions for dislocation segments

In Section 2, the fields produced by an arbitrarily shaped dislocation loop in MEE
bimaterials have been expressed by line integrals along the dislocation line. They can
be evaluated directly by a numerical integration method. However, for some dislocation
lines, the line integral can be carried out analytically, and thus analytical solutions can
be obtained for these dislocation segments.

3.1. Straight line segment

For the special case of a straight line segment, in the local (&), &) plane, it can be
described by

&(1)

(I=0P; +1P,, 0<t<1 (15)

with Py (P, P12), P2(Pa1, Px) being the position vectors of the start and end points
of the straight line. Substituting it into Equation (14), the integration can be obtained
as:

H, 1 1 1 1 1 1
Fy= —Hdn2, Fy—~H(———), Fy==Hy|—s——— 16
2 onH17 3 2 0(H2 Hl)’ 4 3 Ol(Hz)z (Hl)2] ( )
with Hy = . Hi = fiP11 + P2 + f3, Hy = fiPu+ foPo + f.

" APy = Pn) +fo(Pr — Pro)
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3.2. Elliptic arc segment

For a dislocation curve described by an elliptic arc segment, in the local (¢, &) plane,
the corresponding whole ellipse can be expressed as,

E(t) =q,cost+q,sint+q, -n<t<n (17)

with q,(q11,912), 42(921,922), 4o (go1, g02) being vectors to determine the ellipse, see
Figure 2(a).
We denote

ié& + LE + i = fuqiacost + frqa, sint + foqo, + 13 = 1 cost + ¢ sint + ¢
(18)

dé; = (—qu sint + ga cost)dt = (cqcost + cssint)dt

Then, substituting Equation (18) into (14), the integration along an elliptic arc
t; <t < t, can be obtained as:

1 1 .
F, = ara C%[dl(t —&shy) + (ca¢q — ¢165) In(cy cost + ¢y sint 4 ¢3)] |7
1 1
F3 = — —|:d|11 =+

1)

C1C5 — C2C4 + C3C5COST — C3Cy sin ¢
€1 COSt+ cysint + ¢3

4]

11 [dl <3 3cyes + (25 + 3¢2) sint> erdy — csds + c3dy sint
L g
i

ci(crcost+ eysint + ¢3)

(cicost+ cpsint + 03)2

(19)

Figure 2. (a) Schematic of an elliptic loop. (b) Schematic of representing a smooth dislocation
curve segment via a couple of elliptic arcs.
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. -2 ¢ —c3)tant—cp .
with d; = cic4 + cacs, dy = c% —|—c§ — c% and I, = — zarctan( > ) > 2 —— Itis
G- G-

noted that when #; = 0 and #, = 27, they are the solutions for an elliptic dislocation loop.

The elliptic arc solution can be a powerful tool in simulating a dislocation loop.
Although the elliptic arc range ¢ can be chosen freely, for convenience, we will use
a quarter of the elliptic arc with 0 <¢ < /2 to describe a curved dislocation loop.
We assume a smooth curved dislocation segment, with P;, P, being the position
vectors of the start and end points of the curve and T;, T, being the tangent vec-
tors at the two points, see Figure 2(b). In order to describe the curve by a quarter
of elliptic arc, first, at point P;, we draw a straight line parallel to T, and at point
P, we draw another line parallel to T;. Consequently, the intersection point of the
two lines is the centre qo of the ellipse. We then set q; =P; — q,, q, = P> — q,
and use the quarter elliptic arc &(¢) = q; cost+ q,sint+q, (0 <¢< r/2) to model
the dislocation curve. In this way, the elliptic arc and the dislocation curve will
have the same tangents at the start and end points. When we use this elliptic arc
piece by piece, the continuity of the tangent direction of the dislocation curve will
be kept, and thus the loop will be smooth.

We point out that a dislocation loop can be described by other kinds of parametric
dislocation segments, such as quadratic or cubic spline curves, for which analytical
solutions may also be available.

4. Dislocation interaction with interfaces in MEE materials

A dislocation loop in an MEE material will induce coupled elastic-electric-magnetic
fields and we have the formulae and methods to evaluate them now. On the other hand,
when a dislocation is located in an MEE material under an extended stress field, there
will also be a force applied on the dislocation loop and this force is known as the
Peach—Koehler force for an elastic material. Now, we extend the Peach—Koehler force
to dislocations in MEE materials.

We assume that an extended dislocation loop with b=[b1,b,,b3, A, Al//]T is located
in an MEE material. When the dislocation loop is created, work is done by the
extended stress field:

W = —/ (bjaij +D1A(P+B,Alp)dS, = _/bJGdeSi (20)
S N

As the dislocation expands, assuming every line element dl on the loop L has a virtual
displacement or, the loop area S will be increased by oJr x dl, and consequently the
variation of the work by a;; is

oW = / dF-or = — / byoy(or x dl), = / [(byoiy) x dI] - or (21)

L L

In the last expression in Equation (21), (b,0;)) is a vector with i (i=1,2,3) being the free
index. Thus, the change of the extended Peach—Koehler force dF, i.e. the force acting
on a dislocation element dl in MEE medium is
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dF = (bJG,']) x dl (22)

Or writing it in the component form, we have the extended Peach—Koehler force acting
on a unit length dislocation element as

F] = 8ik1bJUka (23)

where ¢;; is the permutation tensor and v is the unit tangent vector along the loop
segment.

The stress field o;; in materials may originate from various sources, such as applied
force, image stress (due to surfaces/interfaces), other dislocations and even the
dislocation itself (self-force). When a dislocation resides in a solid with surfaces/inter-
faces, the stress field induced by a dislocation is divided into two parts: the full-space
stress ¢y and the complementary (or called image) stress Ul-lJmage. The stress o;; corre-
sponds to the one induced by the dislocation in a homogeneous and infinite space and

this stress will induce a self-force on the dislocation line itself. The Peach—Koehler

force induced by the stress al;,nage reflects the surface/interface effect on modifying the

infinite and homogenous medium stress field of the dislocation and will be termed the
image force F'™°,

5. Numerical examples and results

We have checked the present formulation for a dislocation loop in anisotropic elastic
bimaterials. The numerical results are the same as those by the surface integration
method [26]. We have also calculated the field produced by a curved dislocation loop
in MEE bimaterials using both the straight line solution in Equation (16) and the elliptic
arc solution in Equation (19) and obtained the same results. However, we notice that
the elliptic arc solution is more powerful for a curved dislocation loop, i.e. one can pro-
duce more accurate results using less dislocation segments using Equation (19) than
using Equation (16).

As numerical examples, we consider dislocation loops in BaTiO;—CoFe,0,4/BaTiO3
bimaterials, with BaTiO3—CoFe,0,4 having 25% BaTiO; and 75% CoFe,04. BaTiO; is
a piezoelectric material, CoFe,0O4 is a piezomagnetic one and BaTiO;—CoFe,O, is
composed as the MEE material as listed in Appendix B. All materials are transversely

BaTiO3-CoFe,O4 (X3>0)

Interface
(x1, X2 plane)

B aTi03 (X3<O)

Figure 3. Schematic for a square dislocation loop in BaTiO3;—CoFe,0,/BaTiO; bimaterials.
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Figure 4. (colour online) Contours of extended stress fields (normalized by b/d) on vertical
planes y/d=—0.005 and x/d=0 (a) Stress o}, (in Pa), (b) |D| (in Cm ) and (c) |B| (in Tm).
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isotropic (or hexagonal) with their poling direction along z-axis (i.e. xs-axis). The
material properties of BaTiO5 are from Han and Pan [6] and those of BaTiO;—CoFe,0,
are obtained based on the micromechanics theory [27-28].

In the numerical calculation, the character length d of the loop is used as the unit
length of the coordinates. The fields have the following dimension relations:

U(u, ¢,¥) < b(b, Ag, Ay)
X(s,D,B),T(y,E,H),P < b/d(b/d,Ap/d, As/d)
p xb/d*(b/d*, Ap/d*, Ay /d*)

F oc b*/R(b*/R, A /R, A*//R)

(24)

For instance, U (u, ¢,) in Equation (24) means the extended displacement U which
includes the elastic displacement u, electric potential ¢ and magnetic potential .
These quantities are proportional to the Burgers value b for a traditional dislocation,
or proportional to A¢ for an electric dislocation, or proportional to Ay for a mag-
netic dislocation. Thus, in our numerical results, these field quantities are normalized
accordingly. Similar relations can be found in Equation (24) for other important
quantities.

In the first numerical example, we assume that the dislocation loop is of a square
on the x—z plane (i.e. x;-x3 plane), with Burgers vector b="5[1,0,0,0,0]". The side length
of the square loop is d (the character length of the square) and the distance of the loop
centre to the interface is #=0.7d. The upper half-space is MEE BaTiO;—CoFe,O,4 and
the lower half-space is piezoelectric BaTiO5 (Figure 3).

The extended stress fields on the vertical planes y/d=—0.005 (on the slip plane)
and x/d=0 (on the plane normal to the slip plane) are shown in Figure 4(a)—(c). It is
observed in Figure 4(a) that there is a large shear stress o1, within the dislocation loop

interface

1.40
1.20
1.00
0.80

Figure 5. (colour online) Contours of polarization field [P| (normalized by #/d and in unit Cm™2)
on horizontal plane z/d=0.68 and vertical plane x/d=0.
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I 0.05
0.04

Figure 6. (colour online) Contours of polarization charge density p (normalized by b/d > and in
unit Cm~?) on different planes (a) on horizontal plane z/d=0.68 and vertical plane x/d=0, (b) on
horizontal plane z=0+ (above interface) and (c) on horizontal plane z=0— (below interface).
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area and that this shear stress changes its sign outside the dislocation loop on the slip
plane. The stress field decreases fast to zero outside the dislocation area. It is noted that
an elastic dislocation loop can induce an electric displacement field D around the edge
dislocation segment in the upper MEE half-space and near the interface area of the
lower piezoelectric half-space (Figure 4(b)). It also induces a magnetic induction field B
around both the edge and screw dislocation loops and near the interface area in the
MEE half-space (Figure 4(c)).

The elastic dislocation-induced polarization field on the horizontal plane z/d=0.68
and vertical plane x/d=0 is shown in Figure 5. It is clear that the edge dislocation will
induce a large polarization field along the two sides of the edge dislocation line in the
upper MEE half-space and also a large polarization field near the interface area in the
lower piezoelectric half-space.

The dislocation-induced polarization charge density p is shown in Figure 6. Its
contours on the horizontal plane z/d=0.68 and vertical plane x/d=0 are plotted in
Figure 6(a), on horizontal plane z=0+in Figure 6(b) and on horizontal plane z=0—
in Figure 6(c). It can be clearly seen that the edge dislocation will induce a dipole-
like polarization charge along the dislocation line (see p on the horizontal plane z/
d=0.68 in Figure 6(a)). While there is no evident charge in the lower piezoelectric
half-space, a large charge is observed on both sides of the interface directly below
the edge dislocation line (Figure 6(b) and (c) on z==0 planes). It is further
observed that the charge density contours are different on both sides of the interface
due to the material mismatch.

The Peach-Koehler force F'™ on the dislocation loop induced by the interface
image stress field is shown in Figure 7. It can be seen that along the dislocation seg-
ment close to the interface, the force is pointing to the interface, attracting the disloca-
tion to the interface (towards the softer material). Along the two vertical segments of
the dislocation, the force tends to expand the dislocation loop laterally.

Figure 7. (colour online) The Peach—Koehler force F™*° (normalized by 4*/d and in unit Pa) on
the dislocation loop due to the interface image stress.
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Interface

Figure 8. (colour online) Contours of extended stress fields (normalized b%/ b/d) on vertical planes
y/d=0 and x/d=0 induced by the elliptic dislocation loop. (a) [D| (in Cm™ ), (b) |B| (in Tm).

In the second numerical example, we consider that an elliptic dislocation loop lies
on the horizontal plane z/d=0.2. Its major axis is along x,-axis with a length d (the
character length of the ellipse) and its minor axis is along x;-axis with a length 0.7124.
The extended Burgers vector is again b:b[l,O,O,O,O]T.

Shown in Figure 8(a) and (b) are the magnitude contours of the elliptic dislocation
loop-induced electric displacement D and magnetic induction B on the vertical planes
v/d=0 and x/d=0. It is clear that while this elliptic loop can induce large magnetic
induction around its loop, it induces no electric displacement near it. However, it can
induce a large electric displacement field in the lower electric half-space immediately
below it.
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Figure 9. (colour online) Contours of polarization field [P| (normalized by #/d and in unit Cm™2)
on vertical planes y/d=0 and x/d=0 induced by the elliptic dislocation loop.

The contour of polarization field |P| is shown in Figure 9 on vertical planes y/d=0
and x/d=0 induced by the elliptic dislocation loop. It is observed that there are four
(nearly symmetrically distributed) contour concentrations around the edge part of the
dislocation loop and also a large concentration below the loop in the lower piezoelectric
half-space. The latter feature is consistent with the large electric displacement field
observed in the piezoelectric half-space.

Similar to the square loop case, the elliptical dislocation-induced polarization
field will in turn induce a polarization charge density in the bimaterial system. This
is presented in Figure 10 where the contours of the charge density on two vertical
planes y/d=0 and x/d=0 are shown in Figure 10(a), those on horizontal plane
z=0+in Figure 10(b) and on horizontal plane z=0— in Figure 10(c). Figure 10(a)
indicates clearly that on the plane of y/d=0, there are two anti-symmetric points
which is the edge part of the dislocation loop (on both sides of the plane x=0)
where a density with octal concentration pattern is formed. A large concentration
immediately below the loop on both sides of the interface can be also observed,
although their corresponding patterns are clearly different (Figure 10(b) vs. Figure 10
(©)).

Finally, the Peach—Koehler force F™*° on the loop due to the image stress is pre-
sented in Figure 11. Similar to the square loop case, this image force is pulling the
elliptical dislocation towards the interface (or towards the softer material) with its large
magnitude on the minor axis section.

6. Conclusions

In this paper, we develop the formulae and methods to analyse the coupled fields
induced by an arbitrarily shaped 3D dislocation loop in general anisotropic MEE
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Figure 10. (colour online) Contours of polarization charge density p (normalized by b/d* and in
unit Cm?) on different planes induced by the elliptic dislocation loop (a) on vertical planes
y/d=0 and x/d=0, (b) on horizontal plane z=0+ (above interface) and (c) on horizontal plane
z=0— (below interface).
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Figure 11. (colour online) The Peach—Koehler force F'™*° (normalized by 5%/d and in unit Pa)
on the elliptic dislocation loop due to the interface image stress.

bimaterials. The derived solutions are also suitable for dislocations in the corresponding
piezoelectric, piezomagnetic and purely elastic solids. As numerical examples, we have
analysed the fields induced by dislocations of both straight and curved loops in MEE/
piezoelectric bimaterials and observed the following interesting features:

(M

@)

3)

“)

®)

(6)

An elastic dislocation loop can induce electric displacement field D around the
edge dislocation segment in the MEE material; through the interface influence,
such a dislocation can also induce D near the interface of the half-space material
with high piezoelectric coefficients.

An elastic dislocation loop can induce magnetic induction field B around both
the edge and screw dislocation loops in the MEE material and can also induce B
near the interface area in the MEE half-space or the material with high piezo-
magnetic coefficients.

An elastic dislocation in MEE material can induce polarization field. Especially,
the edge dislocation will induce large polarization field along two sides of the dis-
location line in the MEE material and will also induce large polarization field near
the interface of the other half-space material with high piezoelectric coefficients.
An edge dislocation in MEE material will induce a dipole-like polarization
charge along the dislocation line and also near the interface area of the other
half-space material with high piezoelectric coefficients, while a screw dislocation
does not induce any polarization charge.

When an edge dislocation is close to the interface of the MEE bimaterial, it will
induce a large polarization charge on the interface directly below the edge dislo-
cation line.

The interface image stress field in MEE bimaterials will induce an extended
Peach—Kochler force F'™€¢ acting on the dislocation loop close to the interface.
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This force will attract the dislocation towards the softer material, and further-
more the image force tends to expand the dislocation loop laterally.

In the present model, we only considered one dislocation loop and assumed that the
dislocation was located entirely within one material. Other kinds of dislocations, such
as misfit dislocations, threading dislocations or dislocations piercing through interface,
need to be considered in the future.
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Appendix A: Extended Green’s functions and their derivatives

The 3D Green’s functions in anisotropic elastic bimaterials were obtained by Pan and Yuan by
virtue of the two-dimensional Fourier transform method [29]. Later on, the extended Green’s
functions in piezoelectric bimaterials and in MEE bimaterials were also obtained by Pan and Yuan
[30] and Pan [23]. We will summarize the Green’s functions in general anisotropic bimaterials in
a uniform form and will also provide the solutions of their derivatives with respect to the field
and/or source coordinates.

Using the 2D Fourier transformation

f&,&,x3) = //f(xlyxz,xs)ei(élx'+§2x2)dx1dxz (A1)
to the extended equilibrium equation for the extended Green’s function problem, we have

—CMK/;@fﬁGKM —i(Cys + C3JKz)faGKM,3 + CasGrarzs + e = 0 (A2)

where a, f=1, 2, i = \/—1. The lowercase index takes values 1~3 and uppercase index (such as
J, K, and M) takes value 1~Nj qex, With Njqex =3 for elastic materials, N;,qox =4 for piezoelectric
materials and Njgex=5 for MEE materials. Repeated indexes take their corresponding
summation.

The general solution of Equation (A2) satisfies the following extended Stroh eigenrelation:

[Q+p(R+R")+p’Tla=0 (A3)
with

Ok = Cuygshing, Rjx = Cygani, Ty = Cygz, m= [COS 0,sin 0, O]T (A4)

and p;, p; are the eigenvalues, a; a; are the associated eigenvectors, respectively. We select
Im(p;) >0 and put the associated eigenvectors a; into a matrix form as A = [aj,ap,...,ay,,. |-

The general solution in each half-space is available. Then, using the interface continuity con-
dition, the Green’s function tensor G(y;x) in general bimaterial can be obtained. In the solutions,
the eigenvalues p; and associated eigenvectors a; or matrix A in corresponding materials will be
involved. We summarize them in the following.

When the point force acts at y (called source point) of the upper half-space of a bimaterial,
i.e. y3>0, the general Green’s function tensor at x (called field point) is expressed as

J) = { GF(yx) + G (yix), x; >0
G(y,X) - { + (;Image(y;x)7 X3 < 0 (AS)

where G™(y;x) is the full-space Green’s function tensor with material properties in the source
point (y) half space. In other words,
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—1 7r—l 0o/ xINT
277_52 . A Gup(A ) dG, X3 > 3
1

2
27% /o

G™(y;x) = (A6)

A'GH(ANdO, x5 < s

with superscripts 1 and 2 denoting quantities in materials 1 (upper half space) and 2 (lower half
space), respectively, and

(G®),, = O — Ou
W pi(xs — y3) + (11 —y1)cos O+ (x; — y)sin@  h(0,p)) - (x—y) (A7)
00 _ 5IJ 5[_]

Gy = 1

pis —y3) + (@1 —y1)cos 0+ (xs —y2)sin0  h(0,pj) - (x —y)
For compaction in writing, the vector h(0, p) is introduced as
h(6,p) = [cos B, sin 0, p|" (A8)

The complementary part of Green’s function added to satisfy the interface continuity condition
is

1 [
— [ A'G,,(AY7do, x; >0
Image 272 v
G (yx) =< 7] e (A9)
2 T
ﬁ A A Gu/(A ) d07 X3 < 0
where
(G ) _ (Gl)IJ _ (Gl)IJ
W —pixs +phys — [(xi — ) cos O 4 (xa — y2)sin0]  —h(0,p}) - x+h(6,p}) -y’
(G /) _ (G2)IJ _ G2 J
U —pixs +phys — [(x1 = y1) cos O + (x, — y2)sin0)]  —h(0,p}) -x+h(0,p}) -y
(A10)

G =—A)"' M +M)'(M' — M)A
. MP=—iB*(A") ' (a=1,2) (All)
Gy =—(A) "M + M) ' (M + MHA!

Similarly, when the point force y acts at the lower half-space of a bimaterial, i.e. y;<0, the
extended Green’s function at the field point x is

+ G™e(yix), x3 >0

G(y;X) = { Goo(y;x) + Glmage(y;x), x; <0 (Alz)

where G™(y;x) is similar to that in Equation (A5), but with the correspondent quantities being
those in material 2 (lower space). In other words, we have
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-1 [*_ _
F AZGZ;(Az)Td97 X3 > V3
0 ™ Jo
G (y;x) = L (A13)
0 T
ﬁ ; AZGM (Az) dg, X3 < )3
with
O
A O e
oy h(e,p%)é' (X - y) (A14)
G*) — i
G = k(o) x—y)
The complimentary part is
| Y N
ﬁ A Gup(A ) d@, X3 > 0
G lyx) = 9§ . (A15)
ﬁ ; A2Gu1(X2)Td0, x3 <0
where
(G1)y
(Gu ) = = — )
(G)
(GMI)U = =4

G, = (Kl)—l(Ml + Mz)fl(MZ + MZ)AZ
. MF=—iB*A*)"  («=1,2) (A17)
G, = —(AY)'(M' + M) '(M' — M’)A?

The derivatives of the extended Green’s functions can be also obtained.
For the case of a point force at y; >0, we have the infinite part as

-1 [ .
ﬁ A (Gup)ﬁxh.yp (A )Td07 X3 > V3
G(y;x)icc,.,.yp = 1 On (A18)
1 00 INT
ﬁ 0 A (Gul )‘x[..,y,, (A ) dga X3 < )3

with



Downloaded by [University of Akron], [Ali Sangghaleh] at 08:36 08 October 2013

3312 X Han et al.

Hl
(Goz)u ;T 1 2 Hll = _51Jhl(9aﬁ;)
u WX, h 0, —1 (x —
O} x=] 190
(Gﬁ)u,x, = [h(@ pl) -2(x — y)]p Hzl - 511}11(0717})
Pr
le 2 1 1
(Gzz)lj,x,y[, = [h(@ ﬁl) . (X o y)]37 Hl = _251Jhl(07ﬁ1)hp(97p1)
”H2 (A19b)
(Gﬁ)u,xlyp - [h(0 pl) .Z(X y)]z’ sz = _2511h1(671711)hp(9>p11)
s H1 -
00 H13 3 N =1 1 |
(Gup)IJ,xzpr’q = [h(9 ﬁl) . (X o y)]47 Hl = _601-]}1/(97171)hp(07p[)hq(07p[)
o s (A19¢)
(GZ?)UAXJJWW = [h(@ pl) .Z(X _ y)]4’ [—123 = _651Jh/(67p11)hp(evpll)hq(gvpll)
P1
For the image part, we have
1 n—l INT
277_52 A (G"P),x,.,.yp(A ) dg, X3 > 0
‘mage 0
Gy, =9 | ) (A20)
27752 AZ(Gul)kx[”_yp(Al) dG, x3 < 0
0
with
Hl
G, = ! . H!'=(Gy), h(0,p
( p)u,x, [*h(@,ﬁ}) ~X+h(0,p}) ’y]z 1 ( l)u l( p,)
o (A21a)
G, = 2 . H! =(Gy), h(0,p?
( l)z/,x, [—h(e,p%) -X—l—h(@,p}) _y]z 2 ( 2)1.1 1 P[)
Hl2 2 =1 1
(Gup)ljix,yp = [—h(0,) - x +h(0,p}) y]ga Hy = =2(G1) (0, p;)hy(0,p,)
- SPr) )
sz 2 2 1
(Gul)u,x,yp = H; = *Z(GZ)uhl(va/)hp(epr)

[~h(6.p}) - x +h(0,p}) - ¥]"

(A21b)
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H3
G, = ‘ . H=6(Gy),h(0,p)h,(0,p")h,(0,p"
( p)u.,xz),pyl, [—h(0,5) - x + h(0,p}) ')’]4 1 (G1) (0, )0, (0,0,)hy (0, 1)
H3
(Gul)IJ«,xly,,yq - : Hz3 = 6(G2)Uh/(H,pi)hp(e,p})hq(e,p})

[—h(0,p}) - x+h(0,p}) -y
(A21c)

and (G)),; and (G2),, can be found in Equation (A1l).

For the case of a point force at y3 <0, similar results can be obtained for the derivatives of
the Green’s functions.

Appendix B: Material properties

Material properties of BaTiO3; and MEE (with 25% BaTiO; and 75% CoFe,0,), assuming that all
materials are transversely isotropic with poling directions along x;-axes [27-28].

Ci Ci» Ci3 Cs3 Cya €3] €33 €15
BaTiO; 166 77 78 162 43 —4.4 18.6 11.6
MEE 245 139 138 235 47.6 —1.53 4.28 0.05
€11 €33 q31 q33 qis M1 M33 an 033
BaTiO; 11.2 12.6 0 0 0 0.05 0.1 0 0
MEE 0.13 3.24 378 476 331.2 3.57 1.21 —-3.09 2334.15

Elastic constants C;; are in GPa, piezoelectric constants e; in C/m?, dielectric constants g in 10~°F/m (or
1072 C¥Nm?), piezomagnetic coefficients @ in N/Am, magnetic permeabilities z;; in 10~*Ns*C? and magne-
toelectric coefficients a;; in 107> Ns/VC.





