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Abstract - A 3D eddy current formulation based on
constrained eddy currents and direct inclusion of the
velocity terms is presented. Velocity terms in all three
dimensions can be accommodated although, only two
velocity components are normally needed, and often,
one velocity term is sufficient. The inclusion of all three
terms allows modeling of velocity terms that are not
parallel to element sides. The eddy currents, as well as
induced currents through velocity are constrained by
enforcing the continuity equation. Results for a moving
coil over a conductor are presented as an example for
the use of this method.

L. INTRODUCTION

Modeling of velocity terms in eddy current problems

. is an important extension often included in eddy current
codes to handle moving parts. The inclusion of velocity
leads to nonphysical oscillations in the solution. These
oscillation cause loss of accuracy and must be
eliminated. The simplest method of eliminating
oscillations is to refine the mesh. For nonoscillatory
solution, the length of the element in the direction of a
velocity term va must satisfy the condition L<2/ucva
[1,2]. This condition can be easily satisfied for low
velocities or in two dimensional geometries. In three
dimensional geometries, especially for high
permeability, high conductivity materials, it may not be
possible to satisfy this condition with any realistic
number of elements. A more efficient approach is to use
upwinding of the finite elements, a method that consists
of weighting the shape functions proportional to the
velocity terms[2,3]. Formulations based on the magnetic
vector potential and the electric scalar potential using
upwinding [4-6] and nonsymmetric weighting functions
[7] have been used for this purpose. The present method
uses a constrained eddy current formulation in terms of
the magnetic vector potential A and the electric scalar
potential V. A is used in nonconducting regions and A
and V in conducting regions. The eddy currents are
constrained through the use of the continuity equation.
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Upwinding is used to eliminate oscillations due to
velocity. The method presented here includes velocities
in all three directions although often, moving bodies can
be aligned to move in a preferred direction associated
with one of the axes. The inclusion of three terms allows
modeling of geometries in which the direction of
movement cannot be assumed to be paraliel to one of the
sides of the finite elements.

II. FORMULATION

The inclusion of velocity in the eddy current
equations is done by adding the velocity induced
currents. The modified electric field due to velocity is

E = uxVxA - joA - VV @

where u is the velocity vector. This electric field is
introduced in the general constrained eddy current
formulation [8]

The governing equations are:

-ly?p - Js + OuxVxA - jocA - gVV
K i (2a)

V.[ouxVxA - jooA - oVV] =0 (2b)

where the second equation is the constrained eddy
current equation (V.Je=0). The source current is not
constrained. The use of the constraint in 2b, together
with 2a and the use of Coulomb's gauge guarantee a
unique solution[8].

To implement these equations we use W and W as
weighting functions and N and N as shape functions.

After introducing the finite element approximation for
A and V, and using Galerkin's method we have
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app= {G—V_VT.VN}dV
Y (4b)
an = f [(FW)T (ouxV)av - I { jwovw).Njav
v Y (4c)
a2 =- I o(VW)T.VNdv
v (4d)
c1 = I W.Jdv
v ) (46)

II. UPWIND FINITE ELEMENTS

To ensure solution without oscillations, "upwind"
finite elements, similar to those in [2] are used. The
finite elements are defined in a local coordinate system
(¢,m,£) normalized in the range £1. The shape functions
for eight node hexahedral elements are

Ni(€n.8) = Ni©NimNi(D), i=1,2,...,8 (5)
where
N~(§) = (_!ig.)_ N;m) = (1_1"_) Nl(c) = azx Q

' 2, 2, 2 (6)

The corresponding weighting functions are

Wi&n.0 =[N £ «F@® N 2 BEmIN( £ F Q)]
ol

=1,2,....8 )
where |
R = 301450184 = 3L/ 82)
F() = -3(14m)(1-n)/4 = -3(1-n /4 @8b)
F(O) = -3(140)(1-0)4 = 30144 )

and the optimal values of o, 3, and y are related to the
finite element mesh, material properties and velocity
by:

1179

Px =l Cuxhyx : (93)
—coB2). 2
Bopt. = cmh( 2 ) Py Py=pouyhy (9b)
—cothffz]. 2 '
Yopt. = coth( 2’] P, , P.=pouh (9¢)

and hy, hy, hz are the element dimensions in the x, y,
and z directions respectively.

These upwind finite elements guarantee non-
oscillatory solutions at relatively high velocities, but
produce a nonsymmetric system of equations.

IV.RESULTS

As an example to the type of problems solvable by this
formulation, consider the geometry in figure 1. It
consists of a square coil moving at a velocity v over a
conductor. This particular geometry only requires a
velocity term in one dimension and is typical of many
moving conductor geometries where the direction of
movement can be associated with one dimension.
However, the currents in the coil are two dimensional
and the fields are three dimensional everywhere in
space. The results for zero velocity and for a velocity of
10m/sec with a source current at 60Hz are shown in
figure 2. Both the real and imaginary parts of A are
shown. Figure 3 shows similar results at zero
frequency.

1.1 .05

Figure 1.Moving coil over conductor. The moving coil
carries a current density of 109 Amp/m?2.
Conductor properties are =200, 0=106 S/m.
a. side view,

b. top view.
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Figure 2 Results for the moving coil with a current at
60Hz.
a. real part of A at v=0,
b.Imaginary part of A at v=0,
c. real part of A at v=10m/sec,
d. imaginary part of A at v=10m/sec.

Figure 3. Results for the moving coil with a DC current.

a. at v=0,
b. at v=10m/sec.

V. CONCLUSIONS

The formulation presented here for moving

conductors allows computation of fields at relatively
high velocities. The formulation is a simple extension of
an eddy current formulation. Uniqueness of solution
for eddy currents is guaranteed through the use of a
constraint equation. Although not shown here, the
method allows movement of conductors in arbitrary
directions in space.
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