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Solving 3D Eddy Current Problems Using Second
Order Nodal and Edge Elements
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Abstract—Several 2nd order nodal and edge elements have been Il. SECOND ORDER EDGE ELEMENTS

applied in a potential formulation to solve 3D eddy current prob- . . .
lems. The asymmetry of the facet related functions in the edge el-  1h€ €lements considered in this paper are tetrahedral. The

ement basis is discussed. A new basis is proposed. Application of asecond order nodal element is the Lagrange type and contains
gauge condition for the uniqueness of vector potential is cumber- 10 nodes (vertices plus one node in the middle of each edge).
sor'gsri]”ctgﬁv‘;?sgsomggu?'gfflii'i‘t?mael:‘tsé- ;rgri?ji\{\il(c))lr]k ;Egr‘?’zstrnat mg The high order edge elements must model correctly the range
SYyS

b?/-conjugate g?adient methoc?. Th(gl pe?formance of different gle- space and the null space of th? curl operator. In the case of 2nd
ments is compared through an example. order edge elements, the curl field must be complete to the first
order in the range of the curl operator. The number of degrees of
freedom needed to model a first order vector field is 12. The di-
vergence free condition reduces this number to 11. To model the
null space of the curl operator (the gradient field), the number
I. INTRODUCTION of degrees of freedom is 9. In consequence, the number of de-

HE WHITNEY (nodal, edge, facet, and volume) elementgr€es of freedom required in a 2nd order tetrahedral edge ele-
T have proven their efficiency in electromagnetic field comM€nt is 20. These degrees of freedom are commonly assigned
putation in the last decade [1]. They belong to differential fornf the edges and facets (2 per edge and 2 per facet).
of different degrees. The Whitney edge element (1-form ele-The basis functions related to the edges and the facets take
ment) has been widely used for solving electromagnetic fielg following general forms: o
problems in various frequency ranges. However, these element®n an edge defined by the verticgs
are built in first order.

The theory of high order edge (curl-conformal) and facet (div-" — (014 DAi + DAV + (a2 b2A + 2A) A VA,
conformal) elements was advanced in the early of 80’s in [2]. (1.8)
Unfortunately, in this reference, no specific vector basis func- . . . . .
; : L ; Where ); is the barycentric coordinate of a point with respect
tion was reported. Further investigation has been carried out In i . N : .

; . : 0 the vertex. Permuting the indiceg in this expression gives
recent years by different researchers. Different high order edge . . :
: other basis function defined on the same edge.

elements were developed [3]-[7]. These are mostly applied1n ) S

. . . On a facet defined by verticégk:
the high frequency domain. Few works can be found in low fre-
guency and sta_ltic field applications. The m:_alin Qifficulty in low wijr = di AN VA 4 d2 XA VA + ds A A VA, (L.b)
frequency applications seems to be the application of gauge con-
ditions. Rotating indicesijk leads to three functions, but only two of

This paper investigates some 2nd order edge elements intiem are used. Let us introduce a rotation operator, notéd, by
computation of eddy currents using a potential formulation. Véeich thatR® f;;x. = fijx, R fije = firi» aNdR2fijk = frij-
will show that, the system converges without explicit gauge cofihe second facet related function mightBe; ;x, or R?w; .
dition. This is the same conclusion as in the case of first orderLet W denote the space of second order edge element de-
elements. fined by (1.a) and (1.b). It can be shown tf&§ belong to the

One of the difficulties in the application of 2nd order edgéllowing domain of the curl operator:
elements is the asymmetry of the facet related basis functions.1 )

This issue will be discussed. A new basis preserving the hieratz C H(curl) = {uu € IL7(Q2), curlu € 1P (£2) N D(Q)}
chical property and getting rid of the asymmetry problem of the
. : . wHere
basis function will be proposed. The performance (accuracy and,, , . . :
; . . 1L2(§2) is the Hilbert space of a square integrable vector
convergence behavior) of different elements is then compared. field

1P (Q) the three dimensional space of first order polyno-
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I1l. EDDY CURRENT FORMULATION IV. DESCRIPTION OFSEVERAL 2ND ORDER ELEMENTS

Consider an eddy current problem in a bounded regton A~ SOome Kinds of 2nd Order Edge Elements
which includes a conducting regid. and an excitation coil  The coefficients in (1) can be determined in various ways
(1, carrying a currenf,. The boundary of2 is split in two: and this leads to different kinds of elements [3]-[7]. Some of
aQ =I'. U T, and the intersection df, andl’;, is empty. On these elements are considered in our study. Their edge and facet
the boundary, the boundary conditionsx e = 0 onI'. and related basis functions are given below.

n x h = 0onlYy hold. 1) Lee’s element [3]

To solve this problem we use a formulation in terms of mag-
netic vector potentiak and the time integral of electric scalar w;; = A VA, (3.)
potentiak). Solving weakly Ampere’s theorem, yields: finde Wik = NNV g (3.b)

W3, andy € WY, such that
2) Ahagon’s element [6]

Wij = )\i(—l + 4)\Z)V)\J + )\j(l — 4)\Z)V)\Z7 (4a)

/ 1 curla’ - curla d§? + i/ od -adQ+ 4 / cd wijk =AMV — A AV (4.b)
o/ dt Jo dt Jo
. gradip Q2 +/ curld - td2=0 Vd € W}, 3) Yioultsis's element [7]
2
(2.a) Wi = )\z(_4 + 8)\Z)V)\J + )\j(2 - 8)\Z)V)\Z, (5.a)
% ograd)’ -adQ+ % / o grady’ - grad) dQ = 0 wijle = 16AA VAL = 8A A VA = 8AAVA; - (B.b)
Q. Q.
Vo' € W2° (2.b) Itis noted that Lee’s element includes the 1st order edge ele-
¢ ment basis. It belongs to the Webb’s hierarchical elements [4].
where The hierarchy means that the basis functions of the high order

elements include all basis functions of the spaces of lower order
elements. This property allows mixing of different order of ele-
ments in the same mesh without the difficulty of matching field

Wi ={ac Wslnxa=00nl.}, continuities. This is a helpful property for mixéd andp-ver-
WO ={i € WE|sp =0onl.} sion adaptive mesh generation or for using adaptive multigrid
‘ o solvers.

andt, is a vector potential such thgg = curlt,, introduced to ) )

enforce divj, = 0. It is defined in a domaif, containing the B: On the Asymmetry of Facet Related Basis Functions

excitation coil2;. W3 is the previously described edge element The 2nd order edge element assigns two degrees of freedom

space andVy is the space of the common 2nd order Lagrange each facet. However, rotating the indicgé of the facet

type nodal elements. related basis function (1.b) gives three functions. The basis is
In the above equation, the system is singular in both cohence asymmetric.

ducting and nonconducting regions becalig includes the  This asymmetry may cause, first, difficulties in the numer-

null space of the curl operator and hence the gradient spacécal implementation. Special attention must be paid to choose

nodal elements. The solution afis not uniqgue and a gaugethe same facet basis functions for the two adjacent tetrahedra.

condition must be applied to ensure its uniqueness. The numbeprder to avoid ambiguity, in our application, the two basis

of redundant unknowns to be removed is the dimension of thenctionsw;;; on a facet;jk are chosen such that< j and

null space of the curl operator. A similar technique like the tree< &, ensuring a unique choice of degrees of freedom on the

gauge in the case of 1st order element [8] can be extended toftets.

case of high order elements. However, the construction of a tre€second, we may ask if the random choice of the asymmetric

in the case of high order element can be very complicated. It facet functions will influence the accuracy of results. To check

quires a careful analysis of the null space of the curl operatortbfs point, let us see the dependence of those three functions.

the edge elements [9], [10]. Using again the rotation operatfr, we note that Ahagon’s and
According to the experience with 1st order edge elemenpulsis’ elements satisfy the relation:

the use of a tree can cause ill conditioning of the system and )

decrease the accuracy of the solution [11]. The tree technique ”

seems not to be the best solution. It has been shown that, when > Riwig =0 ©6)

using an iterative solver like the conjugate gradient method, the =0

system is implicitly gauged by the solver itself and the convefhis means that taking any two of three functions spans the same

gence behaves much better than the gauged formulation. In space, and hence we can expect that the choice of any two of

application, the singular system will be solved using a conjthree functions will not influence the numerical results. Instead,

gate gradient type iterative solver and no explicit gauge condliee’s element does not fulfill this relation, bELf:O R wij =

tion will be applied. V(AiAjAk). This means different choices differ from a gradient
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Fig. 1. Example of an eddy current problem

field and hence lead to different modeling spaces. The num residue
ical results will depend on the choice of facet basis function 1.0e+00
Nevertheless, it should be noted that even though Lee’s fur e
tions themselves do not satisfy (6), their curls do. This mea
the curl field will not depend on the choice of bases. This is tt
case when solving magnetostatic problems [12].

To get a symmetric edge element, Kameari proposed to ¢ 1.08:04

1.0E-02

1.0E-03

one node in the middle of each facet [13]. The terkps,; Ax 1.06-05 ) ,
are added to the second order polynomials to form nodal ba , ;46 L A Y
functions. This results in a 14 nodes nodal element. To build 2 N
order edge elements, 3 degrees of freedom are assigned on HoEer
face so that the functions are symmetric. The total number 0808
degrees of freedom becomes 24. Adding 4 nodes in the elem  1.0e-00
increases the dimension of the null space of the curl operatol  e.10 - . , ,
13 but doesn't affect the dimension of its range space. It does | 0 5 10 150 200 250 300 350 400 450
improve the accuracy of the curl field [12]. Since the humber « number of iterations
unknowns becomes much lager, it is not considered in this pap<:.
(b)
C. Proposal of a New Basis Fig. 2. Convergence behavior of different elementsf(a 50 Hz, (b) f = 1

Lee’ element has the advantage of being hierarchical but sz
fers the problem of asymmetry for the facet basis functions. To
getrid of this problem, we propose to modify the facet functiorfacets. The degrees of freedom related to nodal elements are
and give the new basis below: 486. The excitation current in the coil is sinusoidal. The equa-
tion (2) is complex and solved with a diagonal preconditioned
wij = AV A, (7.2) bi-conjugate gradient method.
Wijk = AN VAL — A AV A (7.b)  The conditioning of the complex system will depend on the

frequency, i.e. the ratio skin deptl) over mesh siz€h). In

This basis includes Fhe 1st order edge elem_e_nt like Lee’s, atﬂ%ler to check the behavior of these elements under different
hence we keep the hierarchy property. In addition, the face fur} tiosé/h, the problem is solved under two frequencies 50 Hz

tions satisfy (6) an(_j the modeling space W'" not be |anuencea d 1 kHz with the same mesh. In the conducting region, the
by the random choice of facet basis functions.

average mesh size is about 10 mm. At 50 Hz, the @tfo ~
2.2;and at 1 kHz$/h = 0.5.

The elements (3)—(5) and (7) are used to solve this problem.

The example to be considered concerns a conductor insetdm specific gauge condition is applied to ensure uniqueness
in the Centre of the air gap of a magnetic circuit. One fourtbf the vector potential. The convergence behaviors are com-
of the domain is shown in Fig. 1. The study domain is meshgdred in Fig. 2. for both frequencies. It is observed that in both
by 1600 tetrahedral elements. The edge elements are appliedases, the best convergence is obtained for Lee’'s element and
the whole region whereas the nodal elements only in the cdahe new proposed elements (curyeandV). The convergence
ducting domain. There are 9942 unknowns related to edge edé-Yioultsis’s element is relatively slow (curvg). Ahagon’s
ments, of which 3634 are associated with edges and 6318 wélement (curved) has a rate of convergence faster thats

V. COMPARISON OFRESULTS
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j (10" A/m?) {imaginary part) kind of element, we considered two bases. One consists in
1 T ' — T T ; choosing two basis functions; ;; such that < j and: < &, as
osk : previously indicated. The other takes two functiang; such
thati > j and: > k. The curves plotted in Fig. 3 correspond to
o8y 1 the y-component of the current density (imaginary part) along
0.4} a line in the middle of the conductor, obtained with different
0zl elements. We observed that, all elements give the same field
’ results (the difference is smaller than 0.1 percent) except
of — Lee’s. The choice of facet basis functions has no influence on
02t the numerical results for Yioultsis’s, Ahagon’s and the new
proposed elements. Instead, Lee’s element suffers the problem
0.4 of the asymmetry. Using two bases, we get two different results.
06k The difference is small in the case of bigh ratios. Because
in this case, the curl-curl term dominates and the curl of Lee’s
08p basis satisfies the dependence relation (6). However, when the
s 40 frequency increases (the ratigh diminishes), it is the term of

the edge element function itself that becomes dominant. The
difference of results becomes bigger as we can observe from
Fig. 3(b). We conclude that the accuracy of Lee’s elements is
affected by the random choice of facet functions.

VI. CONCLUSIONS

Several 2nd order edge elements have been applied in a mag-
netic vector and electric scalar potential formulation to solve
eddy current problems. Results show that the convergence of
the system is achieved without explicit gauge condition when
using a conjugate gradient method.

] Through a comparison on an eddy current problem using the
same mesh under different frequencies, we conclude that the
1 conditionings of the matrix system of these elements are very
different. This is clearly illustrated by their convergence be-
havior. The systems of Lee’s element and the new proposed el-
ement are better conditioned than the others.

As for the numerical results, all these elements provide
nearly the same field and current distribution as long as the skin
depth/mesh size ratio is large (larger than 2). When this ratio

-40 -30 -20 -10 ] 10 20 30 40 diminishes, the results with Lee’s element are influenced by
X {(mm) the random choice of asymmetric facet basis functions while
the other elements (including the new proposed element) stay
(b) intact with the random choice.
Fig. 3. y-component current density on the center lipe 0, = = 0) of the In addition, with the new proposed element basis, we keep the
conductor (a)f = 50 Hz, (b) f = 1 kHz. hierarchical property of Lee’s element. This property is helpful

for coupling with boundary element methods that use elements
but slower thanL’s. This is the same conclusion as we obf different order, for mixedh- and p-version adaptive mesh

served for the magnetostatic case [12]. It should be noted tH&finement, and for solving problems using adaptive multigrid

in the conducting region, at low frequeng/h > 1), the mag- Methods.
netic energy term dominates, the conditioning of the system is
mostly determined by the eigenvalues of the curl-curl matrix ACKNOWLEDGMENT
(real part of the comple>§ system). On the other hand, at .h'ghThis work was conducted during the first author’s stay at the
frequency(6/h < 1), the joule losses term becomes more My iversi

o . . iversity of Akron, OH.
portant and the conditioning of the system is mostly determmecﬁ1

by the eigenvalues of the imaginary part. We concluded that, in
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