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Use of the Perturbation Technique for Implementation
of Surface Impedance Boundary Conditions
for the FDTD Method

Sergey Yuferev, Nader Farahat, and Nathan Ida

Abstract—A new approach to implement a surface impedance X
boundary condition (SIBC) for the FDTD method is proposed. The

explicit FDTD formulation for the boundary cell closest to the sur-
face of conducting body is obtained using the perturbation tech-
nigue in the small parameter proportional to the ratio of the values

of the electric field at the opposite sides of the cell. The condition of (k2 E kD) &®
applicability of the technique is obtained. Itis shown thatan FDTD | — — — | — - . —
code where the PEC-condition has been already implemented can H k31 H (k112

be easily upgraded using the proposed technique to take into ac- -

count properties of the conducting medium and improve accuracy oz o0 1, %

of the computation. Numerical examples are included to illustrate ! )
the theory. &) e,

Index Terms—FDTD, surface impedance boundary condition,

skin effect, perturbation methods, time domain analysis. ) ) . )
Fig. 1. One-dimensional FDTD grid.

|. INTRODUCTION new approximation should be done in every case. In this paper

HE goal of the surface impedance concept s to provide a$§¢ Propose another way bgsed on the fgct that the e'lectric field
proximate relations between tangential electric and magP the syrfacg of a lossy dielectric body is less than in the pure
netic fields on the surface of the conductor (lossy dielectrigfeleCtr'C medium near the surface. Thus the FDTD formulation
under the condition of skin effect. Then the conducting regidR" the boundary cell can be transformed using the perturbation
may be replaced by the surface impedance boundary corlgchnique in the smalllpa.rameter proportlpnal_to the ratio of
tions (SIBC’s) and eliminated from the numerical procedur‘@e values of the e.lectnc. field at thg opposite sides _of the cell.
[1], [2]. The original frequency domain conditions for homogeNOte. that no cops@era}pn of the |.mpedance function is now
neous body (well-known Leontovich’s SIBC) have been trangequw_ed to obtain explicit formulation for th_e_bour_1dary cell.
formed to the time domain form and extended to cover nonhg® this method seems more general since it is suitable for all
mogeneous and nonlinear media [3], [4]. Recently, time domamBC's without any preliminary approximations.
SIBC'’s of high order of approximation have been developed [5].
At present, different SIBC's are frequently used in combination II. FINITE DIFFERENCEEQUATIONS
with the FDTD method to restrict the computational grid to the without any loss of generality and to symplify mathematical
surface of the conducting region [6]-[9]. description, we consider a one-dimensional problem of an elec-
All time domain SIBC’s contain time-convolution integralsromagnetic pulse travelling in nonconducting space normal to
that makes their implementation rather complicated becaugg plane infinite surface of the lossy dielectric medium shown
the finite difference algorithm becomes implicit for then Fig. 1. Then the Maxwell equations for nonconducting region
boundary cell whereas it remains explicit for other cells of th@ke the following form:
grid. To compute efficiently the time convolution integral in
Leontovich’s SIBC, Oh and Schutt-Aine [7] approximated the OH, /0t = — iy ‘OB, /0% 1)
impedance function of the lossy dielectric medium with a series OE, /ot = — El—laHy/az ()
of first-order rational functions. Finally it provided explicit
formulation for the boundary cell. Although this approach cafince the electric and magnetic fields have only one component,
be applied to the SIBC’s with other impedance functions, ubscripts #” and “y” can be omitted.
The electric and magnetic fields on the interface between two

media are related by a SIBC that can be written in the following
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Finite difference equations for the boundary k-cell at the With the nondimensional variables, (4) takes the form:
n-time step can be obtained from (1), (2) and written in the

form of Yee's algorithm: ff:fll//f = ﬁf::f//; + (B, — dE}) (15)
n+1/2 n—1/2 — n n ~
Hk—l//Q :Hk—l//Q + 8t(pa62) (B, — ER) (4)  we represent the functioﬁ[,’fllg2 for which the solution is
EMtl =B - &(5152)_1(}1::1//22 _ H:f?}//;) (5) sought in the form of expansions in the small paraméter
The SIBC (3) in the discrete space and time can be written in ff:ff//f = ho + dhy + O(d?) (16)
the form:
Substituting (16) into (15) and equating the coefficients of equal
Ep = f(H:fll//QQ) (6) powers ofd, we obtain equations fdry andh:
Substituting (6) into (4), we obtain: ho = g:_—f//; +Er (17a)
nt1y2 | Ot nt1/2y 12 Ot hoo— _ Eno— ]
Hevp + 050 JH ) =Hy ) + Y P @) hy By = —f(ho) (17b)

Since the functiory involves the time convolution product, (7) 1 herefore, we developed a two-step technique: figss calcu-
n+1/2 lated in (17a) and theh; is calculated in (17b).

cannot be solved with respec ‘_1/ , by analytical methods. y g . . )
This makes the algorithm implicit for the “boundary” cell. foerVI-th the dimensional variables, formulation (17) takes the

. e ot
I1l. PERTURBATION TECHNIQUE ho = H 1/2 n B, (149 (18a)

SinceE}! is related to the interface where&§ | is related FVE T bz
to the dielectric medium, we can assume that ot
hi = — 67 f(ho) (18b)
Ep < By, ®) » w
H:j—l//Q =ho+ M (19)

Thus (4) contains terms of different orders of magnitude so we

can transform this equation using the perturbation techniqygis easy to see that the formulation (18), (19) is explicit because
As the first step we transfer to nondimensional variables Biye term containing the impedance function is now on the right

choosing appropriate scale factors. hand side of (18b).
Let £, be the characteristic scale for variationisf ; so  Note that we do not actually know the exact values ahd
that we can write E;_,. Both of them are required only at the stage of derivation

and they are obviously notincluded in the final formulation (18),
(29). All we really need to know is that condition (8) is satisfied

Here and below the sign-¥" denotes nondimensional values (&nd, consequently, (11) holds).

Using (8), the scale factor fd?* can be represented in the form: L&t us emphasize that the representation in (19) has clear
physical meaning, nhamelyy, is the magnetic field calculated

By = EZ_IE;:_l 9)

L =dE]_; (210) under the assumption that medium 2 is a perfect electrical con-
d=E}/Ef_, <1 11) _ductor (PEC)_ and the_electric_ fi_eld at the i_nt_erface is ;érlo;
is the correction allowing for finite conductivity of medium 2.
whered is the small parameter. Thus we obtain Therefore, an FDTD code where the PEC-condition has been
. . implemented can be easily upgraded by adding (18b) to the for-
By =EpE; =dE E;_ (12)  mulation for the boundary cell.
Slnce.quannueﬂ:fll//; andH,’:_f//; are of the same order of IV. CONDITION OF APPLICABILITY OF THE TECHNIQUE
magnitude, they should have a common scale fagfor, ,, that . o _
can be defined from (4) as follows: We will perform the derivation in the frequency domain con-
sidering propagation of a uniform plane wave from region 1
Hyi_1)y = Ey_16t/(p162) (13) (= < O)toregion2¢ > 0) (Fig. 1). Because of reflec-

N N tion, the following waves travel in both regions:
Using (13), nondimensional vr:lluézl:,z“r /2 andH""? can be

represented in the form: e ke Incident wave: E = Ef, exp(—jf12) (20a)
H,’fll//f =H; ) Reflected wave: E; = Ej, exp(jf12) (20b)
g:jll//f - ‘H:jll//j B}, 8t)(ju162) (14a) Transmitted wave: Ef = Ej exp(—y22)  (20c)
H::ll//f =H; 12 where

rrn—1/2 rrn—1/2 s .
Hk_l//g :Hk_l//g Er_16t/(p162) (14b) Bi=wy/pier =21/, v2 = /(02 + jw)jwps



944 IEEE TRANSACTIONS ON MAGNETICS, VOL. 36, NO. 4, JULY 2000

Since the total electric field is continuouszat 0, the reflection e oont ,
. . . xac sigma=0.01 S/m
coefficient can be represented in the form: P Proposed < loss tangent=10
~ Q=06
— -1 ]
F:EﬂJ/Ef}):% 771:772/771 € 4
mtm m/m+l <
m=vpm/er; m = jwna/(o2+jwes)  (21) g .
It is natural to assume that E 1
o2 > wep sSothat n2/m < 1 (22) 0

Then the reflection coefficient can be represented in the form: N

t/dt dimensionless time

F=(-1)1-5)+0()=-14+2s+0(s*) (21)

Fig. 2. Distribution of the magnetic field at the interface (1-D case).
where

Jwpoel [poer  [jwes 145 4 —~ Bad sigma=1 S/m
§ = . = 6 > = NG cky” <1 o Eg’g“e‘j A\ loss tangent=1000
2001 H1E2 2 y Q=6.6

4 4

]{}221/2 =+Vtanf; c= H2eL
weo H1g2 1
wheretan 6 is the loss tangent of medium 2.

Using (21), we write the total electric field in medium 1 in
the form:

Ei(z) = EYy exp(—jpiz) + Er exp(ifiz)

magnetic field A/m

= Efb(exp(—j[}lz) + I exp(jfiz2)) 110 120 130 140 150 160 170 180
L t/dt dimensionless time
=Eh[exp(—jBiz) + (=1 + V2ck;t + V2,
10[ p( I ) ( 2 IV ) Fig. 3. Distribution of the magnetic field at the interface (1-D case).
-exp(jf12)]

Settingz = 6z, we obtain:
= E}v2cky {[cos B1z — sin B, 7] 9 ?

El(éz) il
+ j[(=V2¢ky + 1) sin Bz + cos 2]t (22) E1(0) >1 unti
Settingz = 0 in (22), we obtain the total field on the interface: 2
9 (22) Q=viand /12 Tz 51 27)
E1(0) = EfyV2cky *(1 + j) (23) H2eL AL

. The errore due to the representation in (18) is derived directly

The ratio of (21) and (22) gives the variation of the field Ir%rom the condition in (27) and written in the form:

medium 1 with respect to the field on the interface:

2
Ei(2) 27 . 2w P 1 H2€1 A1
=<2 N ) =, =@ ° = (tanb) <
E1(0) {[ cos 37 ™ V2cks sin T 7} )} ez \ 2mbz
2
= (28)
+ j(—V2¢ky + 2) sin i—wz} (24) woa(p162)?
1

Our goal is evaluation of the electric fields on the opposite sides

V. NUMERICAL EXAMPLES
of the “boundary” cell (see Fig. 1). Usually, more than 10 cells

per wavelength are taken in computations. Thus The formulation (18), (19) has been used for implementation
of the following time domain Leontovich SIBC for 1-D and 2-D
2rz/A < 1 (25) FDTD codes:

Expandingsin(27 /A1 )z andcos(2r /A1) zinaTaylorseriesand 7 7 _ 74 (7 x H) x )
taking into account (25), we represent (24) in the form: p ot ot
71 (%) -0(2)]

o= ()" Lo
gigg; ~ { [2 —V2¢ky i_71r z} + §(=V2cky 4 2) %Z(}ZG) B -(:X)p <{:tt>; (29)
2e
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60 degree incident
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130 140 150 160 170 180
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Fig. 4. Distribution of the magnetic field at the interface (2-D case).
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Fig. 5. Distribution of the magnetic field at the interface (2-D case).

where *%” denotes the time-convolution product,(z) is
the modified Bessel function of ordet and é(t) is the
Dirac function.
A. One-Dimensional Case

A normally incident TM plane wave with the following ma-

terial parameters of a dielectric half-space has been considered:

€1 =62 =¢€0; L =p2=1p0; 01=0; 0o2#0;

Excitation= 1000 sin(27t/5.56F — 8);
(0 <t < (5.56E —8)/2 sec
The following parameters of the mesh were used:
§z=5-10"'m; 6t =1.18-10"1% sec

945

Nz-space steps — 1007 Ntime steps — 300

Fig. 2 demonstrates distributions of the magnetic field at the in-
terface obtained for the material with low loss tanggah 6 =

10). The curves were obtained using the PEC-condition (dotted
line), exact formula (7) (dashed line) and the proposed formula-
tion (18), (19) (solid line). The error is significant as it is given
by (28) (@ < 1). For the material with high loss tangent
(tan® = 10%) the 2.4% error (Fig. 3) is in agreement with the
formulation(s = Q=% = 2.2%).

B. Two-Dimensional Case

We considered the problem of oblique incidence of a TM
pulse at plane boundary. We used the same parameters for the
material and excitation as in the 1-D case. The following param-
eters of the mesh have been used:

— S -1 mn. — —
6$ - 62 =5-10 m7 NZ'SpaCe steps — xr-space steps — 100

The incident angle was equal to 60 degree. The magnetic field
was computed in the middle of the dielectric surface for both
the exact and proposed methods. Figs. 4 and 5 demonstrate the
results obtained for materials with low- and high loss tangent,
respectively.
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